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What is exactly an operator?

An instruction to perform a certain process on a number, vector or function

Examples of operators:

Operator Acts on Action

On a number Takes the square root of whatever 
appears under the roof of the symbol

On a function
Takes the first derivative with respect 

to x of whatever appears inside the 
parenthesis



Linear operators

Those are the operators that you will find in quantum mechanics

Applying them to a sum of vectors or functions gives the same result as applying to 
the individual vectors or functions and them summing the results 

Operator Functions

Multiplying a function by a scalar and then applying the operator gives the same 
result as first applying the operator and then multiplying the result by a scalar



Representing operators as 
square matrices

Result of multiplying a matrix        by a column vector

This type of multiplication can be done only when the number of columns of the matrix 
equals the number of rows of the vector

(two in this case)

2.1 Operators, Eigenvectors, and Eigenfunctions 33

The operators you’ll encounter in quantum mechanics are called “linear”
because applying them to a sum of vectors or functions gives the same result
as applying them to the individual vectors or functions and then summing the
results. So if Ô is a linear operator1 and f1 and f2 are functions, then

Ô( f1 + f2) = Ô( f1) + Ô( f2). (2.1)

Linear operators also have the property that multiplying a function by a scalar
and then applying the operator gives the same result as first applying the
operator and then multiplying the result by the scalar. So if c is a (potentially
complex) scalar and f is a function, then

Ô(cf ) = cÔ( f ), (2.2)

if Ô is a linear operator.
To understand the operators used in quantum mechanics, I think it’s helpful

to begin by representing an operator as a square matrix and considering what
happens when you multiply a matrix and a vector (in quantum mechanics
there are times when it’s easier to comprehend a process by considering
matrix mathematics, and this is one of those times). From the rules of matrix
multiplication, you may remember that multiplying a matrix ( ¯̄R) by a column
vector !A works like this2:

¯̄R !A =
(

R11 R12

R21 R22

)(
A1

A2

)
=

(
R11A1 + R12A2

R21A1 + R22A2

)
. (2.3)

This type of multiplication can be done only when the number of columns of
the matrix equals the number of rows of the vector (two in this case, since !A has
two components). So the process of multiplying a matrix by a vector produces
another vector – the matrix has “operated” on the vector, transforming it into
another vector. That’s why you’ll see linear operators described as “linear
transformations” in some texts.

What effect does this type of operation have on the vector? That depends
on the matrix and on the vector. Consider, for example, the matrix

¯̄R =
(

4 −2
−2 4

)

1 There are several ways of denoting an operator, but the most common in quantum texts is to put
a caret hat (ˆ) on top of the operator label.

2 There doesn’t seem to be a standard notation for matrices in quantum books, so I’ll use the
double-bar hat ( ¯̄) for two-dimensional matrices and the vector symbol (!) or the ket symbol | 〉
for single-column matrices.

The result of multiplying the matrix by a vector produces another vector
It transforms one vector into another



Representing operators as 
square matrices

The effect of the operation depends on the matrix
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Figure 2.1 Vector !A before (a) and after (b) operation of matrix ¯̄R.

and the vector !A = ı̂ + 3̂ , shown in Fig. 2.1a. Writing the components of !A
as a column vector and multiplying gives

¯̄R !A =
(

4 −2
−2 4

) (
1
3

)
=

(
(4)(1) + (−2)(3)

(−2)(1) + (4)(3)

)
=

(
−2
10

)
. (2.4)

So the operation of matrix ¯̄R on vector !A produces another vector that has a
different length and points in a different direction. This new vector is shown as
vector !A′ in Fig. 2.1b.

Why does a matrix operating on a vector generally change the direction
of the vector? You can understand that by realizing that the x-component
of the new vector !A′ is a weighted combination of both components of the
original vector !A, and the weighting coefficients are provided by the first row
of matrix ¯̄R. Likewise, the y-component of !A′ is a weighted combination of
both components of !A, with weighting coefficients provided by the second row
of matrix ¯̄R.

This means that, depending on the values of the matrix elements and the
components of the original vector, the weighted combinations will, in general,
endow the new vector with a different magnitude from that of the original
vector. And here’s a key consideration: if the ratio of the new components
differs from the ratio of the original components, then the new vector will
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The matrix operating on the vector,            
generally changes the direction of the vector

The x-component of the new vector is a weighted 
combination of both components of the original 

vector.
The weighting coefficients are provided by the first 

row of the matrix

The same happens for the y-component
The weighting coefficients are provided by 2nd row
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differs from the ratio of the original components, then the new vector will
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Depending on the values of the matrix elements 
and the components of the original vector, the 

weighted combinations will endow the new vector:

A new magnitude

And if the ratio of the new components differs from 
the ratio of the original ones: 

A new direction



Eigenvectors and eigenvalues 
of a matrix

Let us try with a different vector
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This type of multiplication can be done only when the number of columns of
the matrix equals the number of rows of the vector (two in this case, since !A has
two components). So the process of multiplying a matrix by a vector produces
another vector – the matrix has “operated” on the vector, transforming it into
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¯̄R =
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)

1 There are several ways of denoting an operator, but the most common in quantum texts is to put
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2 There doesn’t seem to be a standard notation for matrices in quantum books, so I’ll use the
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for single-column matrices. Now, the application of the matrix streches the 

length of the vector to twice its original magnitude, 
but it does not change the direction
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Figure 2.2 Vector !B before (a) and after (b) operation of matrix ¯̄R.

point in a different direction from that of the original vector. In such cases, the
relative amounts of the basis vectors are changed by the operation of the matrix
on the vector.

