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Resumen

En esta tesis estudiamos la dindmica de una interfase separando dos fluidos incompresibles con
diferentes densidades en un medio poroso heterogéneo.

Primero consideramos una banda porosa con anchura igual a 2I, i.e. el dominio es S =R x (—1I,1).
La permeabilidad del medio poroso se anula fuera de estas paredes y es idénticamente uno dentro,
es decir, la regién S es homogénea y sus fronteras son impermeables. Este caso se conoce como
el problema de Muskat confinado y homogéneo. En el Capitulo 3 obtenemos la ecuacion explicita
para la interfase en este modelo y otras propiedades, por ejemplo, estudiamos la convergencia del
modelo confinado al modelo no acotado cuando la profundidad tiende a infinito. Ademads, en la
primera parte de la tesis, para este problema, probamos:

e Existencia local en espacios de Sobolev cuando la condiciéon de Rayleigh-Taylor se satisface,
es decir, cuando el fluido més denso estd encima del menos denso (ver Capitulo 4).

e Existencia de solucién en cierto espacio de funciones analiticas usando un Teorema de Cauchy-
Kowalevski. Como consecuencia obtenemos que la ecuacién para la interfase tiene solucién
local dnica incluso si no se satisface la condicién de Rayleigh-Taylor (ver Capitulo 5).

Uno de los objetivos principales de esta investigacion es estudiar las diferencias entre el caso con
profundidad infinita y el caso de un medio poroso acotado. Para hacer esto, en la segunda parte
de esta tesis, estudiamos varias propiedades cualitativas de las soluciones (ver Capitulo 7). En
particular probamos

e Si la condiciéon de Rayleigh-Taylor se satisface entonces la solucién se vuelve analitica para
todo tiempo positivo (ver Capitulo 6).

e En el caso inestable, el problema estd mal propuesto en espacios de Sobolev (ver Capitulo
6). Un aspecto importante de este Teorema es que no requiere de una familia de soluciones
con existencia global para ser probado (comparar con [23] y [54]).

e Una ley de balance de energfa para || f(t)|/12(r), donde (x, f(z,t)) es la interfase.
e Un principio del maximo para la amplitud, ||f(%)]|ze(r)-

e Una estimacién del decaimiento para la amplitud || f(t)||z~®) en un medio acotado. Este
decaimiento es mucho més lento que en el caso en el que la profundidad es infinita. Esto es
asi porque la condicién de frontera natural para la velocidad, v - n = 0, implica que, si la
interfase esta cerca de la pared, la evolucién del maximo es muy lenta. Como consecuencia
obtenemos que la unica solucién estacionaria es la idénticamente nula. Este decaimiento se
estudia numericamente en la Seccién 13.2.

e Un principio del maximo para para la pendiente, ||, f|| L), si el dato inicial, fo, pertenece
a una determinada regién del plano (|| follze () [0z fol| Lo (r)). Aqui el efecto de las paredes
es muy importante y las hipétesis que debemos hacer sobre el dato inicial son mucho mas
restrictivas que en el caso de aguas profundas, es decir, el caso con profundidad infinita. Asi



nuestro resultado nos da condiciones sobre el tamafio de || fol| Lo () ¥ |0z fol| Lo (r) comparados
con la profundidad. Es decir, si nuestro dato inicial esta en lo que se llama régimen de onda
larga (amplitud pequena y longitud de onda larga), entonces no hay giro, i.e. la pendiente
no crece indefinidamente. Observamos que si tomamos el limite [ — oo en estas condiciones
recuperamos el resultado para aguas profundas contenido en [24].

e Una cota uniforme para la pendiente, ||0, f| 1), para datos iniciales pertenecientes a una
segunda regién del plano (|| foll o (r), |0z foll Loo(r))-

e En el Capitulo 8 mostramos, sin ninguna hipétesis soble la condiciéon de Rayleigh-Taylor, la
existencia de solucién para datos iniciales que son curvas analiticas arbitrarias.

e En el Capitulo 8 probamos existencia de singularidades. Dichas singularidades son explo-
siones de la pendiente méxima, [|0,f(t)||(r). Fisicamente estas singularidades significan
que algunas curvas ’giran’. Es més, nosotros comparamos este resultado con su andlogo para
el caso de aguas profundas (ver [10]). Para ello primero obtenemos evidencia numérica (ver
Seccién 13.2 en el Capitulo 13) y despues demostramos con una prueba asistida por orde-
nador (ver Seccién 13.4 del mismo capitulo) que existen datos iniciales tales que, en tiempo
finito, la solucién de (2.9) pasa al régimen inestable sélo cuando la profundidad es finita.
Si la profundidad es infinita las mismas curvas se vuelven grafos (ver Evidencia Numérica
13.1 y Teorema 13.1). Este resultado también se aplica al problema de las water waves (ver
Corolario 13.1).

e Para datos iniciales Lipschitz satisfaciendo ciertas hipétesis que relacionan la pendiente, la
amplitud y la profundidad, existe una solucién Lipschitz global en tiempo (ver Capitulo 9).

Tras este estudio, en la tercera parte de la tesis, presentamos el problema de Muskat inhomogéneo
en diferentes dominios: S = R? TxR (profundidad infinita) y Rx (—m/2,7/2) (profundidad finita).
Dentro de estos dominios tenemos una linea recta (que es conocida y fija) h(a) = {(a, —h2) : « €
R}, que separa dos regiones con distintos valores de la permeabilidad (ver Figura 2.4). Para
estos problemas, obtenemos explicitamente las ecuaciones para la interfase (ver Capitulo 10) y
mostramos:

e La existencia local de solucién en espacios de Sobolev (ver Capitulo 11).

e Una ley de balance de energfa para la norma L? dependiendo de las permeabilidades. Esta ley
generaliza el balance de energia obtenido anteriormente para el caso homogéneo y confinado
(ver Capitulo 11).

e En el Capitulo 12 mostramos la existencia singularidades en tiempo finito para las interfases
cuando los parametros fisicos estan en una cierta regién.

En la dltima parte de la tesis, el Capitulo 13, mostramos unas simulaciones y obtenemos evidencia
numérica que muestra que realmente las ecuaciones de la interfase presentan singularidades para
cualquier valor de los parametros. Finalmente, dicha evidencia numérica se demuestra rigurosa-
mente con una prueba asistida por ordenador en la Seccién 13.4 (ver Teorema 13.2).



Abstract

In this thesis the dynamics of an interface between two incompressible fluids with different densities
in a heterogeneous porous medium is addressed.

First, we consider a porous strip with width 21, i.e. the domain is S = R x (—I,1). The perme-
ability vanishes outside and it is identically one inside, i.e. the region S is homogeneous and its
boundaries are impervious. This problem is known as the confined and homogeneous Muskat prob-
lem. In Chapter 3 we obtain explicitly the equation for the interface in this model and some other
properties, for instance, we study the convergence of the confined model towards the unconfined
one when the depth tends to infinity. In the first part of this thesis, for this problem, we prove:

e Local existence in Sobolev spaces when the Rayleigh-Taylor condition is satisfied i.e. when
the denser fluid is above the lighter one (see Chapter 4).

e Local existence of solutions in some space of analytic functions using a Cauchy-Kowalevski
Theorem. As a consequence we obtain that the evolution equation is locally well-posed even
in the Rayleigh-Taylor unstable case (see Chapter 5).

One of the main goals of this research is to study the differences between the case with infinite
depth and the confined case. Thus, in the second part of this thesis, we study some qualitative
properties of the solutions (see Chapter 7). In particular:

e We prove that in the Rayleigh-Taylor stable case the solution becomes analytic for every
positive time (see Chapter 6).

e On the other hand, in the unstable case, the problem is ill-posed in Sobolev spaces (see
Chapter 6). The key point of this result is that we do not need global existence for some
class of solutions to prove the result (compare with [23] and [54]).

e An energy balance for || f(t)[|z2(r), where (z, f(w,t)) is the interface.
e A maximum principle for the amplitude, || f(t)[| Lo (r)-

e A decay estimate for the amplitude, ||f(¢)|z=®), in a confined porous medium. Let us
observe that the natural boundary condition for the velocity, v-n = 0, imposes that if our
initial interface is close enough to the boundary the evolution of the maximum is very slow.
Due to this fact, we obtain the a decay slower than the decay in the infinitely deep case. As
a corollary we conclude that the unique stationary solution is the rest state. This decay rate
is studied numerically in Section 13.2.

e A maximum principle for the slope, ||Opf]|z(r), if the initial datum belongs to a known
region in the plane (||follze (), [0z follL~(®)). Here the effect of the boundaries is very
important in such a way the conditions that we obtain are much more restrictives than in
the deep water regime (the case with infinite depth). Our result gives us conditions on the
smallness of || foll o (r), |0z follL®) compared with the depth. So, roughly speaking, the
Theorem says that if we are in the long wave regime (small amplitude and large wavelength)

il



then there is no turning effect, i.e. the slope does not blow up. We remark that if we take
the limit [ — oo we recover the result for the deep water regime contained in [24].

e An uniform bound for the slope, ||0; f| o (®), for initial data in a second region in the plane
([[foll oo mys 10z foll Lo (m))-

e In Chapter 8 we prove the existence of solutions for initial data, not necessarily in the stable
case, which are arbitrary analytic curves.

e In Chapter 8 we also prove the existence of singularities. These singularities are blow-ups of
the slope, [|0zf(t)||L(r). Physically, these singularities mean that some curves turn over’.
Moreover, we can compare this result with its analogous one in the deep water case (see [10]).
To do this, we first obtain numerical evidence (see Section 13.2 in Chapter 13) and then we
prove with a computer assisted proof (see Section 13.4) the existence of initial data such that,
in finite time, the solution of (2.9) reach the unstable regime only if the depth is finite. If the
depth is infinite the same curves become graphs (see Numerical Evidence 13.1 and Theorem
13.1). This result also applies for the water waves problem (see Corollary 13.1).

e We prove that, for Lipschitz continuous initial data satisfying some conditions related to
the amplitude, slope and depth, there are global in time Lipschitz continuous solutions (see
Chapter 9).

In the third part of the thesis, we present the inhomogeneous Muskat problem posed in different
domains: S = R? T xR (infinitely deep) y R x (—7/2,7/2) (finite depth). In this domains we have
a straight line (known and fixed) h(a) = {(o, —h2) : a € R}, separating two regions with different
permeabilities (see Figure 2.4). For these problems, we obtain explicitly the evolution equations
(see Chapter 10) and we prove:

e Local existence in Sobolev spaces (see Chapter 11).

e An energy balance for the L2 norm depending on the permeabilities. This energy balance
is more general than the energy balance for the homogeneous and confined Muskat problem
(see Chapter 11).

e In Chapter 12 we prove the existence of finite time singularities for the interfaces when the
physical parameters are in some region.

In the last part of the thesis, Chapter 13, we perform some numerical simulations and we obtain
numerical evidence showing that the evolution equation for the inhomogeneous Muskat problem
present singularities for any set of parameters. Finally, this numerical evidence is rigorously proved
with a computer assisted proof in Section 13.4 (see Theorem 13.2).
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Chapter 1

Introduccion, resultados y
conclusiones

1.1 Motivacion

Uno de los problemas del Milenio que quedan por resolver es el de la existencia y unicidad global de
solucién clasica para la ecuacién de Navier-Stokes tridimensional. Resolver esta cuestién tiene un
premio de un millén de ddlares, ademds del reconocimiento que seguiria al anuncio. Relacionado
con este problema estd el de la existencia y unicidad de soluciones clésicas globales en tiempo para
las ecuaciones de Euler tridimensional.

Las ecuaciones de Euler (Leonhard Euler, 1707-1783) para un fluido con densidad p en d dimen-
siones, d > 2, son

Masa Aceleracién Fuerzas internas
p (Ou+ (u-Viu) = —Vp (Conservacién del momento),
Op+V-(pu) = 0, (Conservacién de la masa)

donde V = (0y,,...,0z,) es el gradiente, u = (u1, uz, ...uq) es el campo de velocidades del fluido y
el escalar p es la presién. Esta funciéon refleja fuerzas internas entre las particulas, que intentan
empujar y apartar a sus vecinas. Es la segunda ley de Newton en el caso de un continuo de
particulas. Nos sobra una incégnita para poder cerrar el sistema, asi que anadimos la hipétesis de
incompresibilidad del fluido

V-u=0, (Incompresibilidad).

Esta ultima condicién de tener divergencia cero significa que se preserva el volumen del fluido,
y matematicamente convierte las ecuaciones de Navier-Stokes y de Euler en ecuaciones integro-
diferenciales. Esto es asi porque la presién es un operador integral cuadratico en u. Para verlo
basta con tomar formalmente la divergencia de la ecuacién de conservacién del momento de donde
resulta

—Ap=V"-(u-V)u.
Una cantidad clave en el estudio de este tipo de fluidos es la worticidad’

w = curl w.



Chapter 1. Introduccién, resultados y conclusiones

Esta cantidad nos da una idea de cudnto giran las particulas del fluido. En dos dimensiones la
ecuacién de Euler escrita en la formulacién de la vorticidad (que ahora es un escalar) es

Ow+u-Vw=0, zcR%tecRt
u=V+A)lw.

Un problema que aparece al considerar esta formulacion es el del "vortex patch’. En €l se considera
el problema de la evolucién de un ’‘parche’ de vorticidad, es decir, una regién del plano donde
la vorticidad tiene un valor constante wg, mientras que en el resto del plano la vorticidad es
idénticamente nula:

w(0,2) = wolq,.

Este problema atrajo mucha atenciéon hace anos porque se propuso como una explicacién de los
flujos turbulentos, es decir, cuando las propiedades de dicho flujo cambian de manera estocastica
y cadtica (ver [43]). Del problema de entender la turbulencia, Richard Feynman dijo que era el
problema sin resolver mds importante de la fisica cldsica.

Para entender mejor la ecuacién de la vorticidad en tres dimensiones se investigan los ’‘escalares
activos’. Estos modelos son el transporte de un escalar de manera que podemos recuperar el fluido
del propio escalar. Como ejemplo tenemos la ecuacién quasi-geostroéfica bidimensional (SQG) (ver

D 010 Vo =0 R2 R*
0+ u - =0, ze& ate
[SQG]{ u = (7R2,R1)9,

donde 0 es un escalar y R; es la transformada de Riesz i—ésima (ver [55]).

Matematicamente la ecuacién SQG es importante porque tiene muchas propiedades parecidas a la
ecuaciéon de Euler 3D escrita en su formulacién para la vorticidad (ver [45]). Por ejemplo ambas
tienen criterios de existencia de solucién cldsica parecidos. En efecto, para Euler (o Navier-Stokes)
tenemos el famoso criterio de Beale-Kato-Majda (ver [3]) que afirma que si

T
/ Jwllz~ < oo,
0

entonces existe solucion clasica hasta tiempo 7. También se sabe que si se forma una singularidad
la integral anterior se hace infinita. Para SQG la cantidad analoga es

T
[ 1940l
0
y se tiene el mismo resultado.
Ahora, si tomamos el operador V' formalmente en la ecuacién SQG, obtenemos

XV + (u-V)VE0 = (VE0-V)u, € R:t € R,
que guarda gran semejanza con la ecuacion para la vorticidad en Euler 3D,

Ow+ (u-Viw=(w-Vu, z€R*tecR".
Ademas del interés puramente matematico que ya hemos mencionado, la ecuacion SQG modela la
evolucién de la temperatura en la atmosfera, y es muy estudiada como modelo de la ’frontogénesis’

(la formacién de frentes de aire a distinta temperatura). Por lo tanto el modelo anédlogo al vortex
patch para el caso de SQG es el estudio de la evolucién de € donde el dato inicial es

9(0, SC) = 911(‘51 + 921R2—Q1 .
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1.2. Dinamica de los fluidos en medios porosos

El lector interesado puede consultar [31].

Otro problema de gran importancia es el estudio de las interfases entre fluidos. Por ejemplo
podemos pensar en las olas en el mar o el caso, antes mencionado, de un frente donde se encuentran
masas de aire a distintas temperaturas. Asi, el problema de las 'water waves’ (ver [6], [8], [9], [10],
[21], [41] ¥ [42], ) u olas en el mar consiste en estudiar la interfase entre el vacio, un fluido cuya
densidad se anula, y el agua bajo las hipotesis de que el agua es no viscosa e irrotacional fuera de
la ola, de modo que la vorticidad se concentra en la interfase. El modelo matematico de las "water
waves’ es entonces

Oep +u-Vp =0, (Conservacién de la masa)
[Water waves|{ V -u =0, (Incompresibilidad)
du+ (u-V)u=—Vp—p(0,1)!, (Conservacién del momento)

donde
P=1{y<sy
y f(x,t) es la interfase entre el fluido y el vacio.

Motivados por estos modelos y problemas, en este texto estudiamos la evolucién de las interfases
entre fluidos incompresibles en medios porosos, entendiendo como tal aquellos medios que tienen
un esqueleto sélido (también llamado matriz) y unos poros de tamafo uniforme. Este problema
es el andlogo al de las olas en el mar bajo una ley de conservacién del momento distinta (ésta
ecuacién se conoce como ley de Darcy) para poder reflejar el efecto del roce con el medio sélido
donde se mueven los fluidos

Op +u-Vp =0, (Conservacién de la masa)
[[PM] ¢ V-u=0, (Incompresibilidad)
Ly =—Vp—p(0,1)", (Conservacién del momento)

donde
P=P"Ly<s@oy + P Lyspan)
y f(z,t) es la ola interna que separa ambos fluidos. As{ escrito salta a la vista la similitud entre

una interfase para [[PM] y [Water waves]. Sin embargo, operando, podemos escribir de manera
equivalente el sistema anterior obteniendo

[TPM2] Op+u-Vp =0, (Conservacién de la masa)
Ly = (R1Ra, —R?)p, (Conservacién del momento)

Esta segunda manera [IPM2] de entender el sistema [IPM] muestra similitudes con [SQG].

1.2 Dinamica de los fluidos en medios porosos

La evolucion de un fluido en un medio poroso es un problema importante en las Ciencias aplicadas
e Ingenieria (ver [1] y [48]), pero también lo es en Matemadticas (ver, por ejemplo, [22]). El efecto
del medio tiene importantes consecuencias, siendo la mas importante que las ecuaciones de la
conservacion de momento usuales de la dinamica de fluidos, i.e. las ecuaciones de Euler o Navier-
Stokes, deben cambiarse por una ley empirica: la ley de Darcy. El nombre lo recibe en honor de
H. Darcy (1803-1858), un ingeniero francés que fue pionero del estudio de los fluidos en medios
porosos. Darcy construyé un aparato (ver Figura 1.2) y midiendo la decarga @ (volumen total
entre tiempo) y la presion en los extremos de dicho aparato, P, y Py, derivé la férmula siguiente:
Q _ Pb - Pa

IU’A_ K L 9
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O
A
Figure 1.1: Aparato de Darcy.

donde p es la viscosidad del fluido, k es la permeabilidad del medio poroso y, A es el drea de una
seccién de la tuberfa por donde pasa el fluido y L es la longitud del medio (ver Figura 1.2).

Si escribimos esta férmula en el caso continuo y ademés consideramos los efectos de la gravedad
obtenemos

I
—v==Vp—g(0,p).

Observamos que esta ecuacién es aristotélica. En efecto, la formula anterior iguala velocidades y
fuerzas.

Hay varias maneras de derivar ’tedricamente’ la ley de Darcy. Por ejemplo, uno puede considerar
las ecuaciones de Euler para un fluido incompresible en dos dimensiones (ver [40] para més detalles)

{ p Qv+ (v-V)v) = =Vp—gp(0,1)
V.-v=0.

Estas ecuaciones son la traduccién a la mecénica de los continuos de la Segunda Ley de Newton
en el caso de que las particulas que forman el fluido no presenten friccién entre ellas. Debido a
la resistencia del medio a ser atravesado podemos anadir un término de rozamiento dindmico. Si
ademads asumimos que las velocidades son regulares y pequenas, podemos escribir

0
p (O "V)v) = =Vp—gp(0,1) — av,
donde reconocemos la ley de Darcy. Necesitamos una constante de proporcionalidad « (que tiene
las unidades apropiadas) para que la férmula tenga sentido.

Para obtener una derivacién matematicamente rigurosa uno debe usar técnicas de homogenizaciéon
(ver [36, 53]). Ahora consideramos un medio poroso, B¢, como el de la Figura 1.2 con € la escala
del poro. Este medio esta lleno de un fluido viscoso moviéndose lentamente. para simplicar la
exposicién despreciaremos los efectos de la gravedad. Un fluido con las caracteristicas anteriores
sigue las ecuaciones de Stokes para la velocidad reescalada en funcién del tamano del poro

e2Au = Vp, z € B,
V-u=0, x €B°.

Debido a la viscosidad, en la frontera del poro tenemos condiciones de borde Dirichlet homogénas
u =0 en I'°. Ahora asumimos el siguiente ansatz

W (@) = uol, y) + eus(w,y) + us(z, ) + ..

pe(x) = polw,y) + ep1(z,y) + €pa(z, y) + ...\

4
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B*

1’*8

Figure 1.2: El medio poroso.

para y = x/e y donde los coeficientes u;, p; son periédicas en la variable y variable. Insertando este
ansatz en las ecuaciones e igualando las potencias en €, obtenemos

Vypo = O,Vy Uy = 0,

Ayuo(z,y) = Vypi(z,y) + Vapo(x).

Entonces, usando separacion de variables, podemos considerar diferentes problemas en las celdas
(solo involucran derivadas en la variable y):

Ayw; = Vym; — ej,
Vy -wj = O.

donde e; es el j—ésimo vector coordenado en RY d =23 vy w; = 0 en la frontera del poro.
Estos problemas de Stokes tienen una tnica soluciéon clasica. Usando la linealidad del problema,
podemos escribir

uo(,y) = = D w;(y)0u;po(x).

=~
Il B
_

Definimos la velocidad promedio como

’EL(SC) = / uo(x,y)dy = 7Kvp05
B

para una matriz K con coeficientes constantes. Esta ley para la velocidad promedio es justamente
la ley de Darcy. Quedaria probar la incompresibilidad, pero esta se obtiene integrando por partes

(ver [30]).

Una parte importante de la teoria de flujos en medios porosos es la relativa a la coexistencia de
dos fluidos inmiscibles con diferentes propiedades en el mismo volumen. Este problema se conoce
como problema de Muskat. Este problema (ver [47]) recibe su nombre en honor de Morris Muskat
(1906-1998), un ingeniero estadounidense.
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1.3 Dinamica en una celda de Hele-Shaw

El problema que consideramos ahora es la evoluciéon de un fujo de Stokes en tres dimensiones entre
dos paredes planas que estén separadas por una distancia infinitesimal (cuando se compara con las
otras dimensiones del problema).

Para obtener las ecuaciones del problema de Hele-Shaw empezamos considerando las ecuaciones
de Stokes. Escribiendo las coordenadas adecuadamente obtenemos

Va0 +9p(0,1,0) = pAy you; Vg, -u=0.

Como las paredes estdn muy cerca una de la otra (escribimos b para la distancia) podemos pensar
que el fluido sélo se mueve en las otras dos dimensiones, i.e. si las paredes estédn en el eje z, uz = 0.
Insetando este ansatz en las ecuaciones obtenemos

p($, Y, Z) = p(m,y).

También se tiene que las derivadas en la direccidon z de u1,us son mayores que en las otras direc-
ciones. Asi obtenemos el sistema

Oup = pd2ur; Byp + gp = pd-us.
la solucién de este sistema se puede escribir explicitamente como

22— 2b

u = (Vp+gp(0,1)) T

Ahora definimos @ como la velocidad media en la direccién z. Obtenemos la ecuacién

_ (Vp+gp(0,1)) /b 2 _ b
= b ; (2° — 2b) dz = o (Vp +gp(0,1)),

y ademds esta nueva velocidad es incompresible. El problema de la celda de Hele-Shaw recibe su
nombre en honor de Henry Selby Hele-Shaw (1854-1941), un ingeniero inglés que lo estudié en [35].
Desde entonces este problema ha sido profundamente investigado en [12, 16, 29].

1.4 El problema de Muskat confinado

La evolucion de la interfase entre dos fluidos incompresibles con la misma viscosidad en una banda
plana bidimensional es uno de los problemas principales estudiados en esta tesis. Este problema
tiene interés, entre otras cosas, porque es un modelo de un acuifero o un pozo petrolifero (ver [47]).
En estos fenémenos la velocidad del fluido en el medio poroso satisface la ley de Darcy

%v: —Vp — gpez, (1.1)

donde p es la viscosidad dindmica, x es la permeabilidad del medio, g es la aceleracién debida a la
gravedad, p es la densidad del fluido, p es la presién del fluido y v es el campo de velocidades (ver

[4, 48]).

La ecuacién (1.1) se ha considerado un modelo vélido de la velocidad de las células en el crecimiento
tumoral (ver [30, 51] y las referencias alli indicadas).
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2(0)=(z,(@),2,(@))

Figure 1.3: La interfase z(a,t) en la banda R x (—1I,1).

