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Abstract—The lumped-network finite-difference time-domain
(LN-FDTD) technique is an extension of the conventional fi-
nite-difference time-domain (FDTD) method that allows the
systematic incorporation of linear one-port lumped networks
(LNs) into a single FDTD cell.

This paper presents an extension of the LN-FDTD technique,
which allows linear two-port (TP)-LNs to be incorporated into the
FDTD framework. The method basically consists of describing a
TP-LN by means of its admittance matrix in the Laplace domain.
By applying the Mobius transformation technique, we then ob-
tain the admittance matrix of the TP-LN in the -transform do-
main. Finally, appropriate digital signal-processing methodologies
are used to derive a set of difference equations that models the
TP-LN behavior in the discrete-time domain. These equations are
solved in combination with the Maxwell–Ampère’s equation.

To show the validity of the TP-LN-FDTD technique introduced
here, we have considered the equivalent circuit of a chip capacitor
and a linear circuit model of a generic metal–semiconductor field-
effect transistor. These LNs have been placed on a microstrip gap
and the scattering parameters of the resulting hybrid circuit have
been computed. The results are compared with those obtained by
using the electromagnetic simulator Agilent HFSS in combination
with the circuital simulator ADS, and with those calculated by ADS
alone. For the chip capacitor, experimental measurements have
also been carried out. The agreement among all the simulated re-
sults is good. Generally speaking, the measured results agree with
the simulated ones. The differences observed are mainly due to the
influence of the subminiature A connectors and some mismatching
at the ports.

Index Terms—Finite-difference time-domain (FDTD) methods,
global modeling, lumped networks (LNs).

I. INTRODUCTION

THE finite-difference time-domain (FDTD) method was
originally introduced as a technique for the numerical

analysis of electromagnetic field problems [1]. Over the last
decade, a considerable effort has been made to incorporate
lumped-circuit elements into the FDTD framework [2]–[7].
The resulting extended FDTD formulations are often referred
to as the lumped-element (LE)-FDTD method. This method
has allowed complex microwave and millimeter-wave circuits,
including both distributed and lumped components, to be
successfully analyzed.

The so-called lumped-network (LN)-FDTD method is an im-
provement of the LE-FDTD technique that allows a systematic
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and simple incorporation of linear one-port LNs into a single
FDTD cell [8]. Over the last few years, the LN-FDTD method
has received a great deal of attention. Several alternative dis-
cretization schemes, different to the one originally presented in
[8], have been introduced [9]–[14]. Moreover, the LN-FDTD
method has recently been extended to model nonlinear pack-
aged Schottky diodes [15]–[18].

The LN-FDTD method may also be used to model two-port
(TP) lumped circuits. However, this involves decomposing the
circuit in its one-port (two-terminal) LN constituents, which
reproduces the limitations encountered with the LE-FDTD
method: the lack of uniqueness of the resulting circuit topology
over the FDTD mesh, and the risk of losing the lumped nature
of the circuit when several FDTD cells are needed for its
implementation.

This paper introduces an extension of the LN-FDTD method
to linear TP-LNs. In the following, we will refer to this tech-
nique as the TP-LN-FDTD method. The proposed approach
comprises the following main steps.

Step 1) As a starting point, the TP-LN is described, in the
Laplace domain, by its admittance matrix .
Each entry of is assumed to be a rational
function of the complex frequency .

Step 2) By applying the Mobius transformation technique,
we then obtain the admittance matrix of the
TP-LN in the -transform domain.

Step 3) Finally, by using appropriate digital-filtering tech-
niques, four sets of first-order difference equations
are obtained.

These equations, which describe the V/I relation of the TP-LN
in the discrete-time domain, are solved in combination with the
discrete Maxwell–Ampére’s equation. The resulting algorithm
preserves the second-order accuracy and the explicit nature of
the conventional FDTD method.