Now consider the effect of matrix ¯̄R on a different vector – for example, vec-
tor !B = ı̂ + ̂ shown in Fig. 2.2a. In this case, the multiplication looks like this:

¯̄R !B =
(

4 −2
−2 4

) (
1
1

)
=

(
(4)(1) + (−2)(1)

(−2)(1) + (4)(1)

)

=
(

2
2

)
= 2

(
1
1

)
= 2 !B. (2.5)

So operating on vector !B with matrix ¯̄R stretches the length of !B to twice its
original value but does not change the direction of !B. That means that the
relative amounts of the basis vectors in vector !B′ are the same as in vector !B.

A vector for which the direction is not changed after multiplication by a
matrix is called an “eigenvector” of that matrix, and the factor by which the
length of the vector is scaled is called the “eigenvalue” for that eigenvector (if
the vector’s length is also unaffected by operation of the matrix, the eigenvalue
for that eigenvector equals one). So vector !B = ı̂ + ̂ is an eigenvector of
matrix ¯̄R with eigenvalue of 2.

Eq. 2.5 is an example of an “eigenvalue equation”; the general form is

¯̄R !A = λ !A, (2.6)

in which !A represents an eigenvector of matrix ¯̄R with eigenvalue λ.
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relative amounts of the basis vectors are changed by the operation of the matrix
on the vector.

Now consider the effect of matrix ¯̄R on a different vector – for example, vec-
tor !B = ı̂ + ̂ shown in Fig. 2.2a. In this case, the multiplication looks like this:

¯̄R !B =
(

4 −2
−2 4

) (
1
1

)
=

(
(4)(1) + (−2)(1)

(−2)(1) + (4)(1)

)

=
(

2
2

)
= 2

(
1
1

)
= 2 !B. (2.5)

So operating on vector !B with matrix ¯̄R stretches the length of !B to twice its
original value but does not change the direction of !B. That means that the
relative amounts of the basis vectors in vector !B′ are the same as in vector !B.

A vector for which the direction is not changed after multiplication by a
matrix is called an “eigenvector” of that matrix, and the factor by which the
length of the vector is scaled is called the “eigenvalue” for that eigenvector (if
the vector’s length is also unaffected by operation of the matrix, the eigenvalue
for that eigenvector equals one). So vector !B = ı̂ + ̂ is an eigenvector of
matrix ¯̄R with eigenvalue of 2.

Eq. 2.5 is an example of an “eigenvalue equation”; the general form is

¯̄R !A = λ !A, (2.6)

in which !A represents an eigenvector of matrix ¯̄R with eigenvalue λ.

A vector for which the direction is not 
changed after multiplication by a matrix is 

called an “eigenvector” of that matrix

And the factor by which the length of the 
vector is scaled is called the “eigenvalue” for 

that eigenvector
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So operating on vector !B with matrix ¯̄R stretches the length of !B to twice its
original value but does not change the direction of !B. That means that the
relative amounts of the basis vectors in vector !B′ are the same as in vector !B.

A vector for which the direction is not changed after multiplication by a
matrix is called an “eigenvector” of that matrix, and the factor by which the
length of the vector is scaled is called the “eigenvalue” for that eigenvector (if
the vector’s length is also unaffected by operation of the matrix, the eigenvalue
for that eigenvector equals one). So vector !B = ı̂ + ̂ is an eigenvector of
matrix ¯̄R with eigenvalue of 2.

Eq. 2.5 is an example of an “eigenvalue equation”; the general form is

¯̄R !A = λ !A, (2.6)

in which !A represents an eigenvector of matrix ¯̄R with eigenvalue λ.
Eigenvector Eigenvalue

Hints for the matrices you might found in Quantum Mechanics

The sum of the eigenvalues of a matrix is equal to the trace of the matrix 
(that is, the sum of the diagonal elements of the matrix)

The product of the eigenvalues is equal to the determinant of the matrix



Eigenvalues of an operator
There are mathematical processes that act as operators on functions to produce 

new functions

If the new function is a scalar multiple of the original function, that function is 
called an “eigenfunction” of the operator

Eigenfunction Eigenvalue

Problem: find the eigenfunctions of the operator second-derivative

36 2 Operators and Eigenfunctions

The procedure for determining the eigenvalues and eigenvectors of a matrix
is not difficult; you can see that procedure and several worked examples on the
book’s website. If you work through that process for matrix ¯̄R in the previous
example, you’ll find that the vector !C = ı̂ − ̂ is also an eigenvector of matrix
¯̄R; its eigenvalue is 6.

Here are two helpful hints for the matrices you’re likely to encounter in
quantum mechanics: the sum of the eigenvalues of a matrix is equal to the trace
of the matrix (that is, the sum of the diagonal elements of the matrix, which is
8 in this case), and the product of the eigenvalues is equal to the determinant
of the matrix (which is 12 in this case).

Just as matrices act as operators on vectors to produce new vectors, there
are mathematical processes that act as operators on functions to produce new
functions. If the new function is a scalar multiple of the original function,
that function is called an “eigenfunction” of the operator. The eigenfunction
equation corresponding to the eigenvector equation (Eq. 2.6) is

Ôψ = λψ (2.7)

in which ψ represents an eigenfunction of operator Ô with eigenvalue λ.
You may be wondering what kind of operator works on a function to

produce a scaled version of that function. As an example, consider a “derivative
operator” D̂ = d

dx . To determine whether the function f (x) = sin kx is an
eigenfunction of operator D̂, apply D̂ to f (x) and see if the result is proportional
to f (x):

D̂f (x) = d(sin kx)
dx

= k cos kx ?= λ(sin kx). (2.8)

So is there any single number (real or complex) that you can multiply by sin kx
to get k cos kx? If you think about the values of sin kx and k cos kx at kx = 0
and kx = π (or look at a graph of these two functions), it should be clear that
there’s no value of λ that makes Eq. 2.8 true. So sin kx does not qualify as an
eigenfunction of the operator D̂ = d

dx .