El movimiento de un fluido en un medio poroso bidimensional es andlogo al movimiento de un
fluido en una celda de Hele-Shaw. En este caso el fluido se encuentra atrapado entre dos pareces
cercanas. La velocidad media del fluido satisface

124

22 V= —VP—gpez,

donde b es la (pequetia) distancia entre las paredes.

Nosotros consideramos la banda bidimensional S = R x (—[,1) C R? con [ > 0. En esa banda
tenemos dos fluidos incompresibles con la misma viscosidad y distintas densidades, p! en S1(t) y
p? en S%(t), donde S*(t) es el dominio ocupado por el i—ésimo fluido. La curva

z(a,t) = {(z1(a, t), 2z2(a, 1)) : a € R}

es la interfase entre los fluidos y suponemos que la interfase inicial, fo(x), es un grafo tal que
| fo(x)| < I para todo punto z (ver Figura 1.3). El ser un grafo se preserva al menos por un tiempo
corto (ver Seccién 4.1 en el Capitulo 4). La condicién de Rayleigh-Taylor se define como

RT(a,t) = —(Vp?(2(a, t),t) — Vp! (z(, 1), 1)) - O z(a, t) > 0.

Si la curva se puede parametrizar como un grafo, debido a la incompresibilidad de los fluidos, se
tiene que la condicion de Rayleigh-Taylor es

RT = g(p* —p') > 0.

Esta condicién se satisface si el fluido mas denso esta debajo.

Consideramos el campo de velocidades v, la presion p y la densidad p

p(t) = p' g1y + p*Ls2(s), (1.2)

en todo el dominio S. La densidad debe seguir la ecuacién de continuidad, por lo tanto, buscamos
soluciones del sistema

Eo(e,y,0) = ~Vp(e,y,t) = 9p(0,1) en S, >0,

V-v(z,y,t)=0 en S, t>0,

hp(x,y,t)+v-Vp(z,y,t) =0 en S, t >0, (1.3)
valx,l,t),ve(x,—1,t) =0 en R, ¢ >0,

f(z,0) = fo(x) enR,
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donde las condiciones de borde implican la impermeabilidad de las paredes (ver Seccién 3.2 en el
Capitulo 3). También asumimos que los efectos de la tensién superficial son despreciables en la
evolucién.

La ecuacion para la evolucién de la interfase en nuestro medio poroso acotado, la cual se deduce
en la Seccion 3.2, es

0.0 = e | [(azf(w)—6mf(96—77))51($,77,f)

+ (0of (1) + 0uf (x =) Bala, )| dn = F—- L= Alf](@), (14)

donde los nicleos =1 y =5 se definen como
sinh (Z57)
cosh (2%77) —cos(F(f(x) — f(z —mn))) ’
correspondiendo al carédcter singular del problema, y
sinh (Z57)
cosh (2%77) + cos(3; (f(z) + f(z —n))) ’

Ei(x,n) =

Ea(x,n) =

que se vuelve singular si f toca las fronteras. El simbolo P.V. denota que la integral es en valor
principal. Como en el caso con profundidad infinita (ver [13, 25]) el operador espacial A[f](z) se
puede escribir como una derivada en x. En efecto,

n f(2)=fla—
tan(g @)= n))

tanh (2 2)
2l m f(z) + fle—m) il
+ ?P.V-/]Ram (arctan (tan (ﬂ f) tanh (ﬂ 5))) -

Si no parametrizamos la curva como un grafo, i.e., consideramos la curva dada por la parametrizaciéon
z(a,t) = (z1(a, t), z2(a, t)), obtenemos la ecuacién

Alfl(x) = 2—lP.V./8z arctan dn
™ R

R (9a2(0) — 8a2(n)) sinh(21(a) — 21(1))
K=" P'V'/R [coshul(a) 21 (n)) — cos(a (@) — (1))
(921 (0) — D21 (1), B 22(0) + B2 (1)) sinth (21 (@) — 2()
cosh(z1 () — z1(n)) + cos(z2(ar) + 22(n))

+ dn.

Definimos el siguiente parametro adimensional (ver [0] y las referencias alli presentes)

A= Wl

Este pardmetro se llama pardmetro de nolinealidad (o pardmetro de amplitud) y tenemos 0 < A <
1. En esta tesis consideramos el caso 0 < A < 1.

El caso A = 1 es el caso donde f alcanza la frontera y recibe el nombre de régimen de gran amplitud.
Este caso se estudia por ejemplo en [39]. En dicho trabajo consideran una gota bidimensional con
tension superficial en el vacio sobre una pared.
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El caso A = 0 se conoce como régimen de aguas profundas en el cual la ecuacién para la interfase

es
2 _ 1
pT—p (0uf(z) = O f(x —n))n
O f = P.V. / dn. L5
= Y e G@ -ty )
Este caso ha sido estudiado ampliamente (ver [1, 7, 10, 20, 22, 23, 24, 27, 28, 38, 54] y las referencias
alli presentes)

En el caso 0 < A < 1, mostramos que la densidad p definida en (1.2) es una solucién débil de la
ecuacién de conservacion de la masa en (1.3) si, y sélo si, la interfase verifica la ecuacién (3.1) (ver
Proposicién 3.3 en la Seccién 3.4). También mostramos (ver Proposicién 3.2) que si tomamos el
limite A — 0 recuperamos la ecuacién (2.10) (ver [23]).

Tras esos resultados, en el Capitulo 4 probamos que en el caso Rayleigh-Taylor estable y dato
inicial en

Hi = H'R) 0 {f : | fllo~ < 1},
con s > 3 existe solucién local en tiempo en dicho espacio de Sobolev (ver Teorema 4.1). Este
resultado sigue las mismas ideas que su andlogo en el caso de profundidad finita en [23] para la
ecuacién (2.10). Sin embargo, debido a las paredes, la prueba en el caso confinado es més técnica.

En el Capitulo 5 demostramos que si el dato inicial es analitico existe una solucién analitica local
en tiempo y este resultado es independiente de la condicién de Rayleigh-Taylor (ver Teorema 5.1).
Este resultado también es interesante porque no asumimos que ninguna norma integral del dato
sea finita.

En la segunda parte de esta tesis estudiamos algunas propiedades cualitativas de las soluciones y
la posible formacién de singularidades, o, por otro lado, su existencia global. En el Capitulo 6
demostramos que las soluciones anteriores en el caso Rayleigh-Taylor estable (ver Teorema 4.1) se
vuelven analiticas (ver Teorema 6.1). Como esta ecuacién presenta un efecto de suavizado, espe-
ramos que el problema esté mal propuesto hacia atras, o, andlogamente, que esté mal propuesto
en el caso inestable (ver Teorema 6.2). Ambos teoremas tienen su andlogo con profundidad finita
(ver [23, 10]). El punto principal del Teorema 6.2 es que no requiere de una familia de soluciones
globales para su demostracién ni tampoco de ningin reescalado particular (comparar con el resul-
tado en [23]). En el Capitulo 7 obtenemos un principio del méximo para la amplitud de la interfase
(ver Teorema 7.1),
1 Ollzm@) < Ifollzm .

y una tasa de decaimiento para datos iniciales con un signo e integrables

d |l foll L1(r)
— [ f )2y < —c(ll foll 1@y, 1 foll Lo my» 075 075 1) exp (—7 : (1.6)
dt v v “ TGP

Esta tasa de decaimiento es muy distinta de la tasa en [24]. En efecto, en el caso con profundidad

infinita la tasa de decaimiento es

d
I Ol < —c(llfoll e, follzo, o', P (O)IT e 2y

que es sensiblemente més rapido. También probamos un principio del maximo para || f(t)||2(r)
(ver Teorema 7.2)

2 t
1F N2 @) + m/o [o(s)l|Z2(5yds = Il foll72(g)-

Usando este resultado podemos probar que, para cualquier dato inicial en Hl3, la tasa de de-
caimiento es

d B . 2 1 e [ 27 _follze ( | foll 2 ))
IOl < cllollze ol 2 Dexp (- ez (14 Lkee ).

9
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Como corolario de este resultado obtenemos que no hay soluciones estacionarias.

En el Capitulo 7, obtenemos un principio del maximo para |0, f(t)|| L) para datos iniciales que
cumplan unas hipdtesis que relacionan la amplitud, la pendiente y la profundidad (ver Teorema
7.4). Este resultado es interesante porque en el caso con profundidad infinita la condicién en el
dato inicial concierne sélo a su pendiente (ver [24]). Como corolario obtenemos que si el dato
inicial es tal que || fo|| o= (r) > [/2 entonces las condiciones anteriores no se pueden cumplir incluso
si la pendiente es muy pequena. También obtenemos una regién donde la derivada de la interfase
puede crecer pero estard acotada uniformemente. Esa regién no aparece en el caso con profundidad
infinita.

En el Capitulo 8 demostramos que para dato inicial grande en C! existen lo que se llaman turning
waves, i.e interfases que presentan una explosién para |0, f||L~ (ver Teorema 8.1). Para probar
este resultado definimos una familia de curvas suaves a trozos tales que la velocidad tenga las
propiedades correctas. Estas curvas las aproximamos por curva analiticas y aplicamos un teorema
de Cauchy-Kowalevsky (ver Teorema 8.3). Ahora podemos cerrar el argumento usando que el
problema esta bien propuesto hacia delante en tiempo y también hacia atras. Observamos que
el tamano de [/ f(t)||L ) no juega ningtn papel. Es mds, podemos construir curvas con una
amplitud tan pequenia como se quiera tales que giran (ver Teorema 8.2).

En el Capitulo 9, obtenemos existencia global de soluciones Lipschitz para la ecuacién (1.4) y
datos iniciales satisfaciendo las hipdtesis previas que relacionan la amplitud, la pendiente y la
profundidad. Para estos datos iniciales probamos que la pendiente y la amplitud estdn uniforme-
mente acotadas y por lo tanto la unica singularidad posible seria una explosién para la curvatura
con primera derivada finita, i.e. la singularidad seria una esquina. Este resultado indica que no
pueden formarse picos (explosiones de las dos primeras derivadas) ni turning waves, y deja abierta
la existencia (o la no existencia) de esquinas. Observamos que en el limite [ — oo recuperamos el
resultado presente en [13].

Todos estos resultados estan disponibles en [26, 34]. Para otros resultados pueden consultarse las
referencias [1, 7, 10, 22, 38, 54]. Observamos que en todos estos resultados la permeabilidad es
constante k = m11|y|<l. Por lo tanto una pregunta natural es: jqué pasa si la permeabilidad viene
dada por k = k11 + K21g2?

1.5 El problema de Muskat inhomogéneo

En la tercera parte de la tesis estudiamos la evolucién de una interfase entre dos fluidos incompre-
sibles con la misma viscosidad y diferentes densidades en un medio poroso cuando la permeabilidad
del medio toma dos valores distintos. Este problema es de interés practico porque se usa como

modelo de una reserva geotermal (ver [11] y las referencias alli presentes). La velocidad de un
fluido en un medio poroso satisface la ley de Darcy antes mencionada (ver [4, 47, 48])
Boy= —Vp — gp(£)(0,1),
K(Z)

donde p es la viscosidad dindmica, k(Z) es la permeabilidad del medio, g es la aceleracién de
la gravedad, p(&) es la densidad del fluido, p(Z) es la presién del fluido y v(Z) es el campo de
velocidades. En nuestras unidades favoritas podemos asumir que g = = 1.

Los dominios espaciales que consideramos en esta parte de la tesis son S = R?, T x R (profundidad
infinita) y R x (—7/2,7/2) (profundidad finita). Los fluidos tienen densidades distintas; p' es la
densidad del fluido que ocupa el dominio superior S'(¢) y p? es la densidad del fluido que ocupa

10



1.5. El problema de Muskat inhomogéneo

ot z(a,0)=(z,(a,1),2,(a,t))

2 h(a)=(h, (@):h, @)

Figure 1.4: La situacion.

el dominio inferior S%(t). La curva
Z(avt) = {(Zl(aat)sz(avt)) Pac R}

es la interfase entre los fluidos. En particular se tiene que S* y S? son una particién de S estdn
separados por la curva z (ver Figura 1.4).

Como en el caso homogéneo, el sistema estd en el caso Rayleigh-Taylor estable si el fluido més
denso estd debajo del més ligero, i.e. p? > p* (ver Seccién 2.3).

Ahora suponemos que la permeabilidad «(Z) es una funcién escaldén, o, de manera més precisa,
tenemos una recta

h(a) = {(a, —h2) : a € R}

que separa las dos regiones con diferentes valores de la permeabilidad (ver Figura 2.4). Para este
problema estudiamos el caso con profundidad infinita y dato inicial periédico o plano en el infinito
pero también el caso con profundidad finita e igual a 7. En la regién por encima de la curva h(«) la
permeabilidad es x(&) = k', mientras que en la regién por debajo de la curva h(a) la permeabilidad
es k(T) = k? # k. Nétese que la curva h(a) es conocida y fija. Definimos el pardmetro

k! — K2

Kl 4 k2
Este pardmetro es un nimero adimensional similar al nimero de Atwood.
Se sigue de la ley de Darcy que la vorticidad es
w(f) = W1 (Oé, t)(;(f - Z(aa t)) + WQ(OA, t)é(f - h(Oé)),
donde w; se corresponde a la diferencia de densidades, ws se corresponde a la diferencia de
permeabilidades y d es la distribucién de Dirac usual. Las amplitudes de la vorticidad son bastante

diferentes, mientras que w; es una derivada, la amplitud ws tiene cardcter no-local (ver (1.8), (1.10)

11



Chapter 1. Introduccién, resultados y conclusiones

y la Seccién 10.2). La ecuacién para la interfase cuando los fluidos llenan todo el plano es

(- ) 001 (@) - D f(B)(a — B)
aste) = R, |
1o [ @B Bt 0, f@)( (@) + )
e e

g, (1.7)

con

k! — K2 K1 (p? — pt) 0 f(B)(ha + f(B))
K2+ k! T P.V-/R (= B)? + (=h2 — f(B))?

Si los fluidos llenan todo el plano pero la curva inicial es periddica la ecuacién anterior se reduce a

ey = 0 =P )py /T sin(z —B)(0: (é)) £(3))d5

dg. (1.8)

wa(z) =

47 cosh(f(x) ) — cos(x -0)
(0xf (x) sinh(f (x) + h2) + sin(z — B))w2(8)df
+ EP'V'/T cosh(f(x) + ha) — cos(z — ) » (19)
donde la segunda amplitud de la vorticidad se puede escribir como
I Ve et sinh(hy + £(8))0: f(8)dS
wa(w) = 27 Kl + K2 PV /ﬂ- cosh(ha + f(B)) — cos(z — B)° (1.10)

En el caso con profundidad finita e igual a 7/2, la ecuacién para la interfase es

i = S [ e
< Ol
[ A b
rary. 2 Ci?f e

+

donde
sin(ha + f(5))

Y Vi
wa(r) = KiPV/ﬁf cosh(z ds

5 — ) — cos(ha + f(B))
() sin(—ha + f(B8))
IC27P V. / O f(B cosh( — B) 4 cos(—hsa + f(ﬂ))dﬁ
K2 Rl(p? - 1) 9. £(B) sin(ha + £(B))
t gy G ¥ P'V'/R cosh(z ) — coslla + J(B))

K2 (g — o) 8, f(B)sin(—hs + f(8))

RN, ey [ DO TGy
con » F (%) (©)

Ghy (7)) = F HL;(%) ©)

NGT cosh(x)+4cos(2h2)

una funcién del espacio de Schwartz.
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1.6. Una comparacion entre los modelos

Para estas ecuaciones, en el Capitulo 11, obtenemos un principio del méximo para || f (t)H%Z(R) (ver
Teorema 11.1)

o S R Ll 2T TP
ft 22 +/ 2,T + T2, 2 ds = fO 22 .
|| ( )”L (R) 0 Hl(pZ 7p1) KQ(pZ 7p1> H ||L (R)

También mostramos la existencia local de solucién en espacios de Sobolev (ver Teoremas 11.2
y 11.3). Estas pruebas siguen las mismas ideas que las expuestas en el Capitulo 4. Un hecho
interesante es que no necesitamos ninguna condicién en el signo de K para asegurar la existencia
de dichas soluciones.

En el Capitulo 12, obtenemos una familia de datos iniciales que dependen de los parametros
fisicos hy y K, tales que la pendiente explota en tiempo finito (ver Teoremas 12.1 y 12.2). Estas
singularidades son andlogas a las singularidades del Capitulo 8.

Estos resultados se han publicado en [5].

1.6 Una comparacién entre los modelos

Para entender mejor la dindmica de las ecuaciones (1.4), (1.7) y (1.9), hemos hecho unas simu-
laciones siguiendo las ideas en [25] (ver Capitulo 13). Consideramos el mismo dato inicial evolu-
cionando siguiendo (1.5) y (1.4) y hemos comparado la evolucién de la amplitud. Asi hemos
observado que el caso confinado es mas singular que el caso con profundidad finita, i.e. la tasa de
decaimiento de la amplitud es més lenta. Estas simulaciones concuerdan con los resultados en este
sentido contenidos en el Capitulo 7 y la estimacién (1.6).

También comparamos el caso homogéneo (1.5) y el caso con diferentes permeabilidades (1.7). En
estas simulaciones observamos que las componentes de || f||c1 decaen pero de una manera diferente
dependiendo de K. Si K < 0 el decaimiento || f|| &) es més rdpido que en el caso K = 0. Cuando se
estudia la evolucién de |0, f||L= la situacién se revierte. Ahora las simulaciones correspondiendo
al caso K > 0 tienen el decaimiento mas rapido. Con estos resultados no podemos definir un
régimen estable para K en el que la evolucién fuese mds suave. Observamos que no hay ninguna
condicién gen el signo de K necesaria a la hora de probar existencia de soluciones (ver Teoremas
11.2 y 11.3).

En la Seccién 13.4 demostramos con una prueba asistida por ordenador que existen curvas tales
que giran si la profundidad es finita, pero si la profundidad es infinita las mismas curvas se vuelven
grafos (ver Teorema 13.1). La idea es dar signo rigurosamente, usando aritmética de intervalos, a
determinadas integrales. Estos resultados han surgido de una colaboraciéon con Javier Gomez, y
todos los detalles relacionados con la aritmética de intervalos, los cédigos y otros asuntos técnicos
estdn contenidos en [32]

Como corolario (ver Corolario 13.1) obtenemos que existen soluciones al problema de las water
wave tales que giran solo si la profundidad es finita mientras que en el caso con profundidad
infinita las mismas curvas se vuelven grafos.

Como dijimos antes, el caso K > 0 parece ser més estable (desde el punto de vista de la formacién
de singularidades). Sin embargo, esto no es cierto (ver Evidencia numérica 13.2 y el Teorema 13.2).
Este tltimo resultado indica que la diferencia de permeabilidades no puede prevenir la explosién
de la pendiente para todas las curvas. Estos resultados apareceran en [33].

13



Chapter 1. Introduccién, resultados y conclusiones
1.7 Conclusiones

En esta tesis hemos continuado el estudio de olas en medios porosos contenido en los trabajos
[1, 7,10, 13, 22,23, 24, 25, 38, 54] y las referencias alli presentes. En concreto hemos investigado el
efecto de las fronteras y las regiones con distinta permeabilidad en la evolucién de una ola interna
en un medio poroso. Este andlisis ha dado lugar a los trabajos [5, 26, 33, 34].

Cuando los resultados para el problema confinado (ver Capitulos 3-9 y Capitulo 13) se comparan
con los resultados conocidos para el caso con profundidad finita (ver [10, 13, 23, 24]), aparecen tres
diferencias principales:

1. El decaimiento de la amplitud es mas lento en el caso confinado.

2. Hay curvas suaves con energia infinita que giran en el caso confinado y se vuelven grafos en
el caso con profundidad infinita.

3. Para evitar las explosiones de la pendiente en el caso confinado necesitamos imponer condi-
ciones en la amplitud, || fo ze(r), ¥ la pendiente, 0. fol| - (r), relacionadas con la profundi-
dad. En el caso con profundidad finita sélo se requiere una condicién sobre la pendiente para
obtener el mismo resultado. Es mas, en el caso confinado obtenemos una region de datos
iniciales cuya pendiente permanece acotada pero podria crecer. En ambos casos (la regién
con principio del mdximo y la regién con cota uniforme), el Teorema 9.1 nos garantiza la
existencia global de soluciones Lipschitz.

Tras estos resultados, podemos afirmar que las paredes hacen el problema maés singular.
En el caso homogéneo y confinado quedan abiertas algunas preguntas. Por ejemplo,
1. la existencia de interfases tales que la pendiente crezca pero que permanezca acotada,

2. la existencia de una interfase con pendiente pequena y que, debido a la distancia a las tapas,
crezca,

3. la existencia (o no existencia) de singularidades de tipo esquina cuando el dato inicial es
pequeiio en WH(R).

En el caso inhomogéneo (ver Capitulos 10-12 y Capitulo 13) sélo se conocen resultados prelimi-
nares, siendo la falta de una condicién de estabilidad para el signo de la permeabilidad uno de
los més interesantes en nuestra opinion. La ausencia de principios del méximo u otras cantidades
conservadas y el papel del signo de X son preguntas muy importanets que nos gustaria contestar
en futuros trabajos. Otro problema abierto es la existencia global para alguna familia de datos
iniciales y la existencia (sea esta local o global en tiempo) de solucién cuando el dato inicial toca
la curva donde la permeabilidad cambia.

14



Chapter 2

Overture, results and conclusion

2.1 Dynamics of fluids in porous media

The evolution of a fluid in a porous medium is important in the Applied Sciences and Engineering
(see [1] and [18]) but also in Mathematics (see, for instance, [22]). The effect of the medium has
important consequences and the usual equations for the conservation of momentum, i.e. the Euler
or Navier-Stokes equations, must be replaced with an empirical law: Darcy’s Law. The name
came in honor of H. Darcy (1803-1858), a french engineer who studied this phenomenon. He built
a device (see Figure 2.1) that allowed him to measure the total flow discharge @ (the total volume
per time) and the pressure in two spatially separated parts of the flow P, and P,. Experimentally,
he derived the following formula:

Q__ h-F
H A I
where p is the dynamic viscosity of the fluid,  is the permeability of the porous medium, A is the
area of a section of the device and L is the length of the porous medium (see Figure 2.1).
If we write this formula in the 2D case in a continuous manner, and add in the effect of the gravity,
we obtain

%v =—Vp—yg(0,p).

We observe that this equation is Aristotelian. Indeed, the formula equals velocities and forces.
There are many derivations for Darcy’s Law. For instance, to motivate ’theoretically’ Darcy’s Law,
one can consider the Euler equations for an incompressible fluid in two dimensions (see [40] for

O
A
Figure 2.1: Darcy’s device.
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Chapter 2. Overture, results and conclusion

B*

1’*8

Figure 2.2: The considered porous medium.

more details)

{;ﬂ&v+thW)VngQU
V-v=0.

These equations are the translation of the Newton’s second law to continuum mechanics in the case
without internal friction, i.e the friction between fluid particles. We can add a dynamical friction,
linear in v, as a model of the friction between the fluid and the porous medium, thus an ’external’
friction. If we additionally suppose that the velocities are smooth and small we can write

0
p (O “V)v) = —=Vp—gp(0,1) — av

where we recognize Darcy’s Law. We need a constant of proportionality a with units in order to
be able to balance the units in the whole formula. We need a constant «, with the appropriate
units, to be dimensionally correct.

A mathematical derivation is possible using homogenization techniques (see [36, 53]). We consider
the porous medium, B¢, as periodic spatial domain as in Figure 2.1 with ¢ as pore scale. This
medium is filled with a viscous, incompressible fluid flowing slowly. For the sake of simplicity we
do not consider the effects of gravity. For a fluid in this regime, the Stokes equation (with the
velocity rescaled to the pore typical size) is

e2Au = Vp, z € B,
V-u=0, x B

Due to the viscosity in the boudaries of the pores we have homogeneus Dirichlet boundary condi-
tions w = 0 on I'. Then we assume the ansatz

UG(Z.) = uo(:c,y) + eul(z, y) + 62“2($7y)"'7

and
p°(z) = po(z,y) + ep1(x,y) + €pa(z,y)...,
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2.2. Dynamics in a Hele-Shaw cell

for y = x/e and where the coefficients wu;, p; are periodic in the y variable. Inserting this ansatz
into the equations and comparing the different powers of € we obtain

Vypo = O,Vy U = 0,
and
AyUO('Ta y) = vypl(‘ra y) + vpo(x)
Then, using separation of variables, we consider different cell problems (only involving y—derivatives):

Aywj = VTFj — ej,
V-wj =0.

where e; is the j—esime coordinate vector in R?, d = 2,3, and w; = 0 in the pore boundaries.
These Stokes problems have a unique classical solution. Using the linearity of the problem, we
recover

d
uo(z,y) = — Y w;(y)dz,po(x).
k=1

Defining the average velocity

u(z) = / ug(z,y)dy = —KVpo,
B

for some matrix K with constant entries, we arrive to Darcy’s Law. The incompressibility can be
proved using integration by parts (see [36]).