To illustrate the validity of the TP-LN-FDTD technique intro-
duced here, we have considered the equivalent circuit of a chip
capacitor and a linear circuit model of a generic metal–semi-
conductor field-effect transistor (MESFET). In the latter case,
the intrinsic and extrinsic models of the MESFET are analyzed
separately. These three LNs have been placed on a microstrip
gap and the scattering parameters of the resulting hybrid circuit
have been computed by using the present approach. The results
are compared with those obtained by using Agilent Technolo-
gies’ electromagnetic simulator High Frequency Structure Sim-
ulator (HFSS) [19] in combination with the circuital simulator
Advanced Design System (ADS) [20], and with those calculated
by ADS alone. As the chip capacitor is really a one-port LN, the
results for this case are also compared with those computed by
using the LN-FDTD method. Experimental measurements have
also been carried out for this case.
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Fig. 1. (a) TP-LN connected to two FDTD unit cells. (b) Equivalent circuit.
C represents the cell capacitance in the x-direction.

II. FORMULATION

Consider time-dependent Maxwell’s curl equations

(1a)

(1b)

where According to the conventional FDTD
scheme, the above six equations are expressed in discrete form
as

(2a)

(2b)

where and denote the spatial position in the FDTD cell
of and , respectively. Explicit expressions for the curl
terms can be found, for instance, in [1].

To incorporate a TP-LN into the FDTD formalism, two elec-
trical nodes are used to interface the FDTD mesh with the LN
ports. In principle, these nodes neither need to be consecutively
located, nor associated to the same component of the electric
field. To obtain a more symmetric formulation, however, we
consider the LN ports to be associated to the same field com-
ponent and , as shown in Fig. 1(a). The Maxwell–Am-
père’s equation, at nodes and , is then complemented
by adding a current density term and , respectively. This
term is discretized by using a time average; hence, at ports 1 and
2 of the LN, (2b) is replaced by the following equations:

(3a)

(3b)

respectively.

The TP-LN is defined in terms of its admittance matrix in the
Laplace domain

(4)

where and are shown in Fig. 1(b). The entries
of the admittance matrix are assumed to be rational functions of

as follows:

(5)

where and are real-valued coefficients and is
the order of the model. It is assumed that, in general, each el-
ement of the admittance matrix has a different model
order and a different set of coefficients in the numerator and de-
nominator.

Introducing four auxiliary current intensities (with
), we express (4) as

(6)

where

(7)

Notice that the above expression comprises four equations, one
for each auxiliary variable .

Our goal now is to develop a suitable finite-difference approx-
imation to (6) and (7) in the discrete time domain. Taking the
same approach as in [8], we go from the Laplace domain onto
the discrete time domain by first passing through the -domain.

In the -domain, (6) is expressed simply as

(8)

where

(9)

with

(10)

The functions are obtained by applying the Mobius
transformation,1 which is given by

(11)

1This conformal transformation is also known as a “bilinear” or “linear-frac-
tional” transformation.
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to in (5). This transformation preserves the order of the
model . The coefficients and are readily ob-
tained from the time step and the coefficients and

. This discretization procedure preserves the second-order
accuracy of the conventional FDTD method.

Now using the property of the -transform
, (8) and (9) are expressed in the discrete time domain as

(12)

and

(13)

By relating, at each port, the voltage with the electric field and
the current intensity with the current density as

where , we obtain a field-oriented version of (12) as
follows:

(14)

and (13) as follows:

(15)

where

The high-order difference equation (15) can be expressed
more efficiently as a set of first-order difference equations.
To this end, (15) is interpreted as an infinite-impulse response
digital filter, which is implemented by using the transpose
direct form II as

(16a)

(16b)

(16c)

with Here,
are auxiliary variables and is taken as the filter output. In
fact, we have four digital filters since . Each filter
implements one entry of the admittance matrix. Fig. 2 schemat-
ically shows the calculation of and from and

Fig. 2. Calculation of J and J in terms ofE andE . Each box
Y (Z) represents a digital filter.

Fig. 3. Implementation of Y (Z) by using the transpose direct form II.

by using the digital filters (10), implemented by (16), and
the output summations (14). The implementation of each indi-
vidual digital filter is illustrated in Fig. 3.

Notice that the first equation of each digital filter (16a) is cou-
pled to the Maxwell–Ampère’s equation (3). Fortunately, these
equations can easily be decoupled before their encoding. Elim-
inating and from (3) and using (14), we obtain

(17)

where

The matrix inversion that appears in (17) is performed at the
preprocessing stage, thus (17) is implemented as a fully explicit
expression.

The resulting TP-LN algorithm has the following steps in
each time iteration.
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Step 1) The magnetic field is updated by using the
standard FDTD expression (2a).