Now try the same process for the second-derivative operator D̂2 = d2

dx2 :

D̂2f (x) = d2(sin kx)
dx2 = d(k cos kx)

dx
= −k2 sin kx ?= λ(sin kx). (2.9)

In this case, the eigenvalue equation is true if λ = −k2. That means that
sin kx is an eigenfunction of the second-derivative operator D̂2 = d2

dx2 , and
the eigenvalue for this eigenfunction is λ = −k2.



Main Ideas of This Section

• A linear operator may be represented as a matrix that transforms a vector 
into another vector. 

• If that new vector is a scaled version of the original vector, that vector is an 
eigenvector of the matrix, and the scaling factor is the eigenvalue for that 
eigenvector. 

• An operator may also be applied to a function, producing a new function; if 
that new function is a multiple of the original function, then that function is 
an eigenfunction of the operator.

Relevance to Quantum Mechanics

• In quantum mechanics, every physical observable such as position, 
momentum, and energy is associated with an operator, and the state of a 
system may be expressed as a linear combination of the eigenfunctions of 
that operator.

• The eigenvalues for those eigenfunctions represent possible outcomes of 
measurements of that observable.



Operators in Dirac notation

Eigenket Operator Eigenvalue 

Forming the inner product with the ket         with both sides of this equation
This is equivalent to multiply by the bra       from the left

It represents a scalar (not a vector or operator)

This inner producto is proportional to the projection of the ket        
onto the direction of ket 

Expressions like this will determine one of the most useful quantities in quantum mechanics: 
expectation values of measurements in quantum mechanics



Matrix representation of an operator

Sandwiching an operator between pairs of basis vectors allows you to determine 
the elements of the matrix representation of that operator in the basis

Example:

Consider an operator       which can be represented by a            matrix

(collectively defind as       ) 

depend on the basis system
In the same way as the components of a vector depend on the basis vectors 

to which the components apply

38 2 Operators and Eigenfunctions

The first thing to realize about an expression such as 〈φ| Ô |ψ〉 is that it
represents a scalar, not a vector or operator. To see why that’s true, think
about operator Ô operating to the right on ket |ψ〉 (you could choose to let it
operate to the left on bra 〈φ|, and you’ll get the same answer).3 Just as a matrix
operating on a column vector gives another column vector, letting operator Ô
work on ket |ψ〉 gives another ket, which we’ll call

∣∣ψ ′〉:

Ô |ψ〉 =
∣∣ψ ′〉 . (2.12)

This makes the left side of Eq. 2.11

〈φ| Ô |ψ〉 =
〈
φ
∣∣ψ ′〉 . (2.13)

This inner product is proportional to the projection of ket
∣∣ψ ′〉 onto the

direction of ket |φ〉, and that projection is a scalar. So sandwiching an operator
between a bra and a ket produces a scalar result, but how is that result useful?
As you’ll see in the final section of this chapter, this type of expression
can be used to determine one of the most useful quantities in quantum
mechanics. That quantity is the expectation value of measurements of quantum
observables.

Before getting to that, here’s another way in which an expression of the
form of Eq. 2.13 is useful: sandwiching an operator between pairs of basis
vectors allows you to determine the elements of the matrix representation of
that operator in that basis.

To see how that works, consider an operator Â, which can be represented as
a 2 × 2 matrix:

¯̄A =
(

A11 A12

A21 A22

)

in which the elements, A11, A12 A21, and A22 (collectively referred to as Aij)
depend on the basis system, just as the components of a vector depend on the
basis vectors to which the components apply.

The matrix elements Aij of the matrix representing operator Â in a given
basis system can be determined by applying the operator to each of the
basis vectors of that system. For example, applying operator Â to each of
the orthonormal basis vectors ε̂1 and ε̂2 represented by kets |ε1〉 and |ε2〉,
the matrix elements determine the “amount” of each basis vector in the
result:

3 Be careful when using an operator to the left on a bra – this is discussed further in Section 2.3.



Matrix representation of an operator

How to compute the matrix elements       ?

Apply the operator to each of the basis vectors of that system
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This makes the left side of Eq. 2.11
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φ
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This inner product is proportional to the projection of ket
∣∣ψ ′〉 onto the

direction of ket |φ〉, and that projection is a scalar. So sandwiching an operator
between a bra and a ket produces a scalar result, but how is that result useful?
As you’ll see in the final section of this chapter, this type of expression
can be used to determine one of the most useful quantities in quantum
mechanics. That quantity is the expectation value of measurements of quantum
observables.

Before getting to that, here’s another way in which an expression of the
form of Eq. 2.13 is useful: sandwiching an operator between pairs of basis
vectors allows you to determine the elements of the matrix representation of
that operator in that basis.

To see how that works, consider an operator Â, which can be represented as
a 2 × 2 matrix:

¯̄A =
(

A11 A12

A21 A22

)

in which the elements, A11, A12 A21, and A22 (collectively referred to as Aij)
depend on the basis system, just as the components of a vector depend on the
basis vectors to which the components apply.