A very important part of the theory of flow in porous media studies the coexistence of two immisci-
ble fluids with different qualities in the same volume. The case of two immiscible and incompressible
fluids is known as the Muskat o Muskat-Leverett problem.

The Muskat problem (see [17]) receives its name in honour of Morris Muskat (1906-1998), an
american engineer.

2.2 Dynamics in a Hele-Shaw cell

The problem that we want to consider is the evolution of a Stokes 3D flow between two parallel flat
plates separated by an infinitesimal (when compared with the other dimensions in the problem)

gap.

To obtain the equation for the Hele-Shaw cell problem we start with the Stokes system. Looking
how we write the coordinates (see the pictures before) we have

Va0 +9p(0,1,0) = pAy y2u; Vg, -u=0.

As the walls are very close (write b for the distance) the flow only moves in other the directions,
i.e. if the walls are in the z—axis, ug = 0. Inserting this ansatz in the equations we obtain

p($, Y, Z) = p(m,y).

Now we have that the derivatives in the z direction of w1, us are bigger that the derivatives in the
other directions, so we arrive to the following system

Oup = p0uy; Oyp+gp = 102 us.
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Chapter 2. Overture, results and conclusion

The solution of thus system can be explicitly obtained (using the boundary conditions in z) as

22— 2b
21

u=(Vp+gp(0,1))

Define u the mean velocity in the z direction. Then we have that

b 32
20 0 124

u =

Vp +gp(0,1)),

being this new averaged velocity also incompressible.

The Hele-Shaw cell problem (see [12, 16, 29, 35]) receives its name in honour of Henry Selby
Hele-Shaw (1854-1941), an english engineer.

2.3 The confined Muskat problem

The evolution of the interface between two different incompressible fluids with the same viscosity
in a flat two-dimensional strip is one of the main questions adressed in this thesis. This problem
has an interest because it is a model of an aquifer or an oil well (see [47]). In this phenomena, the
velocity of a fluid in a porous medium satisfies Darcy’s law

%v = —Vp — gpea, (2.1)

where p is the dynamic viscosity, x is the permeability of the medium, g is the acceleration due to
gravity, p is the density of the fluid, p is the pressure of the fluid and v is the incompressible field
of velocities (see [4, 18]).

Equation (2.1) has also been considered as a model of the velocity for cells in tumor growth, see
for instance [30, 51] and references therein.

The motion of a fluid in a two-dimensional porous medium is analogous to the Hele-Shaw cell
problem. In this case the fluid is trapped between two parallel plates. The mean velocity in the

cell is described by
121

2
where b is the (small) distance between the plates.

v=—Vp—gpes,

We consider the two-dimensional flat strip S = R x (—I,1) C R? with [ > 0. In this strip we
have two immiscible and incompressible fluids with the same viscosity and different densities, p'
in S1(t) and p? in S?(t), where S%(t) denotes the domain occupied by the i—th fluid. The curve

z(a,t) = {(z1(, 1), 22(a, 1)) : @ € R}

is the interface between the fluids. We suppose that the initial interface fo(x) is a graph and
|fo(x)| < 1 for all = (see Figure 2.3). The character of being a graph is preserved at least for a
short time (see Section 4.1 in Chapter 4). The Rayleigh-Taylor condition is defined as

RT(a,t) = —(Vp*(z(a, 1)) — Vp' (2(a, 1)) - 8;‘2(04, t).

Due to the incompressiblity of the fluids and using that the curve can be parametrized as a graph,
the Rayleigh-Taylor condition reduces to the sign of the jump in the density:

RT =g(p* = p') > 0.

18



2.3. The confined Muskat problem

2(0)=(z,(@),2,(@))

Figure 2.3: Physical situation for an interface z(a,t) in the strip R x (=1,1).

This condition is satisfied if the denser fluid is below.

We consider the velocity field v, the pressure p and the density p

p(t) = p'Lgie) + p*ls2r), (2:2)

in the whole domain S. We also consider the continuity equation, so we have a weak solution to
the following system of equations

%’U(,T,y,f) = —Vp(m,y,t) - gp(oa 1) in Sa t> Oa

V-v(z,y,t)=0 inS, t>0, (2.3)
Op(z,y,t) +v-Vp(z,y,t) =0 in S, t >0,

f(x,0) = fo(z) inR,

with impermeable boundary conditions for the velocity (see Section 3.2 in Chapter 3). We assume
that surface tension effects are negligible in the evolution.
We define the following dimensionless parameter (see [6] and references therein)

A= % (2.4)

This parameter is called the nonlinearity (or amplitude) parameter and we have 0 < A < 1. In
this thesis we consider the case where 0 < A4 < 1.

The equation for the evolution of the interface in our bounded domain, which is deduced in Section
3.2, is

2 1

0ufa,t) = PP [ [ 0uf (@) = 0] (o = ) Zr(on )

(9 f () + 0uf (¢ =) Eala.n. f) | dn = PP Al (@), (25)

where the singular kernels =; and =5 are defined as

sinh (Z57)
cosh (1) — cos(F;(f(x) = f(z —n)))’
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Chapter 2. Overture, results and conclusion

corresponding to the singular character of the problem, and

sinh ()
cosh (Z;77) + cos(5;(f(x) + f(z = n)))’
which becomes singular when f reaches the boundaries. The text P.V. denotes principal value. As

for the whole plane case (see [13, 25]) the spatial operator A[f](x) can be written as an a-derivative.
Indeed,

Za(z,1) = (2.7)

tan (1 f(m)ff(rfn))

tanh (

Alfl(x) = 2—lP.V./8z arctan dn
™ R

21 2)
n %ZP.V./RGZ (arctan (tan (%W) tanh (%g))) dn. (2.8)

When we do not parametrize the curve as a graph, i.e., we consider z(«,t) = (21(a, t), 22(a, 1)),
we obtain the equation

b PP py /[ (9a2(0) = Daz(n) sinh(z1(a) — 21(n))

dr cosh(z1(a) — 21(n)) — cos(za() — 22(n))
4 Ba21() = Baz1(n), Ba22(a) + Daza(n)) sinh(z1(a) — 21 (1))
cosh(z1 (o) — z1(n)) + cos(z2 (@) + 22(n))

dn. (2.9)

The case A = 1 is the case where f reaches the boundaries and we call it the large amplitude
regime. In [39], they consider a two dimensional droplet in vacuum over a plate driven by surface
tension.

The case A = 0 is the deep water regime for which the equation reduces to

p —p f(x) =0 f(x—n))n
of = PV/ f(:cfn))Zdn' (2.10)

This case has been widely studied (see [1, 7, 10, 20, 22, 23, 24, 27, 28, 38, 54] and references therein)

For the case 0 < A < 1, we show that the density p defined in (2.2) is a weak solution of the
conservation of mass equation present in (2.3) if and only if the interface verifies the equation (3.1)
(see Proposition 3.3 in Section 3.4 below). It also follows (see Proposition 3.2) that if we take the
limit A — 0 we recover the equation (2.10) (see [23]).

Then, in Chapter 4 we show that for the Rayleigh-Taylor stable case and initial data in

Hp = H*R) O {f : [ fllz= <1},

with s > 3 there is a local in time existence of classical solution in Sobolev spaces (see Theorem
4.1). This result follows the same ideas as the one in [23] for equation (2.10) but due to the
boundaries the proof is more tecnical and the computations are harder.

In Chapter 5 we show that if the initial data is analytic then there is a local in time analytic
solution and this result is independent of the Rayleigh-Taylor condition (see Theorem 5.1). This
result is interesting because it does not assume that some integral norm of the function and its
derivatives is finite.

In the second part of this thesis we study some qualitative properties and the existence of global
in time solutions. Furthermore, in Chapter 6 we obtain that the previous Sobolev solutions in
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2.3. The confined Muskat problem

the Rayleigh-Taylor stable regime (see Theorem 4.1) become analytic (see Theorem 6.1). Since
the solution have a smoothing effect, we expect backward ill-posedness (see Theorem 6.2). Both
Theorems have their infinite depth counterpart (see [23, 10]). The main point of Theorem 6.2 is
that we do not need a family of solutions which exits global in time. We also note that the proof
in [23] relies strongly in the homogeneity of the kernel, and due to expressions (2.6) and (2.7) we
can not use it. In Chapter 7 we obtain a maximum principle for the amplitude of the interface
(see Theorem 7.1),
1F @)y < [ foll Lo (r),

and a decay estimate for one signed and integrable initial data

d 7l foll L1 (w)
Ol < —c(llfoll iy, [ foll =y, %, ", 1) exp (—7 (2.11)
dt ® O =@
This decay estimate is very different than the one in [24]. Indeed, in the case where the depth is
infinite the decay rate is given by
d
T Ol < —clll follr, | foll o= %, P2 F O o )

which is a faster decay. We also show a maximum principle for || f(¢)| z2r) (see Theorem 7.2)

£ Ol ey + 7 / 10() 20,5 = | fol2n)-

Using this result, we can prove that, for every initial data in H}, the decay is given by

d B . 2 1 2 || follz2 ( [ foll 2 ))
IOl < —cllollzns ol 2 Dexp (- ez (14 Lkee ).

Moreover, the previous decay estimate gives us that there is not non-trivial steady solutions.

In Chapter 7, we show a maximum principle for [|0, f(t)|| L (®) for initial data satisfying some
hypotheses related to the amplitude, the slope and the depth (see Theorem 7.4). This result is
very significant because in the whole plane case the condition for the initial data is only on the size
of the slope (see [24]). Moreover, we obtain that if the initial datum is such that || fol| Lo ®) > /2
then the previous hypotheses can not hold even if the derivative is very small. We also obtain a
region where the slope initially can grow but it remains uniformly bounded by one. This region
does not appear in the infinite depth case.

In Chapter 8, we show that for large initial datum in C* there are turning waves, i.e a blow up for
|02 fllL (see [10]) (see Theorem 8.1). For other results see [1, 7, 10, 22, 38, 54]. In order to prove
this result we construct an appropriate family of piecewise smooth curves such that the velocity
has the appropriate sign. We approximate these curves with analytical ones and we use a Cauchy-
Kowalevsky Theorem (see Theorem 8.3). We close the argument using the backward and forward
well-posedness. We notice that the size of || f(t)||z~ ) does not play any role. Furthermore, we
can construct curves with an arbitrary small amplitude and such that they turn (see Theorem 8.2).

In Chapter 9, we obtain global in time existence of Lipschitz continuous solutions of equation (2.5)
for initial data satisfying the previous smallness hypotheses related to the amplitude, the slope
and the depth. For these initial data we show that the amplitude and the slope remain bounded
and the unique singularity can be a blow up of the curvature with finite first derivative , i.e. the
singularity can be a corner. This result excludes the formation of cups (blow up of the first and
second derivatives) and turning waves for these initial data, remaining open the existence (or non-
existence) of corners (blow up of the curvature with finite first derivative) during the evolution.
Notice that in the limit [ — oo we recover the result contained in [13].

All these results have been published in [26, 34]. Notice that the previous results have a fixed
permeability s = x'1},,<;. Thus, a natural question arises: what happen if kK = k' 11 + K?1g27?
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ot z(a,0)=(z,(a,1),2,(a,t))

2 h(a)=(h, (@):h, @)

Figure 2.4: The physical situation.

2.4 The inhomogeneous Muskat problem

We study the evolution of the interface between two different incompressible fluids with the same
viscosity coefficient in a porous medium with two different permeabilities. This problem is of

practical importance because it is used as a model for a geothermal reservoir (see [1 1] and references
therein). The velocity of a fluid flowing in a porous medium satisfies Darcy’s law (see [4, 47, 48])
v=—=Vp—gp(¥)(0,1),
@ p—gp(#)(0,1)

where p is the dynamic viscosity, x(Z) is the permeability of the medium, g is the acceleration
due to gravity, p(Z) is the density of the fluid, p(Z) is the pressure of the fluid and v(Z) is the
incompressible velocity field. In our favourite units, we can assume g = p = 1.

The spatial domains considered in this part of the thesis are S = R?, T x R (infinite depth) and
R x (—7/2,7/2) (finite depth). We have two immiscible and incompressible fluids with the same
viscosity and different densities; p' fill the upper domain S*(¢) and p? fill the lower domain S?(t).
The curve

z(a,t) = {(z1(, 1), 22(a, 1)) : @ € R}

is the interface between the fluids. In particular we are making the ansatz that S and S? are a
partition of S and they are separated by a curve z (see Figure 2.4).

As before, the system is in the Rayleigh-Taylor stable regime if the denser fluid is below the lighter
one, i.e. p> > p! (see Section 2.3).

If in the first part of the thesis the permeability was a fixed constant inside the porous medium,
in this part we study the case where permeability x(Z) is a step function, more precisely, we have
a curve

h(a) = {(hi(), ha(@)) : « € R}

separating two regions with different values for the permeability (see Figure 2.4). We study the

regime with infinite depth, for periodic and for ”"flat at infinity” initial datum, but also the case

where the depth is finite and equal to 5. In the region above the curve h(a) the permeability is
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2.4. The inhomogeneous Muskat problem

k(%) = k!, while in the region below the curve h(a) the permeability is x(%) = k? # k'. Note that
the curve h(«) is known and fixed. We write

Iil*li2

TRl R2
This is an adimensional parameter akin to the Atwood’s number.

Then it follows from Darcy’s law that the vorticity is
w(Z) = w1 (o, t)6(Z — z(a, t)) + w2(a, t)6(F — h(a)),

where w; corresponds to the difference of the densities, ws corresponding to the difference of
permeabilities and ¢ is the usual Dirac’s distribution. In fact both amplitudes for the vorticity are
quite different, while oy is a derivative, the amplitude ws has a nonlocal character (see (2.13),
(2.15) and Section 10.2). The equation for the interface, when h(z) = (x, —hs) and the fluid fill
the whole plane, is

(= ) 01 (@) - 0 (B)(a — B)
aste) = e, |
1 wa(f)(x — B+ Ouf(x)(f(x) + he))
bV | e, (212
with

wa(r) =

k= k2K (p? = pb) 9o f(B)(ha + f(B))
K2 4+ Kl T P'V'/R (x = B)2+ (—h2 — f(B))

If the fluids fill the whole space but the initial curve is periodic the equation reduces to

~dp (2.13)

dfla) = =Py /T snte — 5)(32/ (x) = 02 ()5

) —
47 cosh(f(z) — f(B)) — cos(x -B)
1 (0x f (x) sinh(f () + hg) + sin(z — f))w2(5)dS
+ 47TP'V'/T cosh(f(x) + ha) — cos(xz — ) ’

(2.14)

where the second vorticity amplitude can be written as

k1 (p? — pl) Kt — K2 sinh(he + f(8))0: f(8)dB
o T H2P.v./1rcosh(h2 TFB)) — sl — B (2.15)

wo(x) =

If we consider the regime where the amplitude of the wave and the depth of the medium are of the
same order then the equation for the interface, when the depth is chosen to be /2, is

ot = S, | Bl e
U [ RS
fov [0S gty
e~ -

+

dg, (2.16)
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Chapter 2. Overture, results and conclusion

where
wale) = K%PV / O=f (8 cosh( Smﬂ()h QLJ;EQL f(ﬂ))dﬁ
(27” / 9:1 ) st SHE) fi;fffll 7™
I ey = e
\’/C;TT e G Fesm f ™ @D
with

sin(2h
7(%) ©

in(2h2)
\/ﬂ]: (cosh(sz)+cos(2h2)) (C)

Gh%;c(l') =F!

a Schwartz function.

For these equations, in Chapter 11, we obtain a maximum principle for || f (t)||2LQ(]R) (see Theorem
11.1)

¢ |‘U||%2(R><(fh2,7f/2)) HU||%2(RX(*“/2H”)) s = || foll3:
(07— ph) k2(p2 — pl) L2(R)"

1F 72w +

We also show local in time solvability in Sobolev spaces (see Theorems 11.2 and 11.3). These
proofs follows the same ideas as in Chapter 4. It is interesting that we do not need a condition on
the sign of IC to ensure the existence of solution.

In Chapter 12, we obtain a family of initial data, depending on the physycal parameters ho and IC,
such that they turn in finite time (see Theorems 12.1 and 12.2). These singularities are analogous
the singularities in Chapter 8.

These result have been published in [5].

2.5 A comparison between the models

In order to better understand the evolution of equations (2.5), (2.12) and (2.14), we perform some
numerics following the ideas in [25] (see Chapter 13). We consider the same initial datum evolving
with (2.10) and (2.5) and we compare the maximum. Then, these numerics show that the confined
case is more singular than the case where the depth is infinite, 7.e. the decay in the confined case
is slower. These simulations agree with the result in Chapter 7 and the estimate (2.11).

We also compare the case homogeneous (2.10) and the case with different permeabilities (2.12). In
these simulations we observe that || f||c1 decays but rather differently depending on K. If X < 0
the decay of || f|| Lo (r) is faster than the case K = 0. When the evolution of ||0, f|| L~ is considered,
the situation is reversed. Now the simulations corresponding to K > 0 have the faster decay. With
these result we can not define a stable regime for K in which the evolution would be smoother.
Recall that we know that there is not any hypothesis on the sign or size of K to ensure the existence
(see Theorem 11.2 and 11.3).

In Section 13.4 we obtain curves such that they turn only in the finite depth case, while, if the
same curves evolve in the whole plane they become graphs (see Theorem 13.1). The proof of this
fact is computer assited and, in this section we only outline the analytical part of the proof. For

24



2.6. Conclusions

the details about the computation of the integrals using interval arithmetic and its background,
the codes of the proof and some other technical issues see [32].

As a corollary (see Corollary 13.1) we obtain that there exist solutions to the water wave problem
such that they turn if the depth is finite but the same curves if the depth is infinite become graphs.

As we said before, the case K > 0 seems to be more stable (from the viewpoint of singularity
formation). However, this is not true (see Numerical evidence 13.2 and Theorem 13.2). This latter
result means that the different permeabilities can not prevent the turning.

These results are contained in [33].

2.6 Conclusions

In this thesis we have continued the study of internal waves in a porous medium contained in
the works [1, 7, 10, 13, 22, 23, 24, 25, 38, 54] and the references therein. In particular we have
researched the effect of boundaries and regions with different permeabilities in the evolution of an
internal wave in a porous medium. This analysis resulted in the works [5, 26, 33, 34].

When the results for the confined case (see Chapters 3-9 and Chapter 13) are compared with the
known results in the case where the depth is infinite (see [10, 13, 23, 24]) three main differences
appear:

1. the decay of the maximum amplitude is slower in the confined case.

2. there are smooth curves with finite energy that turn over in the confined case but do not
show this behaviour when the fluids fill the whole plane.

3. to avoid the turning effect in the confined case you need to have smallness conditions in
| foll o) and ||z fol| Lo (r). However, in the unconfined case, only the condition in the slope
is required. Moreover, in the confined case a new region without turning effect appears: a
region without a maximum principle for the slope but with an uniform bound. In both cases
(the region with the maximum principle and the region with the uniform bound), Theorem
9.1 ensures the existence of a global Lipschitz continuous solution.

Keeping these results in mind, we can say that the boundaries make the problem more singular.

Concerning the homogeneous and confined case, there are some questions that remain open. For
instance,

1. the existence of a wave whose maximum slope grows but remains uniformly bounded,

2. the existence of a wave with small slope such that, due to the distance to the boundaries, it
grows,

3. the existence (or non-existence) of corner-like singularities when the initial data considered
is small in W1>°(R).

In the inhomogeneous case (see Chapters 10-12 and Chapter 13) only few preliminary results are
known, being the lack of stability condition for the sign of the permeability jump one of the most
intriguing. The absence of maximum principles and other conserved quantities for this system and
the role of the sign of K are very important questions that should be addressed in future works.
Another open problem is the global existence of some special class of solutions and the existence
(even locally in time) when the interface reach the curve where the permeability changes.
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Part 1

Local solvability for the confined
Muskat problem
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Chapter 3

The confined Muskat problem

3.1 Foreword

In this Chapter we obtain the equation for the dynamics of an interface in a bounded porous
medium and we study some properties of the system

%v(x,y,t)z—Vp(ac,y,t)—gp(O,l) in Sa t>0;
V- v(z,y,t)=0 in S, t >0,

dp(x,y,t) +v-Vp(r,y,t) =0 in S, t >0,
va(x,l,t) = ve(z,—1,t) =0 inR, ¢t>0,

f(z,0) = fo(x) inR,

We denote by v!(z,y,t) the velocity field in S'(t) and by v?(z, y,t) the velocity field in S?(¢). The
interface moves along with the fluids. Therefore, if initially we have an interface which is the graph
of a function, we have the following equation for the interface:

8tf(1', t) = (7azf($7t)a 1) ! ’Ui(xv f(%,t), t) =V 1 + (azf(xvt))2n : via (31)
where n denotes the unit normal to the interface.

In each subdomain S%(¢) the fluids satisfy Darcy’s law,
%vi(x,y,t) = —Vp'(z,y,t) — gp'(0,1) in 5°(t), (3.2)

and the incompressibility condition

Vv (x,y,t) =0 in SU(t). (3.3)

Thus, we obtain that the velocities v* are smooth in S?, their normal components are continuous
along the interface but, due to the definition of the density p (see (2.2)), its tangential components
are not. We neglect surface tension effects.

In the following section we translate the local equation (3.1), which involves f and v - n, into a
nonlocal equation involving only f. Then, in Section 3.3, we prove that, taking the limit | — oo,
we recover the contour equation studied in [23]. Finally, in Section 3.4, we obtain some properties
of the solution to the interface equation f, and we study the continuity equation present in (2.3).
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Chapter 3. The confined Muskat problem

In particular, we show that if the initial datum is even, odd or periodic this symmetry propagates
(see Lemma 3.2), we obtain the linearized equation and we show that the density given by (2.2) is
a weak solution of the continuity equation if and only if the interface satisfies (3.1).

Remark 3.1. In order to simplify the notation we take u/k = g =1 and we sometimes suppress
the dependence on t. We denote v; the component i—th of the vector v. We remark that v is
the velocity field in S*(t). We write n for the unitary normal to the curve T' vector and i for the

=o' e define

non-unitary normal vector. We denote p = £

Hp = H*R) 0 {f : | fllz~ <1}

3.2 The equation for the internal wave

Now, we obtain the contour equation in an explicit formula following two different approaches.
Given | > 0 we consider the system (2.3) where g = £ = 1. We also drop the dependence in ¢ of
the interface curve.

We have to add boundary conditions to this equation. We consider impermeable boundary condi-
tions for v, i.e. v(x,+l,t) - n =0.

Using the incompressibility condition we have that there exists a scalar function ¥ such that
v = VU, The function ¥ is the stream function. Then,

AY = —curl(0, p) = w,
where the vorticity w is supported on the curve z,

w(z,y) = w(a)d((z,y) — 2(a, 1)),
with amplitude
w(a) = —(p* = p')daza(e).

Here we have used that p,v,p is a weak solution of the system (2.3) (see Section 3.4).

3.2.1 Using the Fundamental Solution for the Poisson equation

Our first approach is based on the Fundamental solution and in the use of complex variables. In
this domain we need to obtain the Biot-Savart Law. Using the images method' we obtain that
the Green function for the equation Au = f in the strip R x (0,2l) with homogeneous Dirichlet
conditions is given by

u(z,y) = /}RZ G(z,y, p,v) f(p, v)dpdy,
with
Gleyr) = 5= 3 [1ow (V= 0P+ G @ p)

n=—oo

~tog (V=@ Gy o) |.

I Equivalently, we can use the conformal mapping method
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3.2. The equation for the internal wave

The Biot-Savart Law in this strip is given by the kernel
IR [(Frf)L ()t

BS = Vi, G -
@yt 0) = Vo, Gy i) = 50 20 |0ifE ~ P

where

IF = (z— p,y— (4nl +v)),
and

I = (@ — oy — (dnl - v).
It is useful to consider complex variables notation. Then

T - o 5 [ )

2mi = i T,
Fixed n, we compute the following
R 2($*M+Z( v))
Iy Tt (r—ptily— + (4nl)2
I 2(w—u+l(y+V))
r, T, (z—p+ily+v))?+@“nl)?

We change variables (y — ! = y,v — | = v) to recover the initial strip S = R x (=[,1), moreover,
without lossing generality we take [ = /2. Due to the formula

1 2z 1 z

z — — Zcoth(Z 4

er; 22 4 (2nm)? 2 (2)’ (34)

we obtain
sin(y — v) sin(y + v)
BS =— |- —
(@9, 1,0 A ( cosh(z — p) —cos(y —v)  cosh(z — ) + cos(y +v)’
sinh(z — p) sinh(z — p)
— . (3.5)
cosh(x — p) — cos(y —v)  cosh(x — p) + cos(y + v)

Using that w = w(a)d((z,y) — (21(a), 22(«))), we have that the velocity is

L —sin(y — z2(8)) —sin(y + 22(3))
() 47 /R ) (cosh(x —21(B)) — cos(y — z2(8)) * cosh(z — 21(8)) + cos(y + 22(B))’
sinh(z — z1(8)) B sinh(z — 21(8)) )
cosh(z — 21(8)) — cos(y — 22(B))  cosh(x — 21(8)) + cos(y + 22(8)) )

We use the identity

/Ran log(cosh(z1 () — 21(n)) & cos(z2(a) & 22(n))) =0

to obtain that the average velocity in the curve is

A ] sinh(z1(a) — 21(n))
v(z(a)) = 2 P.V./Raa 1(7})[ -

T cosh(z1(a) — 2z1(n)) — cos(z2(a) — 22(n))

N sinh(z1(a) — z1(n))
cosh(z1 (@) — 21(n)) + cos(z2(a) + 22(n))
P ; sinh(z1(a) — 21(n))
A7 P.V. /]R Daz2(1) [cosh(zl(a) —21(n)) — cos(z2(ar) — z2(7))
B sinh(z1(a) — 21(n))
cosh(z1 (@) — 21(n)) + cos(z2(a) + 22(n))

dn

dn.