Step 2) The electric field at the LN ports is updated
by using (17).

Step 3) The current densities and auxiliary variables
are updated by using (16), where has

been computed in the previous step.
At nodes that are not associated to LN ports, the last two steps

are omitted and the electric field is then updated by using the
classical FDTD expression (2b).

For the case , the two ports of the
TP-LN become mutually decoupled. In this particular situa-
tion, the TP-LN-FDTD formulation is reduced to the original
LN-FDTD method with one two-terminal LN connected to
each port. The two-terminal LN at port 1 is characterized by

and the one at port 2 by .

III. VALIDATION

To illustrate the validity of the TP-LN-FDTD method de-
scribed above, we consider the equivalent circuit of a chip ca-
pacitor and the linear circuital model of a generic MESFET. In
both cases, the device is placed on a microstrip gap and the scat-
tering parameters of the resulting hybrid circuit are computed by
the proposed TP-LN-FDTD method.

The microstrip substrate has a dielectric constant
and a thickness mm. The width of the lines is

mm, which corresponds to an impedance of approximately
50 . The length of the microstrip gap is mm.

The spatial dimensions of the FDTD cell are
mm, mm, and mm. The time

step is ps, which corresponds to 0.95 the max-
imum time step allowed in the conventional FDTD method.
The whole hybrid circuit is enclosed in a perfect electric box of
60 42 175 cells.

For the examples considered, the results calculated by the
TP-LN-FDTD method have been compared with those obtained
by combining HFSS with ADS, and with those provided by
ADS alone. The approach that combines HFSS with ADS,
which will be labeled as HFSS ADS, consists of first cal-
culating the scattering parameters of the microstrip gap by
using HFSS. In this simulation, two additional internal ports
are defined. These ports are lumped voltage sources with an
internal impedance of 50 . They are located on the gap, each
one being connected vertically from the edge of one microstrip
line to the ground plane. As a result, a four-port structure is
obtained. Once the scattering parameters of this structure have
been calculated, the results are exported to a file in CITIfile
format and loaded in ADS. The LN is then connected to the
internal ports of the gap and the resulting TP hybrid circuit is
simulated by ADS.

We consider that the HFSS ADS approach is more accu-
rate than the use of ADS alone. This is because HFSS provides a
fully three-dimensional (3-D) electromagnetic simulation of the
microstrip gap. However, according to the ADS documentation,
the microstrip gap component, called MGAP, “is an empirically
based, analytical model that consists of a lumped component,
equivalent circuit. The equivalent circuit parameters are calcu-

Fig. 4. (a) Equivalent circuit for the G15BU200K5PX05 Gap-Cap
capacitor: L = 0:102 nH, R = 0:139 
; C = 14:93 pF,
R = 268 
; C = 5:07 pF. (b) Capacitor seen as a TP circuit.

lated based on the expressions developed by Kirsching, Janse
and Koster. Dispersion is included in the capacitance calcula-
tion.” [21].

A. Chip Capacitor

Fig. 4(a) shows the equivalent circuit of a Gap-Cap capacitor
G15BU200K5PX05 [22]. This is a one-port LN, however, it can
be also seen as a TP-LN, as shown in Fig. 4(b). The parameters

of the TP model are

where
and .

The capacitor is connected to the microstrip lines, as illus-
trated in Fig. 5. It spans five cells, which corresponds to the
length of the microstrip gap. Four ideal wires of length are
used to connect the capacitor to the strips and to the ground
plane.

Fig. 6 depicts the magnitude of computed by the TP-LN-
FDTD method, simulated by ADS and by the HFSS ADS ap-
proach. As the capacitor can also be modeled as a one-port LN,
the problem has also been simulated by using the LN-FDTD
method. Good agreement is observed among all the simulated
results. Fig. 6 also shows measured results that include the effect
of two subminiature A (SMA) connectors. Generally speaking,
the measured results agree with the simulated ones. The differ-
ences observed between simulations and measurements, in the
upper part of the frequency band, are mainly due to the influence
of the SMA connectors and some mismatching at the ports.

B. MESFET

Firstly, we consider the small-signal equivalent circuit of the
intrinsic part of a generic MESFET, as given in [23]. The pa-
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Fig. 5. Simulated hybrid circuit. (a) Top view. (b) Lateral view.