The matrix elements Aij of the matrix representing operator Â in a given
basis system can be determined by applying the operator to each of the
basis vectors of that system. For example, applying operator Â to each of
the orthonormal basis vectors ε̂1 and ε̂2 represented by kets |ε1〉 and |ε2〉,
the matrix elements determine the “amount” of each basis vector in the
result:

3 Be careful when using an operator to the left on a bra – this is discussed further in Section 2.3.

Orthonormal basis vectors Represented by kets

Applying the operator        to each of the orthonormal basis vectors 
determine the “amount” of each basis vector in the result

2.2 Operators in Dirac Notation 39

Â |ε1〉 = A11 |ε1〉 + A21 |ε2〉
Â |ε2〉 = A12 |ε1〉 + A22 |ε2〉 .

(2.14)

Notice that it’s the columns of ¯̄A that determine the amount of each basis vector.
Now take the inner product of the first of these equations with the first basis
ket |ε1〉:

〈ε1| Â |ε1〉 = 〈ε1| A11 |ε1〉 + 〈ε1| A21 |ε2〉
= A11 〈ε1|ε1〉 + A21 〈ε1|ε2〉 = A11,

since 〈ε1|ε1〉 = 1 and 〈ε1|ε2〉 = 0 for an orthonormal basis system. Hence
the matrix element A11 for this basis system can be found using the expression
〈ε1| Â |ε1〉.

Taking the inner product of the second equation in Eq. 2.14 with the first
basis ket |ε1〉 gives

〈ε1| Â |ε2〉 = 〈ε1| A12 |ε1〉 + 〈ε1| A22 |ε2〉
= A12 〈ε1|ε1〉 + A22 〈ε1|ε2〉 = A12,

so the matrix element A12 for this basis system can be found using the
expression 〈ε1| Â |ε2〉.

Forming the inner products of both equations in Eq. 2.14 with the second
basis ket |ε2〉 yields A21 = 〈ε2| Â |ε1〉 and A22 = 〈ε2| Â |ε2〉.

Combining these results gives the matrix representation of operator Â in a
coordinate system with basis vectors represented by kets |ε1〉 and |ε2〉:

¯̄A =
(

〈ε1| Â |ε1〉 〈ε1| Â |ε2〉
〈ε2| Â |ε1〉 〈ε2| Â |ε2〉

)
, (2.15)

which can be written concisely as

Aij = 〈εi| Â
∣∣εj

〉
, (2.16)

in which |εi〉 and
∣∣εj

〉
represent a pair of orthonormal basis vectors.

Here’s an example that shows how this might be useful. Consider the
operator discussed in the previous section for which the matrix representation

in the Cartesian coordinate system has elements given by ¯̄R =
(

4 −2
−2 4

)
.

Imagine that you’re interested in determining the elements of the matrix
representing that operator in the two-dimensional orthonormal basis system

with basis vectors ε̂1 = 1√
2
(ı̂+̂) = 1√

2

(
1
1

)
and ε̂2 = 1√

2
(ı̂−̂) = 1√

2

(
1

−1

)
.

The columns of the 
matrix determine the 

amount of each vector



Matrix representation of an operator

How to compute the matrix elements       ?
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〈ε1| Â |ε2〉 = 〈ε1| A12 |ε1〉 + 〈ε1| A22 |ε2〉
= A12 〈ε1|ε1〉 + A22 〈ε1|ε2〉 = A12,

so the matrix element A12 for this basis system can be found using the
expression 〈ε1| Â |ε2〉.
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Combining these results gives the matrix representation of operator Â in a
coordinate system with basis vectors represented by kets |ε1〉 and |ε2〉:

¯̄A =
(

〈ε1| Â |ε1〉 〈ε1| Â |ε2〉
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〈φ| Ô |ψ〉 =
〈
φ
∣∣ψ ′〉 . (2.13)

This inner product is proportional to the projection of ket
∣∣ψ ′〉 onto the

direction of ket |φ〉, and that projection is a scalar. So sandwiching an operator
between a bra and a ket produces a scalar result, but how is that result useful?
As you’ll see in the final section of this chapter, this type of expression
can be used to determine one of the most useful quantities in quantum
mechanics. That quantity is the expectation value of measurements of quantum
observables.

Before getting to that, here’s another way in which an expression of the
form of Eq. 2.13 is useful: sandwiching an operator between pairs of basis
vectors allows you to determine the elements of the matrix representation of
that operator in that basis.

To see how that works, consider an operator Â, which can be represented as
a 2 × 2 matrix:

¯̄A =
(

A11 A12

A21 A22

)

in which the elements, A11, A12 A21, and A22 (collectively referred to as Aij)
depend on the basis system, just as the components of a vector depend on the
basis vectors to which the components apply.

The matrix elements Aij of the matrix representing operator Â in a given
basis system can be determined by applying the operator to each of the
basis vectors of that system. For example, applying operator Â to each of
the orthonormal basis vectors ε̂1 and ε̂2 represented by kets |ε1〉 and |ε2〉,
the matrix elements determine the “amount” of each basis vector in the
result:

3 Be careful when using an operator to the left on a bra – this is discussed further in Section 2.3.
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Â |ε1〉 = A11 |ε1〉 + A21 |ε2〉
Â |ε2〉 = A12 |ε1〉 + A22 |ε2〉 .