31



Chapter 3. The confined Muskat problem

The interface is convected by this velocity but we can add any velocity in the tangential direction
without altering the shape of the curve. The tangential velocity in a curve only changes the
parametrization. We consider then the following equation with the redefined velocity

Opz(a) = v(z(a)) + c(@)0az(),

sinh(z1(a) — 21(n))
= -V-/R cosh(z1 () — 21(n)) — cos(za(a) — z2(n))
N sinh(z1(a) — 2z1(n))
cosh(z1(a) — 21(n)) + cos(z2(a) + 22(n))

dn.

Following this approach we obtain

PP =r (Oaz(a) — Oaz(n))sinh(21(a) — 21(n))
I N ~er e ey
L (Oaz1() — 9az1(n), Oaz2() + 9a22(n)) sinh(z1 () — z1(n))
cosh(z1 (@) — 21(n)) + cos(z2() + 22(n))

dn.

Due to the choice of ¢(«) we obtain that, if initially the curve can be parametrized as a graph,
i.e., z(x,0) = (z, fo(x)), we have that the velocity v; on the curve is zero, thus, our curve is
parametrized as a graph for ¢ > 0 and we recover the contour equation (2.5).

3.2.2 Using Fourier series

We can follow an approach based on Fourier series. The impermeable boundary conditions for v
gives us homogeneus Dirichlet boundary conditions for ¥. Recalling (3.2) and assuming that the
curve can be parametrized as a graph, f(z,t), we have the following espression

=3 o (22I22D).

We denote £, (y) = nw(y +1)/21.

Using Fourier method and the equation for ¥ we obtain the equation for ,,:

n?n?

l
vn@) = =7 [ Opsin(t, )y
l
= 7%/—1 (pQ*pl) azf(z) 5y:f(ac) Sln(gn(y))dy

= _%azf(x)sin(fn(f(w)))

= 202, feos (a1 (a)).
Taking the Fourier transform
2 1
F (o, :Lip]:inﬁn x (%civ%v
(¥n) () 7 (sin (€ (f(2))) 0o f ( ))£2+"4[£
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3.2. The equation for the internal wave

and we obtain the expression

e %Ln\
n (@) = (0% — p! /af sin (£ (f(1))) ———dn
91 e nﬂ\; ull
= (p? - pl)/R <E) Dy cos(Ly(f(n))) — n. (3.6)
The velocity is given by
') ef%mf |
n o= —0,U = (p? ,pl)ZP.V./8n608(5n(f(77)))COS(En(y))Tndn

- f2pZPV [ eostentrm cos eatu e = (=0 ay

|z — n
- —ﬁZP-V- / (cos (v = flz —m) +cos (G ty+ fa—m)) (1))
e‘%\ﬁ\%dn, (3.7)

and

v = 0w =2p Y PN, [ 0 fysin(ea( ) sin () e F e (— =0 ay

|z —n

= 5>V [ (con (o o) —eos (S 5 n)) (1)

Duf (2 — n)e_%‘"‘%dn (3.8)

The tangent vector to the curve z(x,t) = ( f(z))is 7= (1,0, f (). In addition, the non-unitary
upper normal to the curve is 1 = (=0, ( ),1). The contour equation satisfies the following
kinematic condition
Ocf (x) =10~ vly=p(a)-

By the incompressibility condition, v is continuous in the normal direction through the interface.
On the other hand, because of the concentration of vorticity along the interface, the velocity is
discontinuous in the tangential direction at the interface. In order to prove this claim, we have to
take a double limit carefully.

Proposition 3.1. Let f € H}(R) and v be the velocity field of (2.3). We consider the following
limits on the interface f(x,t):

’U+(.T,f(l',1f),t) = 61_1}%1 U(x_ea f(.%' t), f(xat)+€)a
v (z, fx,t),t) = E1_1%1 v(x + €0, f(x,t), f(x,t) —€).
Then,
+  pPP=p Ouf(x) .
T T )

+g(—P.V./R[E1 +52]d77’_P'V'/Rawf(77)[El—Eg]dn)_

i.e., v is discontinuous along the interface in the tangential direction (1,0, f(x)).
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Chapter 3. The confined Muskat problem

Proof. The velocity field of (2.3), v(x,y,t), is defined in (3.7) and (3.8). We do for the first
component v, being analogous for the second component vo. Let 6 > 0 be a parameter. We
decompose our domain in its ’in’ and ’out’ parts:

ot = lim. pZPV ( /| . +f W)) ((cos (5707 @) )

~4FlaFednf @) —nl L F Onf () — 1
f(x)ie—l—f(??))‘f'mr)) " n|z:F63 f (@) — |d
+

We write S}, for the series, corresponding to v7", with the integral domain a neighbourhood of the
point z and S!,, the series with the outer domain and we take the double limit.

o 3

For S}, we take the limit ¢ — 0 and then the limit § — 0. For the ¢ limit the expression is
continuous so we obtain

6lirg+ﬁgrg+50ut=—pZPV/(cos 57 (f (@) = f(n)))

+ cos (@u’ (@) + fl) + nm) Y3l E2

Uy
2 -

Iw—nl

In order to study S}, we have to take ¢ — 0 faster than 4§, i.e., ¢ = o(5). We do it to get
x + €0, f(x) inside B(z,d). We want to consider the series as an integral. Let o = 2Z€ then since

T2 o
« is a continuous variable as ¢ — 01 and do = 57> we have

2 _ 1 00 - B
lim S. = — lim / p~—p / rFed.f(z) =7 exp [ —a |z F €0y f (x) — 7|
=0t 8,e—0 2re  Jy |x Feo.f () —n| €

(o (o (2200 1) s (o (D))
Using
/Oooe%M'cos(ozﬂ)da = % (3.9)

in the previous limit, we obtain

P2 —pt /”5 z—nF el f (x)
=0t sem0t 21 Jos (w—nF eduf (@) + (f(2) + fOn) + 2+ ¢)°
—nF el f (x)
+ 2 2
(r —nFeduf ()" + (flx) = f(n) £e)

We remark that the first term in this integral is not singular, so this part vanishes in the limit.
Thus,

lim Sl = — lim
e—0Tt e—0Tt 27

p* —p! /”5 (z — 1 F Do f (x))dn _
vs (T —nTFedof (@) + (flx) — f(n) £¢)

Supposing that f € H?3, we approximate f(x) — f(n) using the Mean Value Theorem and we
sustitute 0, f (&) by 0, f(x). We have

lim Sl = lim r /I+6 ($_77$65f( Ny .
5,e—0+ om0t 21 Jols (w—n T edof ()2 + (Ouf(@)(x —n) £ )2
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3.2. The equation for the internal wave

Changing variables 5 = x — 7, we obtain

/“5 (x — 0 F ed, f (x))dn 3 /ﬂq:eaf 48
ees (@—nFc0uf (1) + Ouf(@)(x —n) £ e B2 e
~ T @) <21g(ﬂ+ ) F O f () ot (e))‘ﬂ__g

Taking the limits in the e = o(d) regime, we get

*—pt F0.f(x)
li 1 — 4 P xT
s Sin = o T (0, ()2

(arctan(oo) — arctan(—o0)).

We notice that the way to carry out the limits for S2,, is completely analogous to the limits
for S!,,. In order to obtain the result for S2, the unique difference with S}, is that we have to
substitute 9, f (n) with 0, f(x). The remainder of this substitution goes to zero with §. Summing
up the series S¢ , we conclude the result.

O

Using the expressions (3.7) and (3.8) we obtain the formula
Of (x) = pA[f](x), (3.10)

where the nonlinear and nonlocal operator is as follows:

0 =2 3P [ et cos 6, (£0) o5 (a0 = 1) 005()
 sin (1 () sin (6 (o = 1)) 90— )|
-3 v L -2?'"'[cos(§7<f<w>—f(m—n))) (02 () = 0u (@ =)

+ (—1)"cos (E

7 (@) + 2 =) 0uf(@) + 00 fle — )| an. (311

We have the following Lemma concerning the finiteness of this expression:

Lemma 3.1. Let f € H} and A[f] be the operator defined by (3.11). Then, A[f] € L>(R) and
[Alf1(@)] < el flle2, 1), Vo € R.

Proof. We decompose A[f] in two terms, S! and S?:

-3y [ e 5 cos (SE(4@) = £@ =) (02 (w) = 0@ = )i

and

ZPV

[ e 1) cos (SE (@) + S = 1)) (@ ) + 02 2 = m))d
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Chapter 3. The confined Muskat problem

We split in the “n’ and ’out’ parts:

o0

ESEDY <P.V./ e~
[nl<1

n=1

(9, f(x) — 0uf(x —n))|dn

These integrals are bounded as follows

nmw

1
< 81| 0ufl e —e™ 5,

out

and

4]? nm 2l _nx 412
n 2 —_ o) — e 2 -
InSQHaszLw (TL27T2(1_6 l) e ) <2||a fHL00 (n2ﬂ_2) )

nmw

using the Mean Value Theorem, so the series is finite if |0, f|| L~ and ||02f||L~ are finite. By the
Sobolev embedding this occurs if f € H3.

Now we study the second series. We write

=R [ e o (50 + )

The second term S3 can be bounded as the previous series S'. The ’out’ term in S? also is
analogous, so we need to study the term

5t = 20:/(2) 3PV, /B o ¢ T D" o8 (27 (a) = (@) = fo = m)))) dn

and we use the classical trigonometric formulas in order to obtain
S? i = 20, f ( Z P.V. / pre” [ (572/@)) cos (S (f(@) = fla—m)
B(0,1)

+sin (%Qf(ac)) sin (Z?(f(x) — flz— n))) }dn — A+B.

The first term can be easily bounded if we use an extra cancellation. We have

=20, f(z i " cos (%Qf(z))

-P.V. 1 e=5FInl [cos (mr (f(x) = f(z— 77))) — cos (Mnamf(ac)) ] .
B(0,1) In] 2l 2
Now we use the sum-to-product trigonometric identity to obtain

ASC(||f||C2,Z)ZnP~V-/ e~ 5 2dn < e fllee D).

n—=1 B(0,1)
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3.2. The equation for the internal wave

The term B can be written as

B =20,f(z ZPV/ iU

By Il
{e%ﬂ"n(_l)sm ((2’“ Um 2f(x)) sin (W(f(w) ~ flz - 77)))
+ e 1l sin (2§—lﬂ2f(x)) sin (25—;(]‘(:6) — fla - n))) }dn-
We add the crossed term
so 0l (B0 ) ) s (B2 ) - s ).

thus B = B; + By where

By = 20, f(x ZPV/ -5 ””'nlsm((%Q Dl 2f(x ))

B(0,1) |77

(sin (257 @) = st =) = sin (%10~ @ = a) ) )

and

By = 20, f(x va/ l<e 22 0] i (2;f_l“2f(z)> Mlnlsm<(2k2 D 2f(x )>>

In|

sin (357 (7(0) = 1o = ) ) iy

Using the sum-to-product formula for the difference of the sines we conclude

By < c([[fller, D)-

‘We have to bound the By term. In order to do this we add

(k- 1)7\'| | (2]{3)71' "
s in (B521)).

obtaining By = B% + B% with
2%
B} =20,/ (x ZPV [ e (R - s )

— sin
B(0,1) 7]
2kn = 2k
(e BElnl o= ‘"‘)sm (2—;2]“(:0)) dn,

and
9 2km
B3 =20, f(x ZPV/M Dsin (%57 (7(0) ~ a0

e~ 2=l (sm (25—1”2f(x)) — sin (Ww@)) .
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Chapter 3. The confined Muskat problem

‘We have

o0 1
_ (2k—Dm
By SC(IIfllcl)Z/O e 2 ndn < (|| fllzes, 1)
k=1

We use that the series

o0

> o (Ebepto)) [ Lottt (Rno, g0
k=1

B(0,1) |77

converges in order to bound the last term B3. We write

= llilon ) +2000(0) S sin (3701 eos (L2 T2
k=1

, S ] 2R ey — fa— ) —sin [ 2XF
P.V./B(OJ) |n|e K <sm< 5 (f(z) — f(z 77))) sm( 5 n@zf(z)>>

Now using the sum-to-product formulas for the sines and integrating by parts twice we conclude
the result. O

Using the formulas below

_ % 3 [ B F @)~ fami-lnll 4 3 [(f(r)f(rn))(i)n]]

1/ e&l(f@—f@—m))i-n] e [(F (@)= Fz—m)(~i)—|n]
) (162L[<f<m> Te=myi—nl T 1 o3 1@ —Fa—m(—— |nn)

B sinh (Z7|n])
( bt cosh (%n) cos(g3;(f(z) — f(z — 77)))) ,

|~

S (e 5 cos (22(f(a) + £z — )

~Iy [ez;*[<f<m>+f<xn>>i|nn(1)" + e’%?[(f(m)Jrf(In))(i)Inl](l)"]
>

estl(f(@)+f(z—n))i—|nl] et [(f(@)+f(@—m)(—i)=Inl]
<1 o3 [(F(@)+F(@—n)i—[n]] 1+62%[(f(w)—f(z—n))(—i)—mn)
1 14 sinh (3;n])
2 cosh (1) + cos(F(f(x) + f(x—n))) |’

in (3.11) we obtain the integral expressions for A[f]:

Af@) = 5PV [ 0uf(@) = 0uf(o = )1 + (0uf(@) + 0ufla =~ m)Eadn,  (312)
where the kernels =; and =, are given by
- _ sinh (2377)
=) = ) — oG @) — fa =)
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3.3. On the connection with the infinite depth equation

and
sinh (Z57) .
cosh (2%77) + cos(g; (f(z) + f(z —mn)))

We remark that the spatial operator is a derivative in z and we can write also (2.8). Thus, we

have
/fxtdxf/fo (3.13)

As a conclusion, we obtain the contour equation (2.5) as a model for the evolution of a interfacial
wave between two different fluids in a porous media.

EQ(:Ea 77) =

3.3 On the connection with the infinite depth equation

We are interested in the limit case when ! — oo in the equation (2.5) in order to recover the
equation for the whole plane (2.10). The equation for the whole plane case has been studied in
[23]. Indeed, we prove the following proposition:

Proposition 3.2. Let f € H3(R) and A[f] be the operator defined in (3.11). Then,
2 n(azf(x) — aﬂcf(x — 77))
im A —P.V.
Jim AU = 2PV |

Moreover, the corresponding expressions for the velocity tends to the classical expresion using the
Biot-Savart Law in the whole plane.

.

Proof. Given the explicit kernels =; and =3 the proof is straightforward. If we use the expression
with the series (3.11) we recover the Riemann sums when [ — oo so we change the series by an
integral.

We have
Oif (x) = S1 4+ So,

where

S = ”2"’12 / e 5 cos (7 (f (@) = F (@ =m) (0uf (@) = 0o f (=) i,

/)2—/)1
%= Z/ '

Firstly we study the behaviour of S3: we obtain

5" cos ( o7 (f @)+ f (@ - n))) cos (nm) (O f () + O f (x — 1)) dn.

s=-2g2y e s (25t et @)+ £l = 1)) @af (o) + 02t — )i

prlZ/ln mmcos<2ll€ (f(:c)+f(w77))> (02 f () + 0 f(z —m))dn.

We write 8 = —” and v = 2217 In the limit we have the Riemann integral with df = dy = T
Thus,

Sy =P /OOO / %e*w cos (Y(f (@) + f(z —))) (Duf (@) + 0 f(x — 1)) dndy

_p2—p [T =Bl cog - v . .
A /O/R|77| (B(f(x) + f(z —n))) (0uf(2) + Ouflx —n))dndp
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Chapter 3. The confined Muskat problem

and therefore

So = 0.
Now we consider 5F = o and Z; = da in S; and, using (3.9), we obtain (2.10). The proof of the
claim about the velocity’s expressions follows the same steps. This concludes the result. o

As a consequence of this Proposition, our equation (2.5) as [ — oo is the equation in the whole
plane case, i.e., S' U S? = R2.

3.4 The continuity equation and some properties

In this section we prove that the odd, even and periodic symmetry propagates, we obtain the
linearized equation and we study the equivalence between the conservation of mass equation in
(2.3) and the initial value problem for the interface (2.5).

First, we show that if the initial datum is even, odd or periodic, then the evolution preserves this
property:

Lemma 3.2. Given an initial data fo which is odd, even or periodic, then the solution correspond-
ing to this initial data f(x) is odd, even or periodic.

Proof. To simplify the exposition we take 7/2 = [. Let fy be an odd initial data. Then we define
g1(z,t) = —f(—=z,t). In order to prove the result we want to show that the equation for g;(z,t)
is the same equation as for f(z,t). We have that 0,¢g1(x,t) = 0, f(—x,t), Org1(x,t) = =0 f (—x, 1)
and that the nonlocal term is given by 9,1 (x — &) = 0, f(—x +&). For the evolution of g; we have

_ * (Opf(—x) — O f(—x — n)) sinh(n)
dne) =PV, [ T e
_ /°° (0uf (=) + o f (=2 — 1)) sinh(n) i
— oo €osh(n) + cos(f(—z) + f(—z —n))

Changing variables n = —¢ in this expression and using the definition of g; we conclude the result.

To show the case where fj is even we define go(x,t) = f(—xz,t). In the same manner we show
that the equation for go(z,t) and for f(z,t) is the same. For the periodic case, define gs(z,t) =
f(z + 2kn,t). In the same way we conclude the proof. O

Now we obtain the linear equation associated to (2.5). In the plane it is a well-known fact (see
[23]) that the linear operator is A = (—=A)'/2, i.e., the linear equation associated to (2.10) is

1_ 2
g () = p 5 p Ag. (3.14)

‘We note

Ag = 1P.v./ L Oug (b — ) dy = H (d,)
7T R7

where H is the Hilbert transform. In our domain we obtain a very similar linear operator.

Lemma 3.3 (Linearized equation). The linearized around the rest state equation associated to

(2.5) s

(9(x) — g(z —n)) cosh (57)
sinh” (Z7)

T
Oig=—p—P.V. d
td p2[ /]R n
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3.4. The continuity equation and some properties

Proof. We take f a perturbation of the rest state, f (¢t,2) = eg (¢,x). As € is small enough we can
consider that

sinh (21177)
cosh (%n) -1

2R

and
sinh (1

ERPLLLY ¢
cosh (2177) +1
Because of these linearized kernels we have that

PV, /a oz 81nh(2ln)
N cosh (Zn) £1

Putting the two terms together we obtain a 'Hilbert-like’ transform. We have that

_ Oglz —m) _ I(g(x) — g(z —n))
P.V. /]R S (57) P.V. /R b (2]

3

S0, integrating by parts, we obtain the result. O

Remark 3.2. If we take the limit | — oo, we recover the operator A = /—A. Indeed, looking at
the Taylor expansion we have that

Now we study the equivalence between the full system (2.3) and the initial value problem of the
interface (2.5). Furthermore, we obtain the pressure p (up to a constant) solving the equation

—Ap = g9yp,
with Neumann boundary conditions

Onply=t = —gp",  Onply=—1 = gp*.

In this way we obtain v, p satisfying Darcy’s Law and the incompressibility condition. We need to
check that p(z,y,t) is a weak solution of the conservation of mass equation.

Definition 3.1 (Weak solution of the continuity equation). Let v be an incompressible field of
velocities following Darcy’s Law. We define the weak solution of the conservation of mass equation
present in (2.3) as a function satisfying

T !
/O /R/_l p(x,y,t)0cd(x,y,t) +v(z,y,t)p(x,y,t) Ve yd(z,y, t)dydzdt =0 (3.15)

for all p € C(R x (=1,1) x (0,T)).
We conclude this chapter with the following result.

Proposition 3.3. Let p be the function defined in (2.2). Then p is a weak solution, in the sense
of Definition 3.1, of the conservation of mass equation if and only if f is a solution of (2.5).

Proof. By hypothesis, given ¢ (z,y,t) € C3°(S x (0,T)) we have

/// (pOr¢ +vpV¢)dy dv dt = 0.
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Chapter 3. The confined Muskat problem

By the compact support in time

T 1 T !
0 :/0 Oy A(I’t)é(x,y,t) dy dt :/0 (/f(Lt) o dy — ¢ (z, f (x,t),1) 8tf(x)> dt,

and

T f(z,t) T f(z,t)
0/0 8t/4 d)(z,y,t)dydt/o (/ 8t¢dy+¢(x,f(:c,t),t)atf(z)> dt.

-1

So
T 1 T
/0 /R/_lpatqﬁdydxdf: (Pl—pQ)/O /R¢(9Uaf($at),t)(')tf(x)d:z:dt.

Integrating by parts and using the incompressibility of v we obtain

T l
/ / / vpVodydz dt
o JrRJ-1

T
:/0 /R(b(l',f(l'),t) (plv (x, f(x),t)- (—n) — p*v (z, f (z),t) - (_ﬁ)) dx dt
=(p p)/o /be(l',f(l'),t)(v(z,f(;p)’t).(,ﬁ))dxdt

Taking ¢(z,y,t) = ¢(x,t) for |y| < || f|lo~ we conclude that f satisfies the equation (2.5).

In the same manner we multiply (2.5) by a test function evaluated at the interface (p* — p?) ¢ (z, f (2) ,t)
and we integrate

(pl_p2)/0 A¢($,f($),t)(0tf($)—v(w,f(w),t)-ﬁ)dwdt=0

Using the incompressibility of v, we conclude the proof. O
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Chapter 4

Local solvability in Sobolev spaces

4.1 Well-posedness in Sobolev spaces

In this Chapter we prove the existence of local solutions for the equation

0.t = e | [(azf(ﬂ?)—C%f(x—n))&(xﬂ?,f)

+ (0uf (1) + 0uf (x =) Bala, )| dn = L= Alf](@), (4.1)

when the initial data is in Sobolev spaces. In particular, we prove the following Theorem:

Theorem 4.1 (Well-posedness). If the Rayleigh-Taylor condition is satisfied, i.e. p*> — p' >
0, and the initial data fo(x) = f(z,0) € HF(R), k > 3, then there exists an unique classical
solution of (4.1) f € C([0,T), HF(R)) where T = T(|| foll x| follz=). Moreover, we have f €
C([0,T],C(R)) N C([0,T],C?(R)).

Without loss of generality we take 2] = m and p = 2. We indicate the constants with a dependency
on [ as ¢(1). In order to show this result we have to define the ‘energy’

BIf1(t) = IF )7 + Ndlf]llze=(2), (4.2)
where d[f] : R? x R — RT is defined as

1

dlf)(z,n,t) = cosh(n) + cos(f(z) + f(z —n))’

(4.3)

The function (4.3) measures the distance between f and the top and floor £ (recall that, without

loss of generality, we are supposing that [ = T). In other words, [|d[f]||r~ < oo implies that

| fllze < 5. So this is the natural ’energy’ associated to the space H}(R).

We obtain some a priori bounds for the energy (4.2) and we conclude the proof using classical
energy methods, see Chapter 3 in [44]. The proof is similar to the infinitely deep case [23] but,
due to the presence of boundaries, there is the new kernel Z3, defined in (2.7). The terms with
this second kernel are not singular and will be bounded using (4.3).

43



Chapter 4. Local solvability in Sobolev spaces
4.2 Starting with a prior: estimates

We divide the proof in different lemmas. We start with || f| 2.

Lemma 4.1. Let f(t) € H3(R) be a solution of (4.1) for any t > 0, and let E[f] be the energy
functional defined in (4.2). Then, we have

d
I llZe < B[] +1)%
Proof. We have that
331 = [ F@PN. [ 0uf(@) = 0.4 = m)Es + 0uf(2) + S~ ) Zadnda
We separate this integral in its in’ and ‘out’ parts for n:
A = /Rf(:c)P.V. /}5;(0,1)(8If(z) — Ogf(z —n))E1dndx
# [S@PY. [ (05 ¢ 00t ) s
and
Ay = /Rf(:c)P.V. /qu,l)(amf(x) — 0. f(x — n))E1dndx
+ /}R f(z)P.V. /Bc(o,1)(a$f($) + 0, f(z — n))Zadndz.
We use te following identity
1
0.1(@) = 0uf(w =) = | O2f(e-+ (s = Dmpnds. (1.4

and the definition of d[f] to bound the A; term in the following manner

inh(r)
A oty [ s
SIS [

+ [[d[]]| = sinh(1 /:L 1 @00+ 1927 — e
< e 1% 1+ A < eDELFQ + BL.