Fig. 6. Magnitude of S for a Gap-Cap capacitor placed on a microstrip gap.
(Color version available online at: http://ieeexplore.ieee.org.)

rameters of this circuit, which is depicted in Fig. 7, are
expressed as

The transistor is connected to the microstrip lines following
the same scheme as that previously described for the capacitor
(see Fig. 5).

The magnitude of and are shown in Figs. 8 and 9, re-
spectively. Three curves can be seen in each figure, which cor-
respond to the TP-LN-FDTD method, the HFSS ADS ap-
proach, and ADS (alone) simulation. Good agreement is ob-
served among these three techniques, although, as expected, the
TP-LN-FDTD method provides results that are much closer to

Fig. 7. Intrinsic equivalent circuit for a MESFET with the following parame-
ters: C = 0:06 pF, C = 0:26 pF, C = 0:69 pF, R = 197 
; G =

65 mS, and R = 1:42 
.

Fig. 8. Magnitude of S for an intrinsic MESFET mounted on a microstrip
gap. (Color version available online at: http://ieeexplore.ieee.org.)

Fig. 9. Magnitude of S for an intrinsic MESFET on a microstrip gap. (Color
version available online at: http://ieeexplore.ieee.org.)

those obtained by the HFSS ADS approach than to those
given by ADS.



3050 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 54, NO. 7, JULY 2006

Fig. 10. Extrinsic equivalent circuit for a MESFET with the following pa-
rameters: R = 1:39 
; L = 0:37 nH, R = 1:3 
; L = 0:23 nH,
R = 0:76 
; L = 0:02 nH. The intrinsic parameters are the same as in
Fig. 7.

Fig. 11. FDTD model of the MESFET, shown in Fig. 10 mounted on a mi-
crostrip gap.

Secondly, we consider the equivalent circuit of a generic
MESFET including both its intrinsic and extrinsic parts, as
shown in Fig. 10.

This circuit can be incorporated into a FDTD simulation by
following the TP-LN-FDTD technique, as was done previously
when the intrinsic part of the transistor was considered alone.
However, the order of the resulting admittance parameters is
high (larger than ten), which means that time derivatives of
the same order must be discretized. Also, in the TP-LN-FDTD
method, each port occupies just one cell, thus wires are needed
to connect the MESFET to the strips and to the ground plane.
Taking these aspects into account, we thought that a better
choice would be an approach that combines the TP-LN-FDTD
and the LN-FDTD methods. The intrinsic part of the MESFET
is modeled by the TP-LN-FDTD method and the extrinsic part
by the LN-FDTD technique. The connection scheme is shown
in Fig. 11. To avoid the use of connecting wires and to maintain
symmetry, the series of the source terminal, shown in
Fig. 10, is split into two equal LNs. By using this approach, the
highest time derivative involved is only of second order.

The results for the magnitude of and are shown in
Figs. 12 and 13, respectively. The same comments made for the
results of the intrinsic MESFET can be repeated here, with the
remark that, in this case, the difference between the curves for

obtained by the TP-LN-FDTD method and by the HFSS
ADS approach is a bit greater than in the case of the intrinsic
MESFET.

Fig. 12. Magnitude of S for an extrinsic MESFET mounted on a microstrip
gap. (Color version available online at: http://ieeexplore.ieee.org.)

Fig. 13. Magnitude of S for an extrinsic MESFET mounted on a microstrip
gap. (Color version available online at: http://ieeexplore.ieee.org.)

IV. CONCLUSION

This paper has extended the LN-FDTD method to linear
TP-LNs. To this end, the LN is described by its admittance
matrix in the Laplace domain. The entries of are
assumed to be rational functions of . By applying the Mobius
transformation technique to , we obtain the admittance
matrix in the -transform domain. Appropriate digital-filtering
techniques are then used to obtain four sets of first-order
finite-difference equations, which describe the V/I relation of
the LN in the discrete time domain. The resulting algorithm
preserves the second-order accuracy and the explicit nature
of the conventional FDTD method. The validity of this new
formulation has been demonstrated by computing the scattering
parameters of several hybrid circuits.

Wave digital filters can be used as an alternative to the digital
filters employed in this paper [24].
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