(2.14)

Notice that it’s the columns of ¯̄A that determine the amount of each basis vector.
Now take the inner product of the first of these equations with the first basis
ket |ε1〉:

〈ε1| Â |ε1〉 = 〈ε1| A11 |ε1〉 + 〈ε1| A21 |ε2〉
= A11 〈ε1|ε1〉 + A21 〈ε1|ε2〉 = A11,

since 〈ε1|ε1〉 = 1 and 〈ε1|ε2〉 = 0 for an orthonormal basis system. Hence
the matrix element A11 for this basis system can be found using the expression
〈ε1| Â |ε1〉.

Taking the inner product of the second equation in Eq. 2.14 with the first
basis ket |ε1〉 gives

〈ε1| Â |ε2〉 = 〈ε1| A12 |ε1〉 + 〈ε1| A22 |ε2〉
= A12 〈ε1|ε1〉 + A22 〈ε1|ε2〉 = A12,

so the matrix element A12 for this basis system can be found using the
expression 〈ε1| Â |ε2〉.

Forming the inner products of both equations in Eq. 2.14 with the second
basis ket |ε2〉 yields A21 = 〈ε2| Â |ε1〉 and A22 = 〈ε2| Â |ε2〉.

Combining these results gives the matrix representation of operator Â in a
coordinate system with basis vectors represented by kets |ε1〉 and |ε2〉:

¯̄A =
(

〈ε1| Â |ε1〉 〈ε1| Â |ε2〉
〈ε2| Â |ε1〉 〈ε2| Â |ε2〉

)
, (2.15)

which can be written concisely as

Aij = 〈εi| Â
∣∣εj

〉
, (2.16)

in which |εi〉 and
∣∣εj

〉
represent a pair of orthonormal basis vectors.

Here’s an example that shows how this might be useful. Consider the
operator discussed in the previous section for which the matrix representation

in the Cartesian coordinate system has elements given by ¯̄R =
(

4 −2
−2 4

)
.

Imagine that you’re interested in determining the elements of the matrix
representing that operator in the two-dimensional orthonormal basis system

with basis vectors ε̂1 = 1√
2
(ı̂+̂) = 1√

2

(
1
1

)
and ε̂2 = 1√

2
(ı̂−̂) = 1√

2

(
1

−1

)
.



Commutation
Two operators    and     are said to “commute” if the order of application 

can be switched without changing the results
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If the values of the diagonal elements look familiar, it may be because they’re
the eigenvalues of matrix ¯̄R, as found in the previous section. This is not a
coincidence, because the basis vectors ε̂1 = 1√

2
(ı̂ + ̂) and ε̂2 = 1√

2
(ı̂ − ̂) are

the (normalized) eigenvectors of this matrix. And when an operator matrix with
nondegenerate eigenvalues (that is, no eigenvalue is shared by two or more
eigenfunctions4) is expressed using its eigenfunctions as basis functions, the
matrix is diagonal (that is, all off-diagonal elements are zero), and the diagonal
elements are the eigenvalues of the matrix.

One additional bit of operator mathematics you’re sure to encounter in your
study of quantum mechanics is called “commutation.” Two operators Â and
B̂ are said to “commute” if the order of their application can be switched
without changing the result. So operating on a ket |ψ〉 with operator B̂ and
then applying operator Â to the result gives the same answer as first operating
on |ψ〉 with operator Â and then applying operator B̂ to the result. This can be
written as

Â(B̂ |ψ〉) = B̂(Â |ψ〉) if Â and B̂ commute (2.17)

or

ÂB̂(|ψ〉) − B̂Â(|ψ〉) = 0
(

ÂB̂ − B̂Â
)

|ψ〉 = 0.

The quantity in parenthesis (ÂB̂ − B̂Â) is called the commutator of operators Â
and B̂ and is commonly written as

[Â, B̂] = ÂB̂ − B̂Â. (2.18)

So the bigger the change in the result caused by switching the order of
operation, the bigger the commutator.

If you find it surprising that some pairs of operators don’t commute,
remember that operators can be represented by matrices, and matrix products
are in general not commutative (that is, the order of multiplication matters).

To see an example of this, consider two matrices representing operators Â
and B̂:

¯̄A =




i 0 1
0 −i 2
0 −1 0



 ¯̄B =




2 i 0
0 1 −i

−1 0 0



 .

To determine whether these operators commute, compare the matrix product
¯̄A ¯̄B to ¯̄B ¯̄A:

4 You can read more about degenerate eigenvalues in the next section of this chapter.
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Commutator, usually written as 

The bigger the change in the result caused by switching the order of operation, 
the larger the commutator



Main Ideas of This Section

• The elements of the matrix representation of an operator in a specified basis may be 
determined by sandwiching the operator between pairs of basis vectors 

• Two operators for which changing the order of operation does not change the result 
are said to commute

Relevance to Quantum Mechanics
• The elements of the matrix representing the important quantum operator called the 

“projection operator” will be found by sandwiching that operator between pairs of 
basis vectors

• The expression                    can be used to determine the expectation value of 
measurements of the quantum observable corresponding to operator for a system 
in state 

• Every quantum observable has an associated operator, and if two operators commute, 
the measurements associated with those two operators may be done in either order 
with the same result. That means that those two observables may be simultaneously 
known with precision limited only by the experimental configuration and 
instrumentation

• The Heisenberg Uncertainty Principle limits the precision with which two observables 
whose operators do not commute may be simultaneously known



Adjoint (alias “transpose conjugate, 
alias “Hermitian conjugate”) 

Finding the adjoint of an operator in matrix form is straightforward:
Take the complex conjugate of each element of the matrix

And then form the transpose matrix (i.e. interchange the rows and the columns 
of the matrix)

The adjoint of operator       is written as 
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label – specifically, it’s the name of the vector represented by the ket. So when
you move an operator into a ket to make a new ket (such as |Ôψ〉), what you’re
really doing is changing the vector to which the ket refers, from vector "ψ to
the vector produced by operating Ô on "ψ . If you give that new vector the name
−→̂
Oψ , then the associated ket is |Ôψ〉. It’s that new ket that forms an inner
product with |φ〉 in the expression 〈φ| Ô |ψ〉.