We calculate

sin (f(z) — f(x—n)) (0 f(x) — Os f(z; 77))’ (4.5)
(cosh (n) — cos(f(z) — f(z —n)))

sin (f(z) + f(x —n)) (O f(x) + O f($2— )), (4.6)
(cosh (n) + cos(f(z) + f(z —n)))

0,51 (z,m) = —sinh (n)

azEQ (:L'a 77) = sinh (77)

_ cosh(n)(cosh(n) — cos(f(x) — f(z — )
(cosh(n) — cos(f(x) — /(z — )2

 sinh(y) (sinh(p) + sin(f () — f(z — )0 f (= — )

(cosh(n) — cos(f(z) — [(z — )2 ’

(4.7)
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4.3. Bound for I : The singular terms

and

cosh(n)(cosh(n) + cos(f(x) + f(z —n)))
(cosh(n) + cos(f(z) + f(x —n)))?
_ sinh(n)(sinh(n) + sin(f () + f(z = 1))0: f(z — 1))
(cosh(n) + cos(f(x) + f(z —n)))? '

anEQ (:Ea 77) =

We rearrange As obtaining the expression
1 - =
-1 / P.V. / 0 (f2())(E1 + Za)dnda
R <(0,1)

¢(0,1)

Integrating by parts in By in the x variable and using (4.5), (4.6) and the Sobolev embedding we
obtain the following bound

By < c(D)llfllex | fII7e < e()(ELf* +1).

Now we integrate by parts in Bs in the n variable, use (4.7) and (4.8) and apply the Cauchy—Schwarz
inequality and the Sobolev embedding to obtain

By < c(D)IIfIZ2(1 + [Ifller) < c(ELfIA+ BLf]).

Putting all these bounds together we conclude the result. o

Now, we study the behaviour of |92 f||3.. Using the definition (3.12), we have

sl = [ Er@ry. [ 0.0k - 0@ - m)E: ()

0, (83 f(z) + O3 f (x — n))_g(z, n)dnda (4.9)
+3/ 92 f(x)P.V. / (@2 f( o f (2 —1))0:Z1(x,n)
+(O5f (2 )+5§’f( — 1)) 022z, n)dndz (4.10)
+3 [ O @PV. [ (@1 - B —m)oE=i(en
+(O2 f () + 02 f (& — 1)) 03 Z2(z, n)dnda (4.11)
+ [0 @PV. [ (04(0) - dus(o — )0k (o)
(00 (@) + 00 f (@ — )02 (@, n)dnda (4.12)

= 6L +3L 4313+ 14,

where =1, 29 are defined in (2.6) and (2.7). We estimate these integrals in different lemmas. First,
we start with I.

4.3 Bound for /;: The singular terms

Lemma 4.2. Let I be defined as in (4.9), let f(t) € H*(R) be a solution of (4.1) for anyt >0
and let E[f] be the energy functional defined in (4.2). Then, if the Rayleigh-Taylor condition is
satisfied the following bound holds

I < c()(E[f] +1)°.
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Chapter 4. Local solvability in Sobolev spaces

Proof. We split into the ’more local’ and ’less local’ part and integrate by parts in the first term

I :%/R|a§f(z)|2P.v.4az(El(x,n)+52(Iﬂ7))d77df”

- / 03 (x)P.V. / 0 (85 f(x — ) (E1 (.1m) — Ea(e, m))dnda = I + .
R R

According to (4.5), the term 0,Z is singular when 1 = 0. Thus, ‘out’ of n = 0, J; can be bounded
easily:

1
5/ |3§f(50)|2/ 0z (B1 (2, n) + Ba(z, n))dnda
R B<(0,1)

sinh (|n])
< e fller IS s /ch,n de < eI fIlFs- (413)

Checking the singularity order of 9, (21 + Z3), we write

(sin (f(z) — flx —n)) — (f(&) — f(@—n)) (O f(x) = O f(z —1n))
(cosh (n) — cos(f(x) — f(xz —n))
L U@ = fla=m)(0uf@) = Quf(x —m) _ sin(f(z) + flz n)(xf(z)+3f( 1))
(cosh () — cos(f(z) — f(z —n)))” (cosh (n) +

Thus, the %n’ term in Ji is decomposed in three terms

0. (21 + Z2) = —sinh (n) [

1
5/ |a§f(x)|2P.v./ 0:(Z1 + Z2)dndx = K{ + K3 + K3. (4.14)
R B(0,1)

We use Taylor theorem for K

1 _ 3 £(2)]2 sin —sin(«f)(f(x)—f(x—n))g(azf(x)—Gmf(ac—n))
Kl = / 163 () 2P.V. /B ) !

(cosh () — cos((f (x) — f(z —m))))*
sinh (|n]) n*
< ¢l p > [ 02 f(2))?
< I lfles [ 1024 /B(M) S B
sinh (|n) 7"
c(l p 2|02 f 132 ———— =c( Cra. 4.15

< Dl flle=N10: 11 /3(0,1) (cosh () — 1) DI (4.15)

We decompose K3 in the following terms:
1 > : (f(x) = flx=n) = 0u f(x)0) (02 f(x) = O f(x — 1))

Ky, = 93 f(x)|*P.V. sinh 5 dndz

Jooeserey. | s SR —cos((f(:c Fla—m)) !

\

- @O f(x) - Duflx — ) — ()
0> f(x)|*P.V. sinh dndx
+ [ 12so) /B<o,1> ) <cosh<>—cos<< @ —r@=n)y "

sinh (1) 9, f (x)n*0% f ()
8 f(x)|P.V. ;
+ /]Rl mf( )| /B(O,l) ((Cosh (']’I) — COS(f(:L') - f(x - 77)))2

sinh (n) 0 f (x)n*0; f (x)
~ 4sinh? (2) (14 (0xf(2))? )2 )dnd

sinh (17) n*dn
9 f(x)]*P.V. Ouf ()0 f(x < 5 dnda.
/' f)l /B<01> H)0a @) 2 (1) (1 + @ f@)2)
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We note that

inh (1) 112d
P.V. / sinh () °dn
B(0,1) 4 sinh (121)

Moreover,
1 7 1
(cosh (n) — cos(f(x) — f(x —n)))”  4sinh? (4) (1+ (9. f(x))?)”
1 1
— A (Sinh2 (g) + Sil’l2 (M))Q N 4sinh4 (121) (1 —+ (8If(x))2)2
1 1

4sinh? (1) (1+sinh*2 () sin (f<z> f(a— 77)))2 ~ 4sinh? (2) (1+ (9, f(2))?)°
"

(4 @@’ (1 s (3) sin (W) )y — o)

4sinh® (3) (1 + sinh =2 () sin (M)) (14 (0:1)?)°

Indeed, we have
(1+ (9. f(2))?)" — (1 + sinh~2 (g) sin® (W))Q _
(2 @) + Cm(f(@ — flz— 77)))2> <az fay 4 S @)~ fla = n>>>

sinh(n) sinh(n)
« (0usta) - IS Z)),
Using that
) S o) ||
sinh(n) = 7 ’

we can bound the last term in K3 :

/wgﬂz”gpv_ / [ sinh () o f@)n?02f (x) sinh(n)amﬂx)n?azf(z)] o
R B(0,1)

| (cosh () — cos(f(z) = f(z —m)))*  4sinh® (3) (1 +(9:)2)*
< OIS ller I flle= (e + 1 fllee + 11 11E=) -

Using the Mean Value Theorem, Taylor Theorem and Hdélder norms, we get

inh (|n|) [n[*
Kl S cr (1 agf 22 f 22/ Sln—
K< @I [

inh (fn) |
rea QIO flcaslfler [ TonFI
OIS ool fler [ o

+esIZS 2= e I ez (Il + 1fllee + 11F112=2) -

|2+5

We conclude that
(K| < el (1f N1 + 1) (4.16)
Using the definition (4.3) we have

sin (f(x) + f(z —n)) (0 f(x) + Ouf(x — 1))
K1 83 2PV sinh dndzx
)< [ o) / o I T o) + oos((F@) + S =
< Ol O F 12U < el [Ess LA 2. (4.17)
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Chapter 4. Local solvability in Sobolev spaces

Since (4.13)-(4.17), we obtain
i< (@) (I£113 (4.18)

to conclude with I;. By means of an integration by parts, we have

Eo)dndx

s+ 1+ [l L) -

We have to bound J3

o= - / 53 f(x)P.V. / 0n(O3 F () — O3 (5 — ) (Ex —
[ Br@p. [ @24(@) - 35(e 0oy E ~ Za)dnd
R R

First, we estimate the Z5 term. Using (4.3) and

We now use the expressions (4.7) and (4.8)
splitting in the %n’ and ‘out’ parts, we get

[ etr@ry. [ @

Now, we estimate the Z; term of J1 using the Rayleigh-Taylor condition. If the Rayleigh-Taylor
condition has the oposite sign, this term cannot be bounded in terms of the H3 norm. We decom-

pose this term in ’%in’ and ’out’ terms. The ’out’ term can be bounded as follows

[or@py. [ (@) - 824w~ )0, (o m)dnd
B<(0,1)

1 + cosh(n) 1l - si?h)() 1)2) dn

c 3 22 et Y VA
oI | o (@osh(n) L
< I FI2a(1 + | fllen). (4.20)

agf(x —1))0nZ2(z, n)dndz| <

NIl E e + I flle ldl MW T + Ifller +1). (4.19)

To estimate the ’in’ term, we use Taylor theorem for the function cosh(s) and cos(s) in 9,21 with

a; = ax,n) are the points for the remainder:
cosh(n) ( s+ cosh(a1)"—? + 7(“35)_];@_"))2 — cos(a) o ﬁm 77»4)

On= () = (cosh(n) = cos(f( =T )P
sinh(n)(sinh(n ( —-n)) — Sin(ag)W) O f(x —m))
- (COSh( ) - COS(f(fU) — flz —mn)))? '

Therefore, we have terms which can be integrated (O(1)) and terms which cannot be integrated

3 (4.21)

(0(7772)).’ Thus,
[or@py. [ (@)~ 0~ m)o,Ea(w mdds = L + L
B(0,1)

The terms which can be integrated are

1_ 3 3 3
ri= [ ar@py. [ o (025 =)
cosh(n) (cosh(al)% - COS(QQ)W)

' [ (cosh(n) — cos(f(z) — f(z —n)))?
sinh () (— sin(o) LG9, f(a — »] dnds

- (cosh(n) — cos(f(z) — f(z —n)))?
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4.3. Bound for I : The singular terms

and so
Ly < cIo3fI1Z=(1fllen + 1) (4.22)

The terms which cannot be integrated are
Li= [ Br@py. [ (@) - i - )
R B(0,1)

< (i 4+ (f(w) = f(w —))?)
Lcosh(n) —cos(J (@) — [ (@ —m)))?
_ sinh(n)(sinh(n) + (f(@) = f(@ =) Duf(z = 1))
(cosh(n) = cos(f(z) — f(z—m))?

We change (up to integrable terms) some sinh(n) by n and cosh(n) by 1:

dndzx.

I} = / 03 f (x)P.V. /B o (Oh5) 921 =)

[ (P + (@) = S =m)?)
(cosh(n) — cos(f(x) — f(z — )2
i+ (f(z) — flz—mn) 0 f(z—n)) dndz
(cosh() — cos(f(w) — Flz—m)? | """

We have

—nn+ (f(@) = flz —n) duf(x — 1))
(cosh(n) — cos(f(z) — f(z —n)))?
_ —(f(@) = fla—n)) 0= f(x —n) — (f(z) — f(z —n))
(cosh(n) — cos(f(x) — f(z —n)))?
"+ (f(z) = fz —n)*
(cosh(n) — cos(f(z) — f(z —n)))*

Thus, we obtain the following expression for Li:
y = [o@Py. [ (@) - dirta =)
R B(0,1)

L+ (@ = @ =m)) = (n* + (f@) = fla—m)?)
[ (cosh() — cos(f(z) — [ — n)))?
(@) = fe =) (0 f =) = (F(2) = fz - n))}dndw
(cosh(n) — cos(f(&) — f(w—m))?
= M+ M.

In this expression, the term MJ can be integrated in principal value and can be estimated as K2
in J{. We complete M{ in 1 and decompose the integral in two terms in order to check the sign
of one of them:

Ml = [ o) (P.v. -/ W)) (O21(x) ~ 2~ m)

(P U@ S —n)?)
(cosh(n) — cos(f(z) — f(— )

sdndx = N{ 4+ Nj.
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As we claim the term N has a sign. Indeed, if we change variables, first in one dimension x—n = 7,
and then in two dimension x = 7 and n = = we obtain

1 Y4 (f(x) — F)?
Nt = / &3 f(x)P.V. / (D3 f () — 92 f(n)) (12— ! )and:c
R R (

( _
cosh(z — 1) — cos(f(x) — (1))
} o (e @) - )
AP.V.Aaxf(U)(azf(x) c’imf(n))(cosh(gg777>7COS(f($)7f(n)))2
5 (=P + (@) - 1))
(cosh(z — ) — cos(F(x) — F(n)))

dndzx

5 dndx < 0.

1
= 5 [pv. [ @@ - oy
R R
Therefore, estimating N3 as (4.20), we obtain
Ly < (D) + [|fII373)- (4.23)
Thus, by (4.19)-(4.23), we get

Ty < e() (IflEs + 1+ £ s AL Zoe + 1f L llATIIT)) - (4.24)

Using (4.18), (4.24) and the definition of energy (4.2) we conclude the proof of the lemma. O

4.4 Bound for I

Lemma 4.3. Let Iy be defined as in (4.10), let f(t) € H3>(R) be a solution of (4.1) for anyt >0
and let E[f] be the energy functional defined in (4.2). Then,

I < (1) (BLf) + 1"
Proof. We decompose the integral I5 in a similar manner of I;:
b= [10£@PPY. [ oGl + Zalo.m)dnda
- [P, [ 825t - 0u(E:e0)  Zalem)ands = 72+ 53
The term J? can be estimated as the term J{ and we obtain the bound
It < e() (1 1ms + 1+ 11 ldlfl7) - (4.25)
To estimate J2 we split in two integrals J2 = K? + K2, one of them with the kernel 9,Z; and the

other with the kernel 9,E5. Thus, in the same manner as (4.17), using (4.5), (4.6) and the Sobolev
embedding,

K3 < Aaif(w)P-V-Aaif(x — )0 E2(z, n)dndz| < c()|| fl|zs (ld[f]I7~ +1)- (4.26)
The term K? vanishes,
Ki=— / agf(z)P.v./ O3 f(x — n)0xZ1(z,m)dndx = 0. (4.27)
R R

50



4.5. Bound for I3

Indeed, if we change variables (in one dimension)  —n = n and we change variables again (in two
dimensions) = n and 1 = x, we obtain

. sin(f(x) — f(n)(0zf(x) — 9 f(n))
K = PV. [ 93f(x)0? sinh (z — 5 dndx
/]R /]R J (@)1 (n) ( " (cosh (z — 1) — cos(f(z) — (77))) g
. sin(f(n) — f(2))(0xf(n) — 0. f(x))
= V. | & 92 f(z) sin —x T
/PV/ L f ()0 f(z) sinh (n — z) (cosh (1 — 1) ) 5 dnd

—cos(f(n) — f(
(

sin(f(z) — F()(@af(x) — Do f ()
= P.V. 83 63 7n) sinh ddac
/ / (@~ )(cosh(z*n)*COS(f(w) f(n))) !

Finally, since we have defined (4.27) and (4.26), we estimate J5. With this and (4.25), using the
definition of the energy F[f], we conclude the proof of this Lemma. O

4.5 Bound for I3

Lemma 4.4. Let I3 be defined as in (4.11), let f(t) € H3(R) be a solution of (4.1) for anyt >0
and let E[f] be the energy functional defined in (4.2). Then,

I < e(D)(BLf +1)°.

Proof. We split I3 in two integrals, I3 = H} + H3 where H} correspond to 92=; and Hj correspond
to 8%52. Thus,

Hf’:/R@g’f(ac P.V./ (02 f(x) — O f(x — n))0?E, (x, n)dndx
= [Or@Py. [ (@) - 821~ m)3EE e n)nde
B(0,1)
/ 021@) [ (@)~ (o~ m)0EEa(e mdnds = JF + 3,
B°(0,1)

where

n)*

22 (2,m) = —sin ) (
Zu= i) h("){ (cosh () — cos (f(z) — f(z —m)))?
L s (@) = fla =) (O3f(w) — 02f ()
(cosh () — cos (F(z) — f(z — )
2sin (f(2) — flz — ) (Quf (2) — Ouf(z — 0))?
(cosh (n) — cos (f(z) — f(z —n)))° '

cos (f(x) = f(x = 1)) (Ouf (@) = Duf (x =
s (f(@)

Following the procedure of previous lemmas, we obtain the following a priori bounds for J; and
I3
JP < eI (1122 + 1 lezs W 1E + 1) + M IE G2 + 1121 F1IE)
I3 < DI (I IIEr + 11 lle2)-
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Analogously,
H3 = /53 z)P.V. / (D2 f () + 02 f(x — n))9*Za(x, n)dndz
/63 /‘ (02 () + 02f (& — 1))02Es (ar, n)dnda
B(0,1)
3 2 2 2= _ 713 3
+/&ﬂm/’ (02 f(x) + 02 f (& — )2 (o, m)dnda = J3 + 3,
R Be(0,1)
where

cos (f(z) + f(& =) (Ouf (@) + 0o f(w —m))?
(cosh (n) + cos (f () + f(z —)))”
L sin(f(@) + fle =) (O3f(x) + O3 f(w — )
(cosh (n) + cos (f(2) + f(z —)))”
L 20600 (f(@) + Fl@ —m) Buf (2) + 0uf (x = )"
(cosh (n) + cos (f(w) + f(z —m))”

0722 (z,n) = sinh ()

With the same ideas of the previous lemmas we obtain

T3
Ji

IS N L2107 f 2 (1A IE Nl Zoe + I f =l dlf I + N A1E A7)
cONOZf L2021l =2 (11 + [1fllc2)-

IN A

Using our bounds for J2, by Sobolev embedding and our definition of energy (4.2), we conclude
with the proof of this lemma. O

4.6 Bound for I,

Lemma 4.5. Let I be defined as in (4.12), let f(t) € H3(R) be a solution of (4.1) for anyt >0
and let E[f] be the energy functional defined in (4.2). Then,

I < e(D)(BLf +1)°.
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Proof. To do this we have to know 92Z; and 92=,. We calculate

—sin (f(z) — f(z —n)) (9:f(z) — 0

(cosh (n) — cos (f(z) — f(z —

L 3cos(f@) = flo=n)) (Ouf(2) = Ouf(x — )05 f(x) — 5 f(z —n))
(cosh (1) — cos (f(x) — f( ’

(

)

0pE1(x,n) = —sinh(n)

2cos (f(z) — f(z —n))sin(f(z) — flz -
(cosh (n) — cos (f(z) — f(x
L sin(f@) = flz =) (03f(x) = 93 f(x —n))
(cosh (1) — cos (f(2) = f(z —n)))’
~2sin® (f(2) = f(x = n) 0uf (@) = 0uf(x — ) (03] (x) — D2f (x — 1))
(cosh () — cos (f(x) — f(z —n)))*
Cdsin® (f(z) = f(xz = n) (0uf (x) = 0uf(z — ) (02f (x) — O2f (x — 1))
(cosh () — cos (f(x) — f(z —n)))’
dsin(f(z) = flx —n))cos (f(z) — flx —n)) (0 f(x) — uf(x —n))?
(cosh () — cos (f(x) — f(z —n)))®
L SGin(f(@) = flx =) (0:f(2) = Ouf(z = m))°
(cosh (1) — cos (f(x) — f(z —n)))* ’

—sin (f(z) + f(z —n)) (O f(2) + 0 f(x —1))?
(cosh (n) + cos (f(z) + f(z — 1))
+3608(f(w)+f(w— 1) (0uf(x) + 0u f(x — 1
(cosh (1) + cos (f(z) + f( —77)))
+2608(f(w)+f(x—n))sin(f(w)+f(w—
(cosh (n) +cos (f(z) + f
| sin (f(x) + fle—n) (@2 f(x) + I3 f(x —n))
(cosh (n) + cos (f(z) + f(z —n)))”
+251n2(f($)+f(x— ) (0x f () 4 0 f(x — 1)) (92 f () + 02 f(x — 1))
(cosh (n) + cos (f(z) + f(z — 1))
)
(n

03E2(z,m) = sinh(n)

+4sin2(f(w)+f($* 1) o f(x) + O f(x — ) (07 f (x) + O2f (x — m))
(cosh (1) + cos (f(z) + f(z —m)))’
JAsin (f(z) + fla —n)) cos (f(z) + f(z — 1) Qo f (@) + 0u f(x —n))?
(cosh (1) + cos (f(z) + f(z —n)))’
L 86 (f(z) + fe = n)) (O f(2) + 0uf —n)*|
(cosh (1) + cos (f(z) + f(z —n)

(x
)
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We decompose in the %n’ and ’out’ parts, and the ’out’ part is estimated as previous lemmas.

I = /Ragf(:c)P.V. /B(o 1)(8zf(z) —Opf(x — 77))8;’31(:0, n)
(02f () + O f (x — 1)) 03Z2 (2, ) dnda:
+ [t / (00 (&) — 0. f @ — m)O2E1 (2 )
(0,1)

(0uf (x) + O f(z — 1)) D2E2(x, n)dndz = J + J5.

Also, the component J#, corresponding to the kernel 2= can easily be bounded using (4.2) and
(4.3). We only calculate the bounds for the most singular terms of 92Z; in the ’in’ part. In
particular, we study the following integrals:

Kﬁ=—Aaﬁuﬁnpé@”@J@»—mﬂx—mnmum

sin (f(2) = J (@ =) (B2 @) =T @ =) 1y (4 9
(cosh (n) — cos (f(z) — f(z —n))) 7

Ky = /Raif(:c)P.V. /19(071)(81‘/"(95) — 8y f(x —n))?sinh ()

4sin® (f(z) — f(z —n)) (2f(x) — 3 f(x —n

))d dx .
(cosh (1) — cos (f(z) — f(xz —n)))* ndx, (4.29)

K3 = /Raif(x)P.V. /B(O 1)(8If(x) — 8y f(z —n))®sinh ()

4sin (f(z) — flx—mn))cos (f(z) = flx—n
(cosh (1) — cos (f () — f(z —m)))’

) dndz. (4.30)

K1 is the same as in Lemma 4.3. On the other hand, from (4.29), we obtain as previous estimates
that the K3 term can be bounded as

4= — z —n))?sin 2f(x) — 02 f(x —
Kl = /Pvﬂmnw (2) — By f(z — )2 sink (n) (2 () — 62 f (& — )
(sin? (F(z) — f(z — ) — (F@) — F(z —)?)
wm<>—wuﬂm—fu—m»3
/PV/ a3 f( f(x) — 0uf(x —n))? sinh (n)
(@) fz - ) (@2 (x) - 2 =)

(Cosh( ) —cos (f(z) = f(x —n)))°
IO NENFIE + IFIENFIE)-

dndzx

IN
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Finally, from (4.30), we have

/PV/O1 83 (2)(0x f () — By f(x — n))® sinh () cos (f(z) — f(z — 1))

i (7(0) ~ e =) — () = fz =),
(cosh (1) — cos (f(z) — f(z —n)))°
/PV/ 02 f(2)(9: f (x) — D f(x — n))® sinh (1)
B(0,1)

S [
(cosh () = cos (f () — S — )

The first integral is estimated as the previous one, but the second is more singular. In particular,
this integral is as J| in Lemma 4.2. Therefore, K3 is bounded by

Ky < cDIRflallOzf e flcallfllozsl fller + Il + IFIE N f1E2 + Il FIIE-)-

The other terms in I gives us bounds with lower powers of || f|| gs. Therefore the following bound
for Ji holds

It < e s NS + 1N + 1F s + 1 f e + 1)

We conclude the result using Sobolev embedding. o

4.7 Bound for ||d|[f]|| 1~

In order to use classical energy methods we have to bound the evolution of ||d[f]||L~ in term of
the energy E[f]. With our method we need a bound on ||0; f||-. We have the following lemma:

Lemma 4.6. Let f(t) € H3(R) be a solution of (4.1) for any t > 0 and let E[f] be the energy
functional defined in (4.2). Then, we have

18 fllz < c(D)(E[f]+ 1)

Proof. We split ||0:f|| in two terms, one for each kernel. So ||0:f||L~ = A1 + A3. We give the
proof for the term corresponding to the first kernel

4y = HP.V- [ 0:5@) = 001tz = m)Es )

Lo

For the term A, the procedure is analogous.
We split A; in its in’ and ’out’ parts, A; = By + Ba, where

By = < (DI fllpee,

Lo

P.V./ Oz f(x) — Ou f(x — m))Z1(z,n)dn
B(0,1)
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where we use the equality (4.4), and

Ba= |PV. [ (@uf(a) - 0uf(a~ ) (o)
Be(0,1) oo
<lev. [ as@Ew
Be(0,1) oo
+ P.V./ =0y f(x —n)Z1(z,m)dn =C1 + Cs.
Be(0,1) Loo
We have that the integral
inh
P.V. sinh(y)__
Be(0,1) sinb” (3)
Using this fact and the classical and hyperbolic trigonometric identities we can write
sinh(n) 1
P.V. Ei(x,n)dn = P.V./ — Y7 v o —11dn.
B<(0,1) B<(0,1) 2 sinh (121) 1+ s ((];(mzﬂ(f;/z) m)/2)
We compute
sinh (1) - Sinz((f(ﬂ}clng/(;)—n))/2)
P.V. Z1(x,n)dn = P.V. T o dn
. . i 1 in?((f(z)—f(z—n))/2) ’
B<(0,1) Be(0,1) 2sinh (2) 1+° 5110112(7;/2)77

and we obtain
Cr < (D)0 f[ Loe-

To bound

PV. / =0 f(x —n)Z1(x,n)dn = P.V./ O f(x —n)=1(z,n)dn
B<(0,1) B<(0,1)

we integrate by parts. Using (4.7) we concluded
Co < c(DI[fllLoe (T + (102 fll o)
O
Now we can prove the last Lemma concerning the existence of classical solution to the equation
(4.1):

Lemma 4.7. Let f(t) € H3(R) be a solution of (4.1) for any t > 0 and let E[f] be the energy
functional defined in (4.2). Then, for the function d[f] defined in (4.3), the following inequality
holds

Sl < c@EL] +1)*

Proof. We have that

%d[f] = d[f)?sin(f(x) + f(x — 1) (O f (&) + O f (x — ) < c(O)d[f1*|0cf || Lo
Due to the Lemma 4.6 we obtain
%d[f] < c(d[Nd[ = (ELf] + 1)%,
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and integrating in time we conclude that
dIf)(E+R) < dif)(B)els " O (ELG 40

Finally we have that

4.8 Proof of Theorem 4.1

Now, we have the conditions to finish the proof of Theorem 4.1.