Going to the left with the operator in an expression such as 〈φ| Ô |ψ〉 can be
done in two ways, one of which involves moving the operator Ô inside the bra
〈φ|. But you can’t move an operator inside a bra without changing that opera-
tor. That change is called taking the “adjoint” of the operator,5 written as Ô†.
So the process of moving operator Ô from outside to inside a bra looks like this:

〈ψ | Ô = 〈Ô†ψ | . (2.21)

When you consider the expression 〈Ô†ψ |, remember that the label inside a
bra (such as Ô†ψ) refers to a vector – in this case, the vector that is formed by
allowing operator Ô† to operate on vector "ψ . So the bra 〈Ô†ψ | is the dual of
ket |Ô†ψ〉.

Finding the adjoint of an operator in matrix form is straightforward. Just
take the complex conjugate of each element of the matrix, and then form the
transpose of the matrix – that is, interchange the rows and columns of the
matrix. So the first row becomes the first column, the second row becomes the
second column, and so forth. If operator Ô has matrix representation

Ô =




O11 O12 O13

O21 O22 O23

O31 O32 O33



 , (2.22)

then its adjoint Ô† is

Ô† =




O∗

11 O∗
21 O∗

31
O∗

12 O∗
22 O∗

32
O∗

13 O∗
23 O∗

33



 . (2.23)

If you think about applying this conjugate-transpose process to a column
vector, you’ll see that the Hermitian adjoint of a ket is the associated bra:

|A〉 =




A1

A2

A3





|A〉† =
(
A∗

1 A∗
2 A∗

3

)
= 〈A| .

5 Also called the “transpose conjugate” or “Hermitian conjugate” of the operator.

Apply the conjugate-transpose process to a column vector
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If you think about applying this conjugate-transpose process to a column
vector, you’ll see that the Hermitian adjoint of a ket is the associated bra:

|A〉 =
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A3
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(
A∗

1 A∗
2 A∗

3

)
= 〈A| .

5 Also called the “transpose conjugate” or “Hermitian conjugate” of the operator.



Hermitian operators 
Hermitian operators equal their own adjoints 
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• Diagonal elements of the matrix must be real

• Every off-diagonal element must equal the complex conjugate of the 
corresponding element on the other side of the diagonal
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With an understanding of how to deal with operators outside and inside
bras and kets, you should be able to see the equivalence of the following
expressions:

〈φ| Ô |ψ〉 = 〈φ|Ôψ〉 = 〈Ô†φ|ψ〉 . (2.27)

The reason for making the effort to get to Eq. 2.27 is to help you understand
an extremely important characteristic of certain operators. Those operators
are called “Hermitian,” and their defining characteristic is this: Hermitian
operators equal their own adjoints. So if Ô is a Hermitian operator, then

Ô = Ô† (Hermitian Ô). (2.28)

It’s easy to determine whether an operator is Hermitian by looking at the
operator’s matrix representation. Comparing Eqs. 2.22 and 2.23, you can see
that for a matrix to equal its own adjoint, the diagonal elements must all be
real (since only a purely real number equals its complex conjugate), and every
off-diagonal element must equal the complex conjugate of the corresponding
element on the other side of the diagonal (so O21 must equal O∗

12, O31 must
equal O∗

13, O23 must equal O∗
32, and so forth).

Why are Hermitian operators of special interest? To see that, look again at
the second equality in Eq. 2.27. If operator Ô equals its adjoint Ô†, then

〈φ| Ô |ψ〉 = 〈φ|Ôψ〉 = 〈Ô†φ|ψ〉 = 〈Ôφ|ψ〉 , (2.29)

which means that a Hermitian operator may be applied to either member of an
inner product with the same result.

For complex continuous functions such as f (x) and g(x), the equivalent to
Eq. 2.29 is

∫ ∞

∞
f ∗(x)

[
Ôg(x)

]
dx =

∫ ∞

∞

[
Ô†f ∗(x)

]
g(x)dx

=
∫ ∞

∞

[
Ôf ∗(x)

]
g(x)dx.

(2.30)

The ability to move a Hermitian operator to either side of an inner product
may seem like a minor computational benefit, but it has major ramifications.
To appreciate those ramifications, consider what happens when a Hermitian
operator is sandwiched between a ket such as |ψ〉 and its corresponding bra
〈ψ |. That makes Eq. 2.29

〈ψ | Ô |ψ〉 = 〈ψ |Ôψ〉 = 〈Ôψ |ψ〉 . (2.31)



Why Hermitian operators are important 

• Hermitian operators must have real eigenvalues

• Eigenfunctions of an Hermitian operator with different eigenvalues must be 
ortogonal

• The eigenfuctions of a Hermitian operator: they form a complete set. 
That means that any function in the abstract vector space containing the 

eigenfunctions of a Hermitian operator may be made up of a linear combination 
of those eigenfunctions.



Main Ideas of this Section

• Hermitian operators may be applied to either member of an inner producto and 
the result will be the same. 

• Hermitian operators have real eigenvalues, and the nondegenerate 
eigenfunctions of a Hermitian operator are orthogonal and form a complete set

Relevance to Quantum Mechanics

• The discussion of the solutions to the Schrödinger equation will show that every 
quantum observable (such as position, momentum, and energy) is associated 
with an operator.

• The possible results of any measurement are given by the eigenvalues of that 
operator. 

• Since the results of measurements must be real, operators associated with 
observables must be Hermitian. 

• The eigenfunctions of Hermitian operators are (or can be combined to be) 
orthogonal, and the orthogonality of those eigenfunctions has a profound impact 
on our ability to construct solutions to the Schrödinger equation and to use those 
solutions to determine the probability of various measurement outcomes.



Projection operators
The general expression for a projector operator is 

where         is a normalized vector
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And since the inner products 〈ε1|A〉, 〈ε2|A〉, and 〈ε3|A〉 are scalars (as they
must be, since they represent A1, A2, and A3), you can move them to the
other side of the basis kets |ε1〉, |ε2〉, and |ε3〉, and the expansion of the ket
representing #A becomes

|A〉 = |ε1〉 〈ε1|A〉 + |ε2〉 〈ε2|A〉 + |ε3〉 〈ε3|A〉 . (2.39)

This equation came about with the terms grouped as

|A〉 = |ε1〉 〈ε1|A〉︸ ︷︷ ︸
A1

+ |ε2〉 〈ε2|A〉︸ ︷︷ ︸
A2

+ |ε3〉 〈ε3|A〉︸ ︷︷ ︸
A3

,

but consider the alternative grouping

|A〉 = |ε1〉 〈ε1|︸ ︷︷ ︸
P̂1

|A〉 + |ε2〉 〈ε2|︸ ︷︷ ︸
P̂2

|A〉 + |ε3〉 〈ε3|︸ ︷︷ ︸
P̂3

|A〉 . (2.40)

As you can see from the labels underneath the curly braces, the terms |ε1〉 〈ε1|,
|ε2〉 〈ε2|, and |ε3〉 〈ε3| are the operators P̂1, P̂2, and P̂3.

The general expression for a projection operator is

P̂i = |εi〉 〈εi| , (2.41)

in which ε̂i is any normalized vector. This expression, with a ket standing to
the left of a bra, may look a bit strange at first, but most operators look strange
until you feed them something on which to operate. Feeding operator P̂1 the
ket representing vector #A helps you see what’s happening:

P̂1 |A〉 = |ε1〉 〈ε1|A〉 = A1 |ε1〉 (2.42)

So applying the projection operator to |A〉 produces the new ket A1 |ε1〉. The
magnitude of that new ket is the (scalar) projection of the ket that you feed into
the operator (in this case, |A〉) onto the direction of the ket you use to define the
operator (in this case, |ε1〉). But here’s an important step: that magnitude is then
multiplied by the ket you use to define the operator. So the result of applying
the projection operator to a ket is not just the (scalar) component (such as A1) of
that ket along the direction of ε̂1, it’s a new ket in that direction. Put in terms of
a vector in the Cartesian coordinate system, the P̂1 projection operator doesn’t
just give you the scalar Ax, it gives you the vector Ax ı̂.

In defining a projection operator, it’s necessary to use a ket representing a
normalized vector (such as ε̂1) within the operator; you can think of that vector
as the “projector vector.” If the projector vector doesn’t have unit length, then
its length contributes to the result of the inner product as well as the result

So applying the projection operator to        produces the new ket 
The magnitude of that new ket is the (scalar) projection of the ket that you feed 

into the operator (in this case,      ) onto the direction of the ket you use to define 
the operator (in this case,      ). 
But here’s an important step:

 that magnitude is then multiplied by the ket you use to define the operator. 
So the result of applying the projection operator to a ket is not just the (scalar) 

component (such as      ) of that ket along the direction of       , it’s a new ket in that 
direction



Closure or completeness relations
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of the multiplication by the projector vector. To remove those contributions
requires dividing by the square of the norm of the (non-normalized) projector
vector.7

For completeness, the results of applying the three projection operators P̂1,
P̂2, and P̂3 to ket |A〉 are

P̂1 |A〉 = |ε1〉 〈ε1|A〉 = A1 |ε1〉
P̂2 |A〉 = |ε2〉 〈ε2|A〉 = A2 |ε2〉
P̂3 |A〉 = |ε3〉 〈ε3|A〉 = A3 |ε3〉 .

(2.43)

If you sum the results of applying the projection operators for all of the basis
kets in a three-dimensional space, the result is

P̂1 |A〉 + P̂2 |A〉 + P̂3 |A〉 = A1 |ε1〉 + A2 |ε2〉 + A3 |ε3〉 = |A〉

or
(
P̂1 + P̂2 + P̂3

)
|A〉 = |A〉 .

Writing this for the general case in an N-dimensional space:

N∑

n=1

P̂n |A〉 = |A〉 . (2.44)

This means that the sum of the projection operators using all of the basis
vectors equals the “identity operator” Î. The identity operator is the Hermitian
operator that produces a ket that is equal to the ket that is fed into the operator:

Î |A〉 = |A〉 . (2.45)

This works for any ket, not only |A〉, just as multiplying any number by the
number “1” produces the same number. The matrix representation ( ¯̄I) of the
identity operator in three dimensions is

¯̄I =




1 0 0
0 1 0
0 0 1



 . (2.46)

The relation
N∑

n=1

P̂n =
N∑

n=1

|εn〉 〈εn| = Î (2.47)

7 That’s why you’ll see projection operators defined as P̂i = |εi〉〈εi|
|#εi|2

in some texts.