Due to the Lemmas 4.1-4.7, we obtain the following bound

SBL] < )(BLf] + 1)
Therefore 5
ELf(r) < Lfo

T YAE[folr et +1

With this “a priori” bound we can obtain the local existence of classical solutions using the energy
methods (see [44]).

In order to show the existence of such solutions we consider a mollifier
JeC®, J(x) = I(z)), T >0 and / T=1
R

For instance we can take

Now, for € > 0, we define
1
7o) =27 ().

We consider the following regularized system

Of =F(f); [(x,0)= folz), (4.31)
where

e (Je % 0uf(x) — T * D f(x — 1)) sinh(n) )
F =J.*x | P.V. d
(%) = Jex ( /]R cosh(n) — cos(Je * f(x) — Te * f(x —m)) + ¢

» (T % 0p f<(2) + T % 0p f(x — 1)) sinh(n)
#7 (P o T T g T ™) - (4

We have to show that (4.31) has solutions for ¢ << 1 in H® and that this sequence (in €) of
regularized solutions has a limit in H} when ¢ — 0. We remark that the ’a priori’ estimates in
previous lemmas are true for these regularized problems. We use Picard’s Theorem on the Banach
space H3 to ensure the existence for the regularized problems.

Step 1: functional framework First, we get the following result:
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Chapter 4. Local solvability in Sobolev spaces

Lemma 4.8. Let 0 < 7 <[ and 0 < ¢ < oo be some fized constant and define

O ={f.f € H}, | fl= <7 Ifllms <<}

Then, the set OF is a non-empty open set in H3.

Proof. Tt is obvious that it is non-empty. We have to check that the L™ and H? norms are
continuous functionals on R. The H? norm is obvious. Due to de reverse triangle inequality we
obtain

sy — N9l me@y| < I = gllmsw)-

The similar inequality for the L>° norm is due to the Sobolev Theorem:

1l = lgllzo@)| < If = gllLem) < cllf — gllma)-

As a conclusion the inverse images of the sets (—1,7) and (—1,¢) are open sets and so O] is an
open set. O

Now we take 7 and ¢ such that fo € O7.

We also have that in this open subset O the functional ||d[-]|| e (r2), where d[-] is defined in (4.3),
is continuous. We prove this fact in the following Lemma:

Lemma 4.9. Let d be the functional defined in (4.3) and let E be the energy functional defined
in (4.2). Then, ||d[-]|| L2y : OT = RY is continuous with respect to the H*> norm. Moreover, we
have that for f € OT we can write E[f] < A = X(7,¢).

Proof. We fix a function f € O and consider the ball

B(f,01)r ={9 € O, |f — gllpew) < cllf — gllas < 01},

with 01 < 7 — || f||Lee(r) and where ¢ denotes the Sobolev constant. This particular choice of d;
is to guarantee B(f,01)r~ C OI. For g € B(f,61)r~ = B(f,01/c)us, due to de reverse triangle
inequality, we have

Lf 1l oo 2y = lldlglll L= )| < ld[f] = dlglll o2y < eI fl| ooy, SIS = gllrra )

Now, given € > 0 we consider

B(f,02)ps = {9 € O, |If — gllus < b2},

and take
€

(I f oy, 61)

Thus we only have to take 0 = min{d1/c,d2}. Then we have that ||d[f]|| 1 (r2) is continuous (not
uniformly) for all f € O7. O

02

Step 2: applying Picard’s Theorem It is obvious that I’ maps O] to H?3, so in order to
apply Picard’s Theorem we have to check the Lipschitz property. We consider f, g € O such that
E[f], E[g] < A. Then we have

IE(f) = F9llz < FT() = Fi(9)lle2 + 1 F5(f) = F5(9) 22,
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where FY is the operator corresponding to the kernel =;. Using Young inequality to eliminate the
first mollifier we obtain

o (Jo# 001 (2) — Ty » uf(x — ) sinh()
IR - Filale < e, [ el =T ol )i
(u7e* xg(z)*je* Ig(zf ))Smh(ﬁ)

cosh(n) — cos(Je * f(x) — T x f(z — 1)) +

2

(T * Oug(x) — Je*c%g(w— ))Smh(n) p
cosh(n) — cos( T x g(z) — T x g(x — 1)) + € 77
For the first term we have
B . 7. . sinh(n)dn 2
R R A Ky (e Ay e et
2
inh(n)dn
e ¥ am —Je* am °

: H(j o) = Tex0nslo) [ e T T T T ,

sinh(n)dn
|| (e * 0n ) = Tex ””g(s””P'V'/B@,Q)c cosh() — cos(Je * f(x) — T fla—m) e

L‘Z

Now we use that cosh(n) —1+¢€ < cosh(n) —cos(Je * f(z) — Je * f(x —n)) + € in order to bound the
inner term. In order to bound the outer term we change variables n = —r. Putting all together,
we obtain

2

o 2sinh(n)dn
< € az - Je T
P < H(J * 0y f () — Je * g(z))/z cosh () — 2cosh(y) —2e 1,5

sinh(n)dn

+ |(Te % 0u f () — Te * ””g(x))/mo,mm

< cll,o)lf —gllis

We remark that the outer integral can be bounded uniformly in € if we take 0 < ¢ < 1/2. The
second term can be bounded using integration by parts, (4.7), and Cauchy-Schwarz and Sobolev
inequalities:

L‘Z

_ H &*8f@f n) = J * Ozg(x — ) sinh(n)dn |
P2 " Jr cosh(n) —cos(Te * f(x) — Tex f(x —1n)) + €

L‘Z

< H [ 1705 5@ =) = T gt )| =D DR ]
cosh(n) + sinh([g]) |9 <
= //lj€ (= ﬂ*g(m—nﬂ[ (cosh()—l—i—e) }
O i A
< cll.e N~ gl

For the third term we can do analogously if we use that |sin(z)| < |z| and the Cauchy—Schwarz
inequality. Indeed,

/IJe* g(x) = J. * 8,g(x — )| sinh(|n|)dn|*

ps <2|f —glli~ (cosh(n) — 1+ €)(cosh(n) — 1 +¢)

)

L2
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and using Sobolev inequality we conclude that

IFY(f) = Fi ()l < el e, DS = gllms-

The second term involves Zo, but with the same ideas we can obtain
1E5(f) = F5(g)llr2 < el e, MIIf = gll -
Now, we use the following property for the mollifiers:
1Te* vl e < ) 0]l m.

Taking m = 0, k = 3 and using the previous estimates we conclude that

1F(f) = F(9)llm= < c(l, &, MIIf = glluz,

so the spatial operator F° is locally Lipschitz. Then, using Picard’s Theorem, we conclude the
existence of classical solutions f¢ € C*([0,T],O7) for the regularized equations (4.32). Due to the
‘a priori’ energy estimates for f€, we can choose a time of existence 0 < T*(fy) independently of
€.

Step 3: showing that the sequence {f°} has a limit We have to show that the sequence
{f} of solutions of the regularized problems (4.31) is Cauchy in C([0,T],L?), with T < T* =
1/4E[fo]*c(l). We recall that for the solutions f¢ we have that

E[f](t) < el foll s [ foll o),

because we can use the ’a priori’ bounds in previous Lemmas. Given two solutions f¢ and f°, we
have to study te following quantity

G = P = [ (o= ) - P
2 dt R
For brevity, we only bound some terms. The terms with Z; are

- / (= PYEL(F) — FS(f%))de,

- [u-0 (0 [ e e 1)
Jdn )dm

e 45 L [ _sinh()(Js 0. f°(x) — T, 5*0 fo(x =)
_/]R(f -/ )(j6 /]Rcosh( ) —cos(Ts * fO(x) — Ts * fo(x —m)) + 8
)

(o [ ST 0, (@) Je*@fewfn)dn
jE/R(f d )<‘75 Acosh<n>—cos<x*fe<x> n))+6)d

_ ) o " sinh(n)(Je * 0, f(x) ~76*a f (z —m))dn
- /R(f d )<(‘7€ Je) /Rcoshm)—cos(x*f(x)— F—m) + )
. sinh(n)(Je * 05 f€(z) — Je*c? f :c—n))dn
+/]R(f -1 (jé*/u@coshm)eos(z Fe(@) - n>>+e) g

— sinh(n)(Js * 0. f° (x )—«76*5 f‘s(%—n) )dn
,/]R(f - f )<‘75*/]Rcosh( ) — cos(Ts * fO(z) — Ty * fO(z — 1)) +5>d:c

= ry+ro.
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The term ¢; can be bounded using the Cauchy—Schwarz inequality and the properties of mollifiers:

R T (A L CALTER AT AT P

r cosh(n) — cos(Je * f(x) — Te * fé(x — 1)) + €
e 45 sinh(n)(Je * 02 f(x) — Je * 0. f(x — n))dn "
i/R(f ! )/ cosh(n) — cos(Je * fe(x) — Te x f(x — 1)) +€d
’/ smh W Te % Opf(x) — Te % On f(x — m))dn
cosh(n) — cos(Je * fé(x) — Te * fé(x —n)) + €|y

< 2max{e d}H|f — f6||L

‘We have to bound

2

sinh(n)(Je * 0u f€(2) — Te % Opf<(x — m))dn
g cosh(n) — cos(Je * f(x) — Te * fé(x — 1)) + €| 2

/ sinh(n)(Je * 05 f€(x) — Je * Ou f<(x — 1))dn
B(0,2) cosh(n) — cos(Te * f(z) — Te x fe(x —m)) + €

sinh(n)Je * O, f¢(x)dn

S1

L2
2

* /B<o,2>c cosh(n) — cos(Je * f<(x) = Tex f(x —n)) +¢| ,
+ / sinh(n)(=Jc * 9. f(z —n))dn ’
B(0,2)c cosh(n) — cos(Je  f(x) = Tex f(z —m)) + €|,

IN

(D Tex 02 f N7 + eI Te % Baf Lo + (W)X + [ Te # O fll )1 Te # f€]I72-

Using that the energy is uniformly bounded only in terms of the initial data we conclude s; <
¢(l,T). For the second term we have

N RN
* Jr coshn) = co(e % Jo(2) = T x J(w =) + €

2

<e(l,T).

LZ

Finally we have
r1 < c¢(l,T)max{e, 0}| f° — f‘sﬂLz.

For r; the following bound can be obtained

ra < o(l, T)(max{e, 6} £ — f*llz2 + [1F = FlI72)-

For the part corresponding to the second kernel, i.e. the terms corresponding to Fi the same
bound is achieved. Thus, we obtain

S5 = Pllie < ot T)max{e, 8} + 17 £lz2),
SO

S 750 = ()52 < 1, T) maxfe, )

Consequently, we have that the sequence f¢ is Cauchy in C([0,T],L?). Now, using the energy
bound as is exposed in [14], we interpolate between H?(R) and L?(R) establishing the existence of
a strong limit f € C([0,T], Hf(R)) with s < 3 when € tends to zero. For 5/2 < s < 3 this implies
f € C(0,T],C*(R)).

In order to obtain the temporal regularity we remark that 0 f¢ tends in a distributional way to
the weak time derivative of f, we denote it by d;f. Indeed, for all test function ¢, we have that

/R/OT @O fedtdx = /R/OT O fedtde — /R/OT Orpfdtdr = /R/OT PO, fdtdz.
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Chapter 4. Local solvability in Sobolev spaces

Now, using the equation we can obtain that 9,f € C([0,T],C(R)) and so we have a classical
solution f € C*([0,T],C(R)) N C([0,T],C*(R)).

As we have an uniform bound for the H?(R) norm we have that, for any ¢, there exists a weak
limit h; € H3(R). We claim that h; = f(¢). Indeed, fixed t < T, we have

<f6(t)ﬂ il> - <h’tﬂ il>ﬂ Vil € HﬁB(R)v
for some h; € H3(R). Using the inclusion
H3CH?*cL*cH?c H3,
and the dual pairing (,) g« g defined through the L? inner product we have
(fC=he,d)gaxpg-3 = /(f6 — hy)pdx — 0, Vo e L2
R
The strong convergence in H? gives us
U= Fdmns = [(£°= Pode 0, Voe I
R
which is contradiction if hy # f(t). We have, using the ‘a priori’ bound, that f € L*°([0,T], H3(R)).

Step 4: continuity in the higher norm We start showing that f € C,([0,T], HF(R)). The
regularized solutions f¢ to (4.32) are in C*([0,77],07). Let us consider ¢ € H*(R). Due to the
previous step we have that f¢ — f in C([0,T], H*(R)) for 0 < s < k. Using that H* is dense in
H=F for 0 < s < k, we can take ¢ € H~*(R) such that ||¢ — ¢'|| -+ < e. Then, if we denote (,)
the dual pairing between H 3 and H3,

(@, f =N ={o = [ =)+ [ = 1) < elllfllme + 1 Nme) + 16 = 1£E) = f (O e,

and using the strong convergence in C([0,T], H®) we get

<¢7 fe(t) - f(t» < €C(f0,T,l, ¢)

We conclude (@, f€(t)) — (¢, f(t)) uniformly in [0,7] and, from the properties of f¢, we obtain
that f € Cy,([0,7], HF(R)). The strong continuity is equivalent to the fact that ||f(t)||gx is a
continuous function on [0,7]. For the sake of simplicity we take k = 3, being the other cases
analogous. From the energy estimates we obtain that

limsup || f ()| zrs) < || foll s r)-
t—0

Using f € Cy ([0, 7], HF(R)) we have

which means that f(t) — fo. Thus, ||follgs®) < liminf; o |[f()||g3®). We conclude the con-
tinuity at ¢ = 0. To obtain the continuity at any other time ¢ we use the parabolicity of the
equation (4.1) in a classical way. From the previous energy estimates (see Lemma 4.2) we obtain
that fOT |AY/2092f]|2, is bounded. Thus, iterating this procedure, for almost every time 0 < Tj
f(To) € H*(R). In particular for any 0 < § we have f(0) = f§ € H*(R). We consider f(z) a new
initial data. We repeat the existence argument and we obtain a solution f°(z,t) € C([0,T], H}),
with 0 < s < 4. In particular f° € C([0,T], H}(R)). At this point we claim the uniqueness of
such solutions, i.e. we claim f(x,t) = fO(x,t) for § < t < T where T is the common time interval.
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4.8. Proof of Theorem 4.1

As § was arbitrary we have that f(z,t) € C((0,T], H}(R)). Combining this with the continuity at
t = 0 we obtain the desired result.

Step 5: uniqueness In order to prove the uniqueness of classical solution to (4.1) we suppose
that we have two solutions in H (recall that | = 7/2) with the same initial data, f; and fo. We
have the following expression for the L? norm of f = f; — fa

Sl = /Pv/f A ) Gl f2) — Ea (e f) dnde
/Pv/f f(x—=n))Z1(x,n, f2)dndx
/Pv/f )+ file —n) (Ba(z,, f1) — Ea(z,n, f2)) dndz
/Pv/f x) + f(x —n))Za(z,n, fo)dndz

= Uy +Us+U;s+Us.

We study the first two terms, U; and Us, being analogous the study of Us and Uy. So we have for
Uy

Uy = /PV/ f(a — fulw =) Eulwn, f1) — Zi (@, f2)) dnda.
It follows that
Ei(z,m, f1) — E1(x,n, f2)

- cos(fo(x) = fola = 1)) — cos(fy(x) = fi(a =)

(cosh(n) = cos(f1(z) = fr(z —n))) (cosh(n) — cos(fa(z) — falx —n))) ) ’

and using the classical trigonometric formulas we have

cos(f2(x) — falie = m) = cos(fu(x) — fi(w — )
PN (IR LI

(o) = fle =), (£) = flo =),

2 2

Thus,
Ui = [PV [ 1@0.(6@) — e ) sinh(n)
9sin ((ﬁ(z) fl(w—n));r(fz(w)—fz(w—n))) sin (f(w)—g(w—n))
((cosh )—cos(fl() fi(z —n))) (cosh(n) — cos(fa(x) — fa(z —n)))

) dndx

< /Pv/f — fuw —n)) sinh(y)
5 i (YL@ =)+ (@ =fr-m) (f@)=f(z=n)
( ( : ) (A=) )i
(cosh(n) — cos(fi(z) — fi(x —n))) (cosh(n) — cos(fa(z) — fa(z —n)))
+ / PV / F@)19 (f1 () — f1(x — )] sinh(n)
9 |sin (1@ =fia=—m)t(a@) = fa@=—n) | 1 (Lf@=fa=—n]\®
( ( : )| # (Heege=) o
(cosh(n) — cos(Fr(@) — a( — ) (cosh() — cos(o(x) — falz — 7))
S V11+‘/217
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Chapter 4. Local solvability in Sobolev spaces

Vo= / PV / |F(@) 20 (f1(x) — fi(x — ) sinh(y)

sin ((fl(w)—f1(w—ﬁ))-g(fz(z)—fQ(z—n)))
( cosh(n) — cos(f1(x) — fi(z —n))) (cosh(n) — cos(fa(x) — fa(z —n)))

/ PV / fa 9:(f1(x) — fu(e — n)) sinh(n)
( (f1(1)*f1(I*n));(fz(m)*fz(mfn)) )

) dndzx

sin

'((cosh(n) — cos(f1(x) — fi(z —n))) (cosh(n) — cos(fa(x) — f2(x —n)))
= Wi +Ww

) dndzx

We observe that W3 vanishes. Therefore, if we change variables = and 1 = x we have

wp o= - /R PV /R F@)f()

dx(f1(x) — fi(n)) sinh(z — ) sin ((fl(1)*f1(77))42r(f2(1)*f2(77)))
( cosh(z —n) — cos(f1(x) = f1(n))) (cosh(z —n) — cos(fa(x) = f2(n)))
= [y [ @i
( 8, (f1(z) — f1(n))sinh(z — 1) sin ((fl(1)*f1(77))42r(f2(1)*f2(77)))

(cosh(z —n) = cos(f1(z) — f1(n))) (cosh(z —n) — cos(fa(z) = fo(n)))
= 0.

) dndzx

) dndzx

For W} in a similar way to the term K3 (4.16) in the Lemma 4.2 we have

Vit =W < (|| fillmss L2l m) L £ -

The term V3 is not singular, so we have

Vy < cllfill s, | fall ) L1172

Finally
< c(lfills, I fall =) I 1122

We split the second integral in two terms: Uy = V{2 + ViZ with

Ve — / PV / F(2)00 f(2)Z1 (2,1, f2)dnda,
R R
and
VZ = —/]RP.V/Rf(x)@zf(x —mZ1(z,n, f2)dndz.
Analogously to the proof of Lemma 4.2 we have

Vit < e(llf2llm) 1122

With the same technique as in Lemma 4.2 we have
= [ 2V [ @0 @)  f@ ~ n)=(a. . fo)dnda
R R
= [PV [ £@@) = @ = m)a,Zan. fa)dnde < ol ol 11
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4.8. Proof of Theorem 4.1

Therefore,
Us < c(|l follmo) | 1|72

Analogously, for the other terms we prove
Us, Us < c(|| foll s, lldlfollzo<) | F1IZ2-

Thus, applying Gronwall’s Inequality and the bounds for the U; terms the uniqueness holds. We
have concluded the proof of Theorem 4.1.

Remark 4.1. From the a priori energy estimates, it follows that the Beale-Kato-Majda criterion
for this equation involves || f||cz2.s.
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Chapter 5

Local solvability in the analytic
setting

5.1 Well-posednes for analytic initial data

In this Chapter we study the well-posedness of equation

0ufa.t) = PP [ [ @uf (@) = 0] (o = ) Z1(on )

(9 f () + 0uf (¢ =) Eal.n. ) | dn = P Al (@), (5.1)

when our initial data is analytic and the Rayleigh-Taylor condition is not necessarily satisfied. The
proof relies in the appropriate norms and bounds for the complex extension of the equation (5.1).
Let 0 < § < 1 be a fixed parameter. Now, we consider the complex strip

BT = {1' + 7’55 |§| < T}v
and the following Banach space
X, = {f analytic on B, },

with norm
2

IFle =" sup |95 f(x +i&)| + 103 /s,

k=0 z+iEEB,

where (@ +i€) = f(o+ i~ B)]
x+1E) — f(x+ 16 —
|fls = sup G -

r+i£€B,,BER

Notice that {X,} is a Banach scale, i.e. X,. C X, and || - ||.» < || - || for ' <.
In particular, we prove the following Theorem:

Theorem 5.1 (Existence in the unstable case). Let fo € X,,, for some rg > 0, be the initial
data and assume that this initial data does not reach the boundaries. Then there exists an analytic
solution of the Muskat problem (5.1), f € C([-T,T], X..),r < 7o, for a small enough T > 0.
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Chapter 5. Local solvability in the analytic setting

Thus, we get a unique forward and backward solution. For a similar result in the case with infinite
depth see [10]. Since the spatial operator has order 1, we can prove this result by a Cauchy-
Kowalevski Theorem (see [10], [49], [50] and [46]).

For notational convenience we write v = x +ir, v/ = x & 4r’ and we take p = 2 and | = 7/2. We

claim that, for 0 <7’ <,
C

r—r!

10x fllr < [1£1l- (5.2)

Indeed, we apply Cauchy’s integral formula with I' = 7/ + (r — 7)e? and we easily obtain

2

C 2
00, (1) < —— A F()].
> sup [0F0.f(v)| < r—r’§$g§| k)|

k=0 y'eB,.,

In order to bound the Holder seminorm of the second derivative we apply Cauchy’s integral formula
twice with Ty =~/ + (r —r')e® and 'y =4/ — B+ (r — ')e’® and we use the Holder seminorm for
92f.

In the appropriate units, equation (5.1) can be written as

0. f(7) = P.V. /

R

[ (0xf (v) = Ouf (v —m)) sinh (n)
cosh (1) —cos((f(v) — f(v—mn)))
0z f () 4+ 0 f (v — ) sinh ()

cosh () + cos((f(7) + f(v — 1)) dn. (5.3)
We define
A [f)(x +i&,n) = cosh®(n/2)
1) = COSh(n) + COS(f(.’L' + ZE) + f(.’L' + ’Lf _ 77)),
and

sinh?(n/2)

d_ [f](ZE + ’Lf, 77) = COSh(T}) — COS(f(ZL' + ’L&) - f(l' + Zf - 77)) -

The function dt controls the distance to the boundaries and the function d— controls the arc-chord
condition. To simplify notation we write

=) —fGy=mn), ) =r)+f(y—mn), (5.4)
sin”™(y) =sin(f~(y)),  sin®(y) =sin(f* (7)), (5.5)
cos”(7) =cos(f (7)),  cosT(y) = cos(f*()). (5.6)

5.2 The cornerstone

In this section we prove the keypoint of the Cauchy-Kowalevski argument:

Proposition 5.1. Consider 0 <1’ < r and the set
Or ={f € X, such that ||f|l, <R, |ld"[fllre@) <R, d"[fllr=em,) < R},

where d™[f] and d*[f] are defined above. Then, for f,g € Or, F : Or — X, is continuous.
Moreover, the following inequalities holds:

LAFEf e < 5250 s
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5.2. The cornerstone

2. |FIf] = Flglll» < 2| f — gllr
3. sup |F[f](v) = F[f](v = B)| < Cr|B|.

(v,B)€B, xR

Proof. To simplify notation e denote C'z a constant depending only on R that can change from
one line to another. To prove the last assertion we show the following Lemma:

Lemma 5.1. For a classical solution of equation (5.3) we have that

10t0: f1| Lo (B,) < Chr-

Proof. The equation for this quantity is given by
921~ () sinh (n) O2f* (y)sinh (n } J
)

%0 (1) = P'V'/R [cosh (n) — cos™(¥) + cosh (n + cos+ g

(7)
3 (O f~ ('y)) sin™ sinh (n) (8 1 (7))?sin™ sinh (n)
P'V'/R{ (cosh () — cos= (1)) | (cosh (1) + cos* (7)) ]d

=A1+ A+ Az + As.

Splitting in the %n’ and ’out’ parts the term A; + As we obtain

A+ Ay < eI fllczsmy (1471l @) + 1dF 1f]ll e (z))

/ Ei + Zadn
Be(0,1)

where =Z; were defined in (2.6), (2.7). We can bound the last term integrating by parts, obtaining
A1+ Ay < Cpr

+
Lo (B)

+ 1 flle2(m)

/ OnOz f (v —n)(E1 — Ea)dn|,
B<(0,1)

For the terms As + A4, in the same way, we get

Az + Ay < Chp.

The last assertion follows in a straightforward way:.

The first one is a special case from the second one, so we need to prove the second inequality. We
write the spatial operator in (5.1) as

Ff] = Flf1+ F(f],
where F; is the integral corresponding to the kernel =;.

Step 1: the bound for ||F[f]— F[g]| z-s,) Then, splitting the integrals and using the definition
of Og, we have

(0 f(Y) = O f (¥ — 1) — B29(¥') + D2g(7' — 1)) sinh(n)
v /B<o ) cosh() — cos(f (v') — F( — 1) i

+P.V. /B(O 1)(&Eg(v’) — 0z9(7" —n)) sinh(n) <

1
cosh(n) —cos(f(v') — f(v/ —n)

B 1 > i
cosh() —cos(g(v) —g(v —m) ) "
< Cr(102(f = 9llr=®,) + 10:(f = 9)le@.)) < Crllo(f — 9w,
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Chapter 5. Local solvability in the analytic setting

and, due to (5.2) we obtain the desired inequality. The outer part is

P.V.

(0o f(Y) = 0 f (Y — 1) — B29(7) + D2g(y' — 1)) sinh(n) dn
Be<(0,1) cosh(n) —cos(f(v') — f(v/ —n)

+P.V. /BC(OJ)(@JC (v') = 9zg(y" = n)) sinh(n) ( :

cosh(n) — cos(f(v') — f(/ —m)

1
7cosh(77) —cos(g(y') — g(v' — 77)> dn = Ay + A;.

Using (5.2) and integrating by parts, we obtain

A <

Cr
|1 = gl
r—r

The term Az can be easily bounded using the definition of d~[-] and Og:

As <

Cr
|1 = gl
r—1rT

Using the previous bounds, we conclude

Cr

r—r

IF1[f] = Filglll L~ e,y < ILf— gl

The part corresponding to the kernel =3 can be bounded in a similar way using the definition of
d™[-] and that the integral is no singular. Thus, we obtain

Cr
1B 1) = Balglllemcs.) <~ 1f = gl
Thus, we conclude
Cr
1EL) = Floll s, ) <~ 17 — g1l (57)

Step 2: the bound for |0, (F[f] — Flg])||z~® ) Moreover, with the same techniques we can
prove

IELf] = FlglllLs,) < Crllf — gllr-

Then, using Cauchy’s integral formula, we obtain

Cr

102 (ELf] = FlgDll @,y < —51f = gl (5-8)

r—_
Step 3 the bound for ||02(F[f] — F[g])HLoo(]BT/): We need to bound ||0,(F[f] — F[g])HLoo(IBT) <
Cr|lf — gl in order to use Cauchy’s integral formula. We change slightly the notation in (5.5)
and (5.6) and write

sin” (f,7) =sin(f~(v)),  sin*(f,7) =sin(f" (7)),

cos™ (f,7) = cos(f~ (7)) and cos™(f,7) = cos(f"(7)).
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‘We have

Ou(Rlf) ~ Al = (82/(7) — 9()P.V. 4cosh<n§ifhfgg—<f 7

B (02 (v —m) — 939(y — n)) sinh(n)
R TET=r a—

+PV. / O29” (v) sinh(n) 929~ () sinh(n)
R

cosh(n) —cos~(f,v)  cosh(n) — cos~ (g, )d77

B (0~ (1))? = (B2g™ ())?) sinh(n) sin™ (f, )
ey [ (cosh(n) — cos~(f,7))? g

3 (029~ (v))?sinh(n)(sin " (f,v) —sin”(g,7))
ey [ (cosh(n) — cos~(},7))? I
N (029~ (7))? sinh(n) sin” ()
ey [ (cosh(n) —cos—(f, )2
) in
)

(
(029~ (7))? sinh(n) si
+P'V'/R (cosh(n) — cos™(g,7))?

n

Ui

9y

We split the integrals:
O (F1[f] — Filg]) = As + Ay,

where Ag are the integrals in B(0,1) and A4 are integrals in B¢(0,1). The ’outer’ integral can be
easily bounded with the previous techniques without lossing derivatives, obtaining

A4 < CRHf - g”r

We write

A3 = B; 4+ By + non-singular terms.

We proceed now with the singular terms, those with 92(f — g), in Az without using higher deriva-
tives. We have

o o sinh(n)
= (92f(7) — 829(7))P.V. /B(O,l) cosh(n) —cos(f(v) = f(v =)

= O210) - PV [ a0, ~ a0, 00

dn

We can compute

ld”[f1(v,n) = d"[f1(7,0)| < Crlnl,

and, consequently,

B < CRHfngr

The other singular term is

(92f(y —n) — d2g(y — n)) sinh(n)
B(0,1) cosh(n) —cos(f(v) — f(v —n)

By = —P.V. dn).
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Chapter 5. Local solvability in the analytic setting

‘We have

B, = -P.

<

/ — 1) — d29(y —n))(sinh(n) —n) i
B(0,1) cosh

(n) = cos(f(v) = f(v—n))

2 _ _ 1 3 1
—P.V. /B( =n) = 0zg(y —m)d” [f1(v,mn (SinhQ(n/2) (77/2)2) dn
2 n _ B
o / oy e O 7 = G0 =) g (U0 = a1, 0
—4d” [f](y,0)P.V. o 02f (v —n) ; Pgly—n),.

= Ci1+Cy+C5+Chy.
With this splitting we observe that Cy,Cs and C3 are not singular and then
Ch+0Cy+C5< CRHf — gHT.

The C4 term is the inner part of the Hilbert Transform. We have

= ad-[fiopy. [ EUZ90) = fji(f — DO g < RIS — g)ls.
B(0,1)

Putting all together we obtain
B < CRHf 79”7“

The bound for the terms corresponding to F5 can be easily obtained, then we conclude

G2(PL7) ~ Fla oo, < 2102 (FUf] ~ FloD) ey <~

Step 4: the bound for |02(F|[f] — Flg])|s It remains the Hélder seminorm. We need to prove
that

O:(F[f] = Flg)(v) — O2(FIf] = Flgh(' = B) <

For the sake of brevity we bound only the more singular terms. We have the term

P sinh(n)
= O24) = O WPV [ ey

Now we use the classical inequality
XY s < [ Xz Y5 + Y[~ X5,
to obtain

sinh(n)
P'V'/R cosh(n) —cos(f() —F —m) ™

We use the following interpolation inequality

G(z) =Gz —y)| _ (IG(SC) -Gz -
lyl® ly

|A5|6 < ”ar(f *g)”W

(oLl

)
y)') G(2) — Gl — )" < c|Gllen

and the previous techniques to obtain

< Ch.

Cs

HP'V' /]R cosh(n) — 60:8}(15’)) f&'=m) @
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‘We write

(@3 f(y —n) — 02g(y" — n)) sinh(n)
As = — -V. V. Z z _ .
6 (P A4 /B(Oq) +P.V /BC(011)> cosh(n) — cos(f(v') — fF(v' — 1)) dn = Bs + By

We split
o (@3f(y —n) — 83g(y' —n))(sinh(n) — n)
Boo = PV o coshn) —cos(F) — F7—m))
_ 3 !/ _ 93 I — / 1 _ 1
P.V. B(O,l)(axf(v m) = 0,90y =n)d”[f1(v';m)n (SinhQ(n/Q) (77/2)2) dn
~P.V. /B(O,l)(aﬁf(v’ —n) =gy — n))ﬁ(d_ [F1(4'sm) — d™[f1(v',0))dn
Ad (], 0PV Gf(v —m) — &gy’ —m) .
B(0,1) n

= C5+ Cs + C7 + Cs.
We have to study the variations given by
dC; = C;(v") — Ci(v/ — B), for i =5,6,7,8.

The first three terms are not singular, so they can be bounded easily by

Cr

dCs + dCs + dC7 < ||0x(f = 9l CrIBI” < ——If = gll-BI"

r—

The last term is

BRI =n)—2g(y —n)

dCs = —4(d” [f](v',0) — d~[f](" — B,0))P.V. . ; dn
—4d”[f](v' - B,0)
« P.V./ Rf(Y —m) =gy —n) = B2f(Y —n—B) +d39(v —n—B) "
B(O,l) n
= dCg +dC3.

Using the cancelation of the Principal Value integral we have

PV/ %G -9 - % -90 —n),
o B(0,1) n

Cr
dC3 < CrlB|’ n| < —IBI°llf = gl

We complete the integrals in dC3 as follows:

dC2 = —4d~[f)(v' — B,0) (H (33(f — 9)(7)) — H (33(f — 9)(v/ — B)))
+4d[f](+' — B,0)P.V. 3(f —9)(¥ —n) — ii(f ) =B,
Be(0,1)

n.

Now we observe that in order to bound the Hélder seminorm of the Hilbert Transform you don’t
need that the function has compact support (see [44]). Then

—4d™[f](v' = B,0) (H (03(f — 9)()) — H (32(f — 9)(¢' = B)))

c
< Crl2(f - g)lslBl° < —L&

r—r

If = gll+181°.
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Chapter 5. Local solvability in the analytic setting

Now, for the remaining term we integrate by parts:

PV/ 3n3§(f79)(7’*77)*3n<9§(f79)(7’*ﬁ*77)dn
e

n

< |2 (f = 9)lslBl° <

where, in the last inequality we used the previous interpolation inequality for Holder seminorms.

In order to bound the last term, By, we integrate by parts to ensure the decay at infinity. Using
the previous notation (5.5) and (5.6), we have

By — _/ 03(f —9)(v" = m)(1 — cosh(n) cos™ (f,7") — sinh(n) sin” (f,7)0= f (' — 1))
B¢(0,1) (cosh(n) — cos™(f,7))?
_%(f —9)(7' +1)(1 — cosh(1) cos™ (f,7') + sinh(1) sin” (f,7")0: f (' + 1))
(cosh(1) — cos™(f,7"))?
_9(f —9)(7’ = 1)(1 — cosh(1) cos™ (f,7') — sinh(1) sin” (,")0: f (' — 1))
(cosh(1) — cos™(f,7"))?

= (9 + boundary terms.

Now we split the integral coming from the difference:
O:(f —9)(v' =n) =% (f —9) (v —n—B))
B<(0,1) (cosh(n) — cos™(f,7))?
X (1 — cosh(n) cos™ (f,~") — sinh(n) sin™ (f,v")0 f (¥ —n))dn

(f — 9%7447 B) 1 it st (o -
/B(O 1y (cosh(n) — cos=(f,7))? 5 (1 —sinh(n) sin™ (f,7)0 f(v" — )

—cosh(n)(cos™ (f,7") = cos(f, 7" = B)))dn

o (f - g)(v—n B) . o
/Bf(o 1) (cosh(n) — cos~(f,7"))? (1 cosh(n) cos™ (f,7 — B)

—sinh(n)(sin™ (f,~') —sin~(f,7" — 8))0=f (v —n))dn

2(f - g)(v—n B) . o
/Bf(o 1) (cosh(n) — cos~(f,7"))? (1 cosh(n) cos™ (f,7 — )

—sinh(n) sin™ (f, ,}/ _ ﬂ)(axf('}/ ) — (9zf(f}/ - 8))dn
/B o) 2(f — 9)(v' —n— B)(1 — cosh(n) cos™ (f,7' — B)

—sinh(n)sin™ (f,7 — B)0f(v —n —B))
1

( cosh(n) — cos=(f,7"))? B (cosh(n) — cos=(f, v — ﬂ))Q) n

<

The other terms and those corresponding to F5 are easier and the same inequality follows using
the same techniques. Then we have

IELf] = Flglll» <

and we conclude the proof of Proposition 5.1. O
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5.3. Proof of Theorem 5.1

5.3 Proof of Theorem 5.1

The proof follows the same argument as in [10, 46, 49, 50]. As fo € X, there exists Ry such that
fo € Opr,. We take r < rg and R > Ry in order to define Or and we consider the iterates

t
Foir = fo+ /0 Flf.)ds,

and assume by induction that fi € O for k < n. Then, we obtain a time of existence Tcx > 0.
It remains to show that

™ (farall@) < By N [farallz=@,) <R,

for some times T4, T > 0 respectively. Then we choose T'= min{Tcxk,Ta,Tp} and we finish the
proof.

Using the classical trigonometric formulas we obtain

cosh(n) — cos (fo(v) — foly —n))

(@ [fusa]) ! = %3]
, 2eoslfola) = folo ) s’ (Jy FL() = FLfa)(y = m)ds/2)
sinh?(n/2)
sin(fo(1) — foly = m)sin (fy LAl () = FUfal(y = m)ds)
+ .12 :
sinh®(n/2)

Take t < 1 and assume that n € B(0, 1), then, using the inequality

sup |F[f](v) = F[f](v = B)| < CrlBl,

v€B,,BER
inf Proposition 5.1, we have
_ -1 1 142
(@ [fns2])™ > 5= = Cr(t" +1).
Ry
In the case where n € B¢(0, 1), to ensure the decay at infinity, we use the inequality

| F[fulll Lo ,) < Ckr,
to get

(™ [fara]) ™" > Rio SO 1 1),

11 1
0< A<m1n{ ’\/(Ro R) 4maX{011270122}},

and then [|[d~[fry1]|| L (®,) < R. We do in the same way for d*[f,1]. Using the classical trigono-

Thus, we can take
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Chapter 5. Local solvability in the analytic setting

metric formulas and the previous inequalities, we obtain

cosh(n) + cos (fo(y) + foly — 1))

(@*[fsa]) ! = 072
, <osthola) + oty =) (s (Js UL + FLfl(r = n)ds) 1)
cosh?(n/2)
sin(fo(7) + foly =) sin (fy FLA)) + FlA)( = m)ds)
a cosh?(n/2)
> Rio — CH(t* + 1),

thus we can take

0<Tp <min<1 11y L
BTSN\ R, R/ 203 [

and then ||d*[fn41]l|L=(®,) < R. This concludes the proof of Theorem 5.1.
Remark 5.1. We observe that the previous Theorem holds for periodic, and analytic initial data.
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The qualitative properties of the
confined Muskat problem
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Chapter 6

Smoothing effect and Ill-posedness

6.1 Foreword

In this Chapter we prove the instant analyticity for the classical solution of equation (2.5), which
exists due to the Theorem 4.1, if we start with a smooth initial data. Moreover, we use the
smoothing effect to obtain the ill-posedness in Sobolev spaces for negative times or equivalently
the Rayleigh-Taylor unstable case p? < p'. In particular, we prove

Theorem 6.1 (Instant analyticity). Let fo € HP(R) be the initial data and assume that the
Rayleigh-Taylor condition is satisfied, i.e. p* < p?. Then, the unique classical solution f(wz,t) of
equation (2.5) continues analitically into the strip B = {x + i&,|¢| < kt,V0 < t < T(fo)} with
k= k(f07 l)

Without lossing generality we consider | = 7/2 and p = 2. The proof of Theorem 6.1 relies on

some estimates for the complex extension of the function f (see equation (6.5)) on the boundary
of the strip

B={z+i|{ <kt,VO<t<T(fo)}

for certain k, a universal constant that will be fixed later. This property in the infinitely deep case
is proved in [10].

Since in the stable case the solution becomes analytic, one expect ill-posedness in the unstable
case, i.e. p! > p?. We have the following Theorem:

Theorem 6.2 (Ill—posedness).~ There exists a solution f of (2.5) in the Rayleigh-Taylor unstable
case, i.e. p* < p', such that || follm=ry < € and || f(0)||zr=r) = 00, for any s >4, ¢ > 0 and small
enough 6 > 0.

The proof of this Theorem is also valid for the periodic or flat at infinity, infinite depth case while
the proof in [23] (see also [54]) it is not valid in the confined case. The main difficulty of (2.5) is
that the kernels don’t allow any scaling.

6.2 A useful commutator estimate

We will need a result concerning the commutator [AY, F| = A“F — FA® and where A = v/ —A.
For the sake of completeness we give the result.
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Chapter 6. Smoothing effect and Ill-posedness

Im

Re

Figure 6.1: The strip of analitycity for f.

Lemma 6.1. Let 0 < a < 1 be a real number and let F,G be two smooth functions decaying at
infinity. Then we have the following inequalities:

||Aa(FG) — FAaG||L2(R) < C(aaB)HF”CB(R)HGHLQ(]R)a Zfo <a<pf<l1

and

[AFG) = FAG| L2r) < c(B)IFl[cr0(m) |Gl 2Ry, with 0 < 5 < 1.
Proof. We have

NT(FG) — AT = \ [ Ge-arer ~ - siyas

< cq / G — )| B (s)]|s]ds,

where we have used the classical inequality [£]* < 2971(|¢ — s|® +|s]|*). We use Plancherel Theorem
and Hausdorff-Young inequality to obtain

[A“(FG) — FA“G| r2w) < cal| A*F|lpiw)[|Gll2®) < callAF|| oo ) |Gl L2 (r)-
We consider 0 < a < 1, then
[AYF ||l Lo®) < cgllFllosm), o <B<1.
In the case where o = 1 we have

[AF[| Loy < el Fllersmy, 0 <8 < 1.

6.3 The appropriate energy

The proof of Theorem 6.1 relies in some ’a priori’ bounds for the appropriate energy in the complex
strip B. In this section we describe such an energy. We define

11220, = / \f (@ + k) 2dz + / \f (@ — ikt) 2d,
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6.4. Bound for HfHLZ(IB)

||f||§13(135) = HfH%Z(IBS) + ||3§f||2L2(ma),

. _ cosh?(n/3)
dFf)(x +i€,n) = cosh(n) T oos(fz T it) + Fa T i)’ (6.1)
a- ()@ + i6,m) = sinh(/3) 6.2)

cosh(n) — cos(f(z + i) — f(z +1i§ —n))
We remark that dt[f], as d[f] defined in (4.3), gives us the distance up to the boundary. d~[f]
plays the role of the arc-chord condition (see [10]) and ensures that the singularity in the first
kernel has order two. This fact for real functions f holds automatically, but this is not the case
for complex valued functions. In the case of complex functions we have that if the kernel Z; is
singular then the following equality holds

cosh(n) — cos(Ref(x + ikt) — Ref(x + ikt — n)) cosh(Imf (z + ikt) — Imf(x + ikt — n)) = 0.

Assume now that |n| > R > 2, where R is a constant that will be fixed later, then

1 1 1 1
3 cosh(n) + 3 cosh(R) — cosh(2|| f|| Lo (m)) < 3 cosh(n) + 5 cosh(R) — cosh(2[[Tm f|| o (z))
< cosh(n) — cos(Ref(z + ikt) — Ref(x + ikt — n)) cosh(Imf (z + ikt) — Imf(z + ikt — n)),

so we want that i
S cosh(R) — cosh(2]| | 1 (s)) > 0,

because in that case the kernel Z; is not singular and behaves as tanh(n). A similar analysis can

be done for =5. We write
1

D{fl(v) = cosh(R) — 2 cosh(2[f(7)])

We consider Hardy-Sobolev spaces (see [2] and references therein) on B so we want to obtain ’a
priori’ bounds on the following energy

(6.3)

Eslf] = | flIZsmy + 14" [l @) + 4™ [Nz @) + 1 D[fll oo (). (6.4)
where
[F(z+i&,n)|lLe@ = sup |F(z+i& )l
z+iE€EB,nER

Notice that, due to the Hadamard’s Three Lines Theorem, it is enough to consider the supremum
on JB.

6.4 Bound for ||f]|| s

The evolution for the complex extension of f is

o f(x £ ikt) = P.V./

{ (Oz f (v £ ikt) — O, f (x ikt —n)) sinh (n)
R

cosh (n) — cos((f(z £ ikt) — f(x £ ikt —n)))
(Onf (x £ ikt) 4+ On f (x £ ikt — n) sinh (1)
cosh () + cos((f(x £ ikt) + f(x + ikt —n)))

dn. (6.5)

For the sake of brevity we work with both boundaries x + ikt at the same time and we write
v = x £ ikt. We remark that ¢(l) is an universal constant that can change from one part to
another. We start with the L?(B) norm:
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Chapter 6. Smoothing effect and Ill-posedness
Lemma 6.2. Let f be a H3(B) solution of (6.5). Then
@17 ags) < exple) (Bslf] +1)).
Proof. Using that [ fg= fTUE we have

337 [ 1fO)Pdz = e [ 7)) % ik, 1) da

The terms with the spatial derivative can be bounded as follows

Re /R F(&iko, f)de < < Bl o) 10 | 2oy < kEsLf].

/ f(£ikd, f)dx
R

For the terms with temporal derivative we split the integrals as in Lemma 4.1:

Re/ fOifdn = Ay + As,
R

where

— Re | _Onf () = 0uf (v = m)) sinh ()
A= me v /Bm f) [h () —cos(((7) — Fr —m)

(0xf (7) + 0 f (v — n)) sinh (1)
cosh (1 ) + cos((f(v) + f(y —m)))

~ Re 7+(S*1) ))nsimh(m)
- B / / bV /B<0 ) cosh “eos((F (1) — f7 — ) e
+Re/PV /B<01> . COSh )+5 f (v —n))sinh (n) dndz

dndzx

)+ cos((f(v) + fly—m)))
e 2@ (103 F 2yl L1l ) + 190 Fll ey 147 )2 cey)
e(D)(B5 )"

In the first equality we used the complex extension of the formula (4.4):

IN A

0uf(V) = Ouf(y—m) = 77/0 O2f (v + (s — 1)n)ds.

The term Ao corresponds to the ’outer’ part and can be splitted as

Az = B1 + Ba,
where
B = Re [ f0)o:f0) [ Ealrm) + Zalim)dnds
R Be(0,1)
< N fllee@ |0 fll L2 e P-V-/ (E1(v,m) + Z2(7,m))dn
Be(0,1) Loo(B)
Changing variables n = —n we have
P.V. E1(y,m)dn

B<(0,1)
_ /°° sinh (1) (cos((f(y) = f(y +1)))) = cos((f () = f(v —n))))dn
1 (cosh () —cos((f(v) — f(v —n))))(cosh (n) — cos((f(7) — f(v+m))))’
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6.4. Bound for ||f||L2(IB)

and, using the definition of d~[f](,n) and the formulas for the difference of complex cosines, we
conclude

sinh(n)

P.V./ Z1(v,m)dn S P
B<(0,1) 1) s1nh4(77/3)d77

< el (112 w3y cosh(2] | 0 a) /

Lo (B)

Following the same steps as before we obtain

sinh(n) _
cosh*(n/3)dn

PV [ SaGumdn| < eI e oS oece) [
Be(0,1) Lo (B) 1

Finally, we conclude the estimate for By,

By < (Dl fllz2@®) 10z fl| 2w (Id~ [f]”%oo(]ﬂa) + ||d+[f]||%oo(ma))COSh@HfHLw(B))
< c(D) Es[f]? cosh(cEp[f]) < c(l) cosh® (c() Es[f])-

The term Bs can be bounded as follows:
By = Re/ f(v)/ O f(y —=m)(E1(y,n) — E2(v,n))dndz
R Be(0,1)

Re / ) [f(v D E () — Ea(ym))

8B<(0,1)

[ o E ) - Za0, n))dn} da
Be(0,1)

- ref f(v)[—f(v— D(ed [l 1) — cad* [f](, 1))
RO+ Dead (3 —1) — ead* (17, ~1)
[ - noE e - S0, n))dn] dn
Be(0,1)

O 2 Nd™ [l oo @) + a1l Loo @)
+(||d_[f]|\%x(m) + ||d+[f]|\%oc(ma))COSh@HfHLw(IB))(l + 102 fll e ®)))
< ¢(l) cosh?(c(1) Eg[f]).

IN

Putting all the estimates together we obtain

17 1age) < exple()(Esl] + 1),

The evolution of the L? norm of the third derivative is given by
1d

5 102 ll2@) = Re / ()DL f () £ ik f(v))dw = I} + 313 + 315 + I{ + Iy,
R

with
If = Re [ BFOIPN. [ 0.(021(7) ~ 921y~ 1)1 + 0.(02F(2) + 0241 ~ n)) Zadde
1§ = Re [ BTFOIPV. [ (@21() ~ 3273~ )01 + (02(0) + B2y — )0, Zadnde,
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Chapter 6. Smoothing effect and Ill-posedness
Iy = Re/ [ (v)P.V. / (O2f(7) = 2f (v = m)OZE1 + (92 f(7) + 07 f (v — 1)) 9 E2dndz,
R R
I =Re /R TET(PV. /}R (02 f(9) = Oaf (v = m)OTEs + (uf (1) + Do f (v — 1)) 0} Endlnd,

I§ = £hRe | BT ()i047()da.

6.5 Bound for IT

In this section we bound the singular term, those with the highest derivatives. We use the notation
defined in (5.4)-(5.6). We also write

m(t) = minRe (6.6)

v 1+ 0 f(M))

Lemma 6.3. Let f be a H3(B) solution of (6.5) in the Rayleigh- Taylor stable case and let R be a
constant such that || D[f]||L~®) < oo. Then, there evist 0 < K = K(l), a universal constant, and
0 < € an arbitrary constant, such that

- 27Tm(t)>

+exp(e(l, e)(Eg[f] +1)). (6.7)

IS < [AV203 |22 <§ +K HIm (P. V./REl + Egdn) N
Lo (B

Proof. We split this integral as follows

IF = Re / DBF(7)0Lf(v)P.V. / Bl + Sadndx
R R
~Re [ TP, [ 041~ n)(E1 - Eo)dnds = I+ J3C,
R R

The first integral, after some integration by parts in the x variable, decomposes in the following
way

JIE 7/ %|8§’f(7)|2Re <P.V./8I51+8I52d77> dx
R R
+2/Im8§’f('y)Rea;lf('y)Im <P.V./E1 +Egdn> dx
R R
+ / Red? f(7)Imd2 f (v)Im (P.V. / 02Z1 +6152d77) da
R R

= K+ K+ KC

We have
Ky© =07+ 1LyS

where

1
Lt = f/ §|8§f(7)|2Re <P.V./ 0.1 + agm) do = M} + My©,
R B(0,1)
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6.5. Bound for I%:

and

1
Ly° = */ 3102/ (7)["Re (P.V./ 0xZ1 + 8szdn> dz.
R B<(0,1)

The outer term can be easily bounded using the definition of d*[f] in (6.4). Thus,

L5 < eD02 25102 1o ) cosh(2l L oee)) (1™ (Ao ey + 17 (Ao )
<exp(c()(Eslf] +1)).

For the term Li’c we have

1
Lt = f/ §|8§f(7)|2Re <P.V./ 0.Z1 + agm) do = M} + My©,
R B(0,1)

1
My© = —/ 5102 () Re (P.V./ 8z52d77> dz
R B(0,1)

< e 32e) 147 [f1170 2195 £l = 3) cosh(2] | o 2)
< exp(e(D)(Es[f] + 1)),

and

e _ [ Lo ege (d”[f1(,m))? sinh(n) sin™ () (0=.f~ (7)) .
N .l <P.v. /| o T dn>d-
We write

(d[f](y,m))? sinh(n) sin™ (8. f (y) = 8 f (v — 1))

sinh*(n/3)
_ (@ [f](y,m))*sinh(n)(sin~ —(f(v) = F(v =) (0= f(7) — Buf (v —m))
sinh*(n/3)
L @A, )% sinh(n)(f(v) = f(v = 1) = 0 f(V)N) (0u f () — D f (v — 1))
sinh?(n/3)
L @A n))? sinh(n)0x f (7)1 (0xf (v) = uf (v =m) = D2 (v)n)
sinh?(n/3)
L (@7l (v, m)* = (d~[£](7,0))?) sinh(n) . f (7)n*P2 £ (7)
!
sinh®(n/3)

L @fo, 0))? sinh (7). f(V)n?02f (v)

sinh?(n/3) ’

and so we have Mll’c = Nll’(C + N21’(C + Né’(c + N41’(C + N;*C. Using that

[sin™ (7) = (f(7) = f(y = )| < e(1) cosh(2[| | = (&)) 111102 £ 7 < (5,

we obtain .
1, _
Ny < e fIT 20y 102 f 1|7 ooy 1™ [F11|F 0 () cOSh(e(D)[| £ Lo ())-

For the second term we have
C -
Ny© < eMO2F17 2@ |02 F 117 e gy 14 L1117 00 5y -
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Chapter 6. Smoothing effect and Ill-posedness

Using the Holder regularity we bound the third term as follows
,C _
N3= < N0 f 172102 f e iy 1l o2 1A [ 2 ) -

We remark that N;’C =0, so it only remains the term N, Using the definition of d~[f] and the
fact that

Ouf(v) — Sin((f(?m_hé%)_ n))/Q)‘ <|0.f(y) - W‘
N ‘f(v) —fy=n fO)—flv=n) ‘ L [sin” () — fly — 77))‘
n Sinh(n) n

< (102 f | oo @) + 10 f | ow @) 1] + 101102 f || oo 3y2 cosh(2] f ]| Loe a) ),

and we conclude
MC < exp(e(l) (Ealf] +1)).

Putting all the estimates together we conclude
K1 < exp(e(l)(Es[f] + 1).
Now,
K} =2 / [Im (P.V. / 1+ Egdn) Imd2 f(v)]AHRe? f () dx
R R
=2 / AY?[Im (P.V. / = +Egdn) Ima3 f (7)]AY2HRed? f (v)dx
R R

, ||A1/2R63§f(’>’)||L2(1B),
L2(B)

<2 HAW [Im <P.V./ 21+ Ezdn> Im@i’f(v)]
R

and using Lemma 6.1 we obtain

Ky© < K|IAY283 F()| L2gsy <‘ 9;Im (P-V~ /R (B1+E2) dﬁ)
Lo (B

R

We consider € > 0 such that, using Young’s inequality, we obtain

10211222
)

Lo (B)

||A1/23§f(’>’>|L2(IB)> .

c_ K? i
Ky,© < 2—6H1m (P.V./}Raz (El+E2>d77>

102 f1172 s
Lo (B)

+ <§ +K th <P.V./ (Z1 + Eg)dn>
R
We get

HIm (P.V./ 0y (21 + ) dn)
R

) IAY203 F(1)II7 2 m-

Lo (B)

<
L>(B)

P.V./ 0, (Z1 + Za) dn
B(0,1)

L>=(B)

+ P.V./ 8, (21 4 E2) dn
B<(0,1)

L (B)
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6.5. Bound for I%:

and it can be bounded as in L%’C and Lé’c. We conclude

L“(B)>

+exp(c(l, e)(EB[f] + 1)).

€ —_ —_

The third term can be easily bounded in the same way as L}’C and Lé’c and using Cauchy—Schwarz
inequality:
1,C
K3 < exp(c(l)(Es[f] +1)).

To finish with IT we only need to bound JQl’(C = Ki’(c + Ké’c, where

K}S = —Re [ TP, [ 021~ n)Esdnda,
R R

KES = Re [ BTN [ 015~ nEadnds.
R R

The term corresponding =5 can be easily bounded integrating by parts in n and using the definition
of d*[f]. Thus,

K€ = Re /}R P (7)P.V. /R O f(y — m)DyZadndz < exp(c(l) (Bs[f] +1)).

The last term remaining gives us the needed dissipation in order to obtain a priori energy estimates.
We have

sinh(n) — n

KEE = he [ BFOPY. [ ol 00m T s
_ \ _ 1 1
—Reéaif(v)P-V-Aazf(v—n)d 1y, mm (sinhQ(n/S) - (77/3>2) dndz

)d_[f](%n) _d_[f](’%o)
n

—9Re /R 3 f(v)P.V. /R Nfly—n dndz

_— 4 —
~ore [ T, 0p. [ 20D g,
R R n
= L+ LS+ L4+ L

In the first three terms, Lé’c, L}L’C and Lé’c, we can integrate by parts in n because we have the
cancelation needed at n = 0. For example:
sinh(n) —n

Lé’c = —RGA@(W)P.V.Aagf(W —n)d” [f]1(v,1n)0y (sinhQ(n/ii)

) dndzx,

and using 4.7 we can conclude Lé’c < exp(c(l)(Es[f]+1)). The second term can be bounded using

D[f]:

Ly© = —RG/RW(W)P-V-/R@%(W — )0y ((d_ [£1(vsmm (sinh21(n/3) - (n/lg)g)) dndx
= My"© + M; ",
where
M= me [FFORY. [ atsa-mo, (@ 0 (i~ ) )
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Chapter 6. Smoothing effect and Ill-posedness

sinh21(77/3) N (n/13)2)> dndz.

The inner term Mgl’c can be bounded using the definition of d~[f]. For the outer term M41’(C, we
use that in this region (and since || D[f]|| @) < o0), we have

mi€ = e [Fpey. [ a2st-n, (@ e (

¢(0,R)

)

1 ’ A1 + 2 cosh(2[| fl| L))
cosh(n) —cos(f(v) = f(y—=m) |~

and so we conclude Li’c < exp(c(l)(Eg[f] + 1)). For the third term we can do in a similar way
obtaining Lé’c < exp(c(l)(Es[f] +1)). We remark that

2 1

cosh(n)

T = ST e
and then
Ly® = —QFRG/R@(V)A@JC(V)WW
= -9 e ; e 3 e 3 Jant 3 m 3
= 2r [ e (15 gy ) (ReO2()ARCDLS() + Tnd f(3) AT ()
— 27 m ; —Re 3 md3 mo> € 3
o [t (e ) (CReOF)AIMGES ) + Ik ()AReDS ()

= M>® + Mt

In MS1 ’C, we can find a commutator. Then, using Lemma 6.1 and the Sobolev embedding, we
obtain

M© < e)|02f || 12wy

[ (e e

< D3 f 11728y

L2(B)

1
’Im (W) < exp(c(l) (Bs[f] + 1)).

C1.5(B)
Now we write
. 1 ~ Re 1
) =R G e = T @G0
1+ (Redy f())? — (Imdy f (12))*
(1+ (Reds f())? — (Im0y f(7¢))?)? + 4(Reds f (1)) (Im0y f (7¢))?

We remark that for classical solutions we have 0 < m(t) < oo for ¢ as long as the solution exists.
Thus, we have ME}’C = Né’c + N61’(C, where

e = _og 671 -m ed? ed? mo? mo> x
N = [ (Re (1) — M0 (ReOR7()ARRDLS() + Tndif(0)Amd2 () d

Ng© = —m(t)2r||AY203 f|| 5.

It only remains to bound N; ‘€. This can be done using the pointwise inequality FAF > A(F?)
(see [18]) if 0 < m(t) < oo (as it is at least for a short time). Then,

N&C < e(l) HH@zRe

1021172 g

1
14 (9:f(7))? Lo (B)
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6.6. Bound for the lower order terms
Moreover, using the Sobolev embedding and the boundedness of the Hilbert Transform in Holder

spaces, we conclude N2*© < exp(c(l)(Ea[f] + 1)).

Finally, if we put all the estimates together we obtain

- 27Tm(t)>
L (B)
+exp(e(l, €)(Eg[f] +1)).
O

6.6 Bound for the lower order terms

In this section we bound I, IS, I and IE.

Lemma 6.4. Given a classical solution of (6.5), we have
£ < exple()(Eslf] + 1)).
Proof. We split the integral as follows
I3 = JpC

where

J5C = Re / |02 f12(7)P.V. / D221 + 0,Ednd,
R R

and
J3C = —Re/ aif(v)P-V-/ O3 f(y — n)(0:Z1 — 0,Zs)dnda = K7° + K3
R R

The term 1712’(C is the same as Kll’(C in Jll’(C and so Jf’(c < exp(c(l)(Es[f] + 1)). The term corre-
sponding to the second kernel can be bounded by means Holder inequality
K3°© = Re/@(v)PV-/ 03 f (v = m)DrEadnda
R R
sinh(|n])
osh*(n/3)

IN

(1) cosh 2| | = e)110n ooy 18 12 e ) / )l / iy dndz
< exp(e()(Bslf] +1).

The other term gives us a Hilbert transform. We follow the same idea as in M, €,

2¢ _po [ 557 5. sinh(n)sin(f(y) = f(v =)0 f(v) = 0uf(v — 1))
k=R /Ragfm/uea””fw ) (cosh(n) — cos(f(v) — f(v —m)))?
= L%’C + Lg’c,

where

L= [T) [ o - SIS )Bhf ) —0ef o )
R B(0,1)

(cosh(n) — cos(f(v) — f(v —n)))? ’

(Cosh(n)*COS( ) - (v 77)
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Chapter 6. Smoothing effect and Ill-posedness

The ’out’ part can be easily bounded
L3C < DN (/11170 @) 102l e ) cosh 2] f Il o @)|| | 22y < exp(e()(Ea[f] + 1))

We compute

(d[f](,m))? sinh(n) sin™ 0. f~(v) _ (d”[f](v,m))*(sinh(n) — n)sin~ 0=~ (v)

sinh?(n/3) sinh*(n/3)
L LAy m)Pa(sin” —f7(0af~() | (dZ1f1(nm)*n(f = (v) = n9af (1))9af " (7)
sinh?(n/3) sinh*(n/3)
- 773 52f( n - 2 2 1
10087 (2) (Smh4 DL ST )+ @ 11600 ()0 ()
(A~ [f1(v,m)*n?0a f (1) (O f ~(v) — 102 f (7))
sinh?*(1/3)
(Ch /10y, m)? = (™ [/1(y, )0 f()2f ()
sinh*(n/3)
The last term is the Hilbert transform, and the other terms are not singular, so we have
3 _
I < exple)(Belf] + 1) ~ Re [ TT)@ 11000205 0o2r) [ 0D gy
R B<(0,1) n

T Re / FF()(d 1f) (7, 0))20, F(1)O2F (1) H (2 f (7 — m))de.

The term with the Hilbert transform can be easily bounded and the outer term can be bounded
by means of a integration by parts in order to ensure the decay at infinity, thus we conclude the
result. O

Lemma 6.5. Given a classical solution of (6.5), we have

I5 exp(c(l)(Eg[f] + 1)),
Iy exp(c()(Es(f] +1)).

IA A

Proof. Using )
O2f(v) — 02f (7 — ) = / O3y + (s — Vymnds,

the integrals involved in IS are not singular and so the proof is straightforward. In IS the singular
terms can be bounded as those of I in Lemma 6.3. O

Lemma 6.6. Let f be a H3(B) solution of (6.5). Then,
I5 < 2/<?|\A1/262f||2L2(IB)-

Proof. Using —AH = 0, and the anti-self adjointness of the Hilbert transform, we compute
I = +k /R Imd? fRed? f — Red? fImd? fdx
=Tk /R AYV23ImfAY2HOPRef — AY203RefAY2HO I fda:
= 72k /}R A2 fAY 2 HOPRe fdx

< 2k||AY203Imf|| p2(m) | A 2O2Re S| 12 (5),
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6.7. Bound for | D[f]||L~ and ||d*[f]|| L m)

and we obtain the result. O

6.7 Bound for ||D[f]|;~ and ||d*[f]||p=m)

The following Lemma will be required in order to study the evolution of || D[f]|| o and ||d* [f]|| Lo (s)

Lemma 6.7. Given a classical solution of (6.5) we have the following bound
10 fllLoom) < exp(c(l)(Eg[f] +1)).

Proof. In order to prove the bound we split the integrals into the in and out parts:

/B(o 1)(31f(’7) — 0o f(y —0))Z1 + (Duf () + Ouf (v — 1)) Zadn

<)l [l @) + a7 [l =@l o)

Now we use the bounds in Lemma 6.2 to bound the term
0.5() [ Z1+ Zadn < exple) (Balf] + 1))
Be(0,1)
The remaining term can be bounded by means of an integration by parts:

/Bc(o 1) O f(y = n)(E1 — Za)dn < exp(c(l)(Epf] + 1))

Now we can bound the evolution of || D[f]| Lo and ||d*[f]|| L ()

Lemma 6.8. Given a classical solution of (6.5) such that ||f||L~ < R for a fized constant R > 21,
we have that

LDl limm < exple)(Esl] + 1)),
S Al < explel)(Eslf] + 1),
Proof. Using Lemma 6.7, we have that
J 4sinh(2]£](1))01 f () w

so, integrating the ODE, we have

t+h
D[f](t + h) < D[f](t) exp (/t IID[f]ILoc(ms)(S)eXp(C(l)(EB[f](S)l))dS> -
As a conclusion we obtain

exp ft+ IDf]ll Loe m) (s) exp(e(l) (Es[f](s)1))ds ) — 1
%”DU]HL“(B) < [ID[f]ll =) lim ( ®) - B )

< exp(c(!)(Eg[f] + 1))
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Chapter 6. Smoothing effect and Ill-posedness
For ||d*[f]|| Lo (s) We do in the same way and we obtain

D o) < explet) (Eslf] + 1)),
O

Before estimating the term d~[f], we need a Lemma concerning the boundedness of ||0;0, f || . (B)-
This lemma will also be useful in the study of the evolution of m(t) defined in (6.6).

Lemma 6.9. For a classical solution of equation (6.5), we have that
1010 f || Lo (B) < exp(e(l)(Es[f] + 1).
Proof. The equation for this quantity is given by

(O2f (w +ikt) — O2f (x + ikt — n)) sinh ()
cosh (n) — cos((f (z £ ikt) — f(x £ ikt —n)))
(02 f (x £ ikt) + 02 f (x & ikt — i) sinh (n) ]dn
cosh (1) + cos((f (z + ikt) + f(x £ ikt —n)))
(O f (@ % ikt) — O, f (x £ ikt — n))* sin~ sinh ()
o [ | oo i
(8, f (x £ ikt) 4+ Opf (z £ ikt — n)” sint sinh (77)} d
(cosh (1) + cos((f (z £ ikt) + f(x £ ikt —n))))?
= A+ A+ Az + Ay

R

Splitting in the %n’ and ’out’ parts the term A; + As we obtain

A+ Ay < eI fllczsmy (1471l L@ + 147 1f]ll (@)

/ i + Zadn
Be(0,1)

)

+ 1 flle2m)

+ [ 00.56 -0 - 2
Be(0,1)

Lo (B)
As in Lemma 6.2 we can bound the last term integrating by parts, obtaining

Ay + Az < exp(e(l)(Eslf] +1).

For the terms As + A4 we can do in the same way obtaining

Az + Ay < exp(c(l)(Es[f]+1)).

Now we can bound the evolution of the term ||d~[f]|| ()

Lemma 6.10. For a classical solution of equation (6.5), we have

d, _

Fild7 L) < exp(c(l)(Eelf] +1)).
Proof. We have that

. sinh®(1/3)
~ld [f]IIme)_E/R/R

cosh(n) — cos(f(y) — f(v —m))
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6.8. Proof of Theorem 6.1

and we compute

1 p=2

cosh(n) — cos(f(v) — f(v —n))
><< 1 )i dndx

cosh(n) — cos(f(v) — f(v —n)) / dt cosh(n) — cos™(7)
1

= R [ [ S0 | TR )
% sin™ (3tf(’7) - 3tf(’Y - 77))

cosh(n) — cos(7(7) — £y — )

sin™ (3tf(’7) - atf(’y - 77))

d
G = Rep [ [ sy

p

dndzx

< pld Al I UM o -
11 Loo(IB)
So we have
d _ _ sin™ (9rf(v) — O f(y —m))
—||d m < ||d . d » .
dt” [Fllze@) < 1d7[flllL=@)lld” [f1l o) Sinh? (5/3) .

Integrating, we get

sin”™ O f~ ()

t+h
Nd™ [f]llLe ey (t +h) < |ld™ [f]llzr@)(t) exp </t ld™ [fll o= (B) Snh2(7/3)

and, taking the limit p — oo, we get

sin” 9y f (v)
sinh?(n/3)

ds) ,
Lo (B)
_ h _
] 14 e ® (o0 (5" - o
Elld [l oo (B) S}le

ds) — 1)
Lo (B)
=0 h

N e

L= (B)
Using the previous Lemma 6.9, we conclude the result. o

6.8 Proof of Theorem 6.1

With the previous lemmas we can prove the Theorem 6.1:

Fix R >> 2l a constant. Then, using the previous Lemmas 6.2-6.6,6.8, and 6.10 we obtain
d
—Egf] < exp(c(l, €)(EB[f] + 1))

dt
+ ||A1/23§’f||2L2(IB) (% +K Hlm (P.V./El +EQ>
R

+ 2k —2mm(t) |, (6.8)
Lo (B)

where € > 0 is arbitrary, K = K(I) is a fixed constant and k is the width of the strip. Since € is
arbitrary, we take e = 4k. Thus, at time ¢ = 0, (6.8) reduces to

2T

4k — ———5—.
141|192 foll7 o w)
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Chapter 6. Smoothing effect and Ill-posedness

Now, we fix k small enough and only depending on the initial data and we get

<4k + K HIm <P.V./ i+ Eg)
R

S S
peo@y 1+ 1100foll] e m)

=4k

t=0
21

- <0, (6.9)
RN

Then we need to show that this quantity remains negative (at least) for a short time. To do this,
we define the following new energy:

1
27rm(t) — K ||Im (P.V. [ Z1 + E2)

Cplf] = E[f] + (6.10)

HLoo(IB) — 4k

If ¢5[f] < oo then £ Eg[f] < exp(c(l)(Es[f] + 1)) and we have the correct ‘a priori’ estimates.

To prove the finiteness of €g[f] we need to bound m’(t) and

d
— |tm (P.V. [ 2 + Ead

Now, if we have a classical solution with Ep[f] < oo, the Sobolev embedding gives us that

Lo (8)

R; ! 5 € CH([0,T] x B)

T+ 0af()

and then we can apply Rademacher Theorem to the function

1 1
TGRS

m(t) = minRe

O (B f ()2

Thus, using Lemma 6.9, we get

28xf(’7t)atazf(%)

() = R @ F )

< e [T o gy 102 fll oo 8) 060 f || L (m)
< exp(c(l)(Es[f] + 1)) < exp(c(l)(€s[f] +1)).
Again, if we a classical solution with finite energy Eg[f], using Lemma 6.9 we have that

Im (P.V./ CHS Ean) € C*([0,T] x B).
R

So, for some point that we write 7,

HIm (P.V./ =+ Egdn) =Im (P.V- / Hi + E26577) (7)),
R Lo (B) R

and, using Rademacher’s Theorem and Lemma 6.9, we have

d
— |tm (P.V. [ Z) + Ead

d

2 €s[f] < exp(e(D)(€s[f] + 1)).

oy, S POERUT+ D)

We conclude
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6.8. Proof of Theorem 6.1

Integrating, we have
Eg[f](t) < ,ﬁ log(exp(—c(l)€s[fo]) — te(l) exp(c(l))), (6.11)

and then there exists a time T'=T(fo), T < T* = % such that €g[f] < c(fo).
Now, for € > 0, we consider the mollifier

Je(w) = lj (f) : (6.12)

€ €
where J is the heat kernel, and the regularized problem

{ atfezi Fe&(fe&)

95 (2,0) = T * fola), (6.13)

where

O FE0) — T 4 (T * 0pf°(x) — T % Oy fe‘s(x—n smh )
FF) = Je (P'V'/Rcosh(n) —cos(J. * fo(x) — J. * fO(x

. (Te % 0p [0 )+j5*8 f“s(:cf ))smhn

w7 (P | T e T T T

6dn> . (6.14)

Step 1: applying Picard’s Theorem For these regularized problems we show the existence of
classical solutions f&% € C1([0,T¢], H3(R)). This fact follows from the proof of Theorem 4.1. Now
we pass to the limit in §, showing the existence of f¢ € C1([0,T¢], H*(R)) and these functions are
solutions of the following problems

{ Ofe = Fe(f°),
fe(2,0) = Je * fo(z),

where

€/ Le\ __ % (\ﬂ*amfe(x) _kﬂ*awfe(x_n))snlh(n)
FA(F) = Je (P'V'/R cosh(n) — cos(Je * fe(x) — T * fe(x — n))dn>

. (Je % 0 f€(x) + Te % Oy f€(x — m)) sinh(n)
I (P'V'/R cosh(n) + cos(J * F(x) + T f(z - n))d”) |

Step 2: obtaining uniform bounds for f¢ The regularized system must be integrated up to a
time 7', and this time must be uniform in €. Due to the particular mollifier we have chosen, these
solutions, f€, are analytic (see [37]). Now, we remark that

R e e e

at least for a small time T¢. For these T¢ the same bounds for € and Ep as in the previous
Lemmas are valid. Thus, with the same techniques and using the properties of mollifiers, we
obtain ’a priori’ bounds in H3(B) for these solutions f¢ which hold for a time Ty = T1(fo) > 0
uniform in e. Moreover, we can bound m*(¢) up to a time To = T5(fp) (uniform in €) using the
bound

me(t) = me(0) - / exp(c(l) (Es[f](s) + 1))ds > mO(0) - / exp(c(l) (@5[/](s) + 1))ds.
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Chapter 6. Smoothing effect and Ill-posedness

Taking T' = min{7y,T>} we conclude that for 0 < ¢t < T the previous ’a priori’ bounds for € and
Ep (see Lemmas 6.2-6.6, 6.8, and 