Identity operator



Main Ideas of This Section

• The projection operator is a Hermitian operator that projects one vector onto 
the direction of another and forms a new vector in that direction

• Operating on a vector with the projection operators for all of the basis 
vectors of that space reproduces the original vector

• That means that the sum of the projection operators for all the basis vectors 
equals the identity operator (completeness relation)

Relevance to Quantum Mechanics

• The projection operator is useful in determining the probability of 
measurement outcomes for a quantum observable by projecting the state of 
a system onto the eigenstates of the operator for that observable



Expectation values

Specific predictions about average measurement outcomes are posible in 
Quantum Mechanics, provided you know two things: 

- the operator (     ) corresponding to the measurement you plan to make,
- the state of the system, represented by the ket        prior to the measurement

Predictions come in the form of expectation value of an observable

the angle brackets on the left side signify the expectation value:
 the average value of the outcome of a number of measurements

of the observable associated with the operator

(average over many systems all prepared to be on the same state prior to 
the measurement)



Expectation values
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58 2 Operators and Eigenfunctions

This same technique of multiplying each possible outcome by its proba-
bility to determine the expectation value can be used in quantum mechanics.
To see how that works, consider a Hermitian operator Ô and normalized
wavefunction represented by the ket |ψ〉. As explained in Section 1.6, this
ket can be written as the weighted combination of the kets representing the
eigenvectors of operator Ô:

|ψ〉 = c1 |ψ1〉 + c2 |ψ2〉 + · · · + cN |ψN〉 =
N∑

n=1

cn |ψn〉 , (1.35)

in which c1 through cN represent the amount of each orthonormal eigenfunc-
tion |ψn〉 in |ψ〉. Now consider the expression

〈ψ | Ô |ψ〉 ,

which, as described previously, can be represented as the inner product of |ψ〉
with the result of applying operator Ô to ket |ψ〉. Applying the operator Ô to
|ψ〉 as given by Eq. 1.35 yields

Ô |ψ〉 = Ô
N∑

n=1

cn |ψn〉 =
N∑

n=1

cnÔ |ψn〉 =
N∑

n=1

λncn |ψn〉 , (2.57)

in which λn represents the eigenvalue of operator Ô applied to eigenket |ψn〉.
Now find the inner product of |ψ〉 with this expression for Ô |ψ〉. The bra

〈ψ | corresponding to |ψ〉 is

〈ψ | = 〈ψ1| c∗
1 + 〈ψ2| c∗

2 + · · · + 〈ψN | c∗
N =

N∑

m=1

〈ψm| c∗
m,

in which the index m is used to differentiate this summation from the
summation of Eq. 2.57. This means that the inner product (|ψ〉 , Ô |ψ〉 is

〈ψ | Ô |ψ〉 =
N∑

m=1

〈ψm| c∗
m

N∑

n=1

λncn |ψn〉

=
N∑

m=1

N∑

n=1

c∗
mλncn 〈ψm|ψn〉 .

But if the eigenfunctions ψn are orthonormal, only the terms with n = m
survive, so this becomes

〈ψ | Ô |ψ〉 =
N∑

n=1

λnc∗
ncn =

N∑

n=1

λn|cn|2 = 〈o〉 . (2.58)
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Now find the inner product of |ψ〉 with this expression for Ô |ψ〉. The bra
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|ψ〉 as given by Eq. 1.35 yields
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Since the eigenkets are orthonormal

will produce the expectation value as long as the square magnitude of        
represents the probability of obtaining result 
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This has the same form as Eq. 2.56, with |cn|2 in place of the probability
Pn. So the expression 〈ψ | Ô |ψ〉 will produce the expectation value 〈o〉 as long
as the square magnitude of cn represents the probability of obtaining result λn.
As you’ll see in Chapter 4, that’s exactly what |cn|2 represents.

The expressions for the expectation values presented in this section can be
extended to apply to situations in which the outcomes may be represented
by a continuous variable x rather than discrete values λn. In such situations,
the discrete probabilities Pn for each outcome are replaced by the continuous
probability density function P(x), and the sum becomes an integral over
infinitesimal increments dx. The expectation value of the observable x is then

〈x〉 =
∫ ∞

−∞
xP(x)dx. (2.59)

Using the inner product, the expectation value can be written in Dirac
notation and integral form as

〈x〉 = 〈ψ | X̂ |ψ〉 =
∫ ∞

−∞
[ψ(x)]∗X̂[ψ(x)]dx, (2.60)

in which X̂ represents the operator associated with observable x.
In quantum mechanics, expectation values play an important role in the

determination of the uncertainty of a quantity such as position, momentum or
energy. Calling the uncertainty in position #x, the square of the uncertainty is
given by

(#x)2 =
〈
x2〉 − 〈x〉2 , (2.61)

in which
〈
x2〉 represents the expectation value of the square of position (x2) and

〈x〉2 represents the square of the expectation value of x.
Taking the square root of both sides of Eq. 2.61 gives

#x =
√〈

x2
〉
− 〈x〉2. (2.62)

As you can see on the book’s website, for a distribution of position values x,
(#x)2 is equivalent to the variance of x. That variance is defined as the average
of the square of the difference between each value of x and the average value
of x (that average is the expectation value 〈x〉):

Variance of x = (#x)2 ≡
〈
(x − 〈x〉)2

〉
, (2.63)

which means that #x, the square root of the variance, is the standard deviation
of the distribution x. Thus the uncertainty in position x may be determined
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Square of the expectation value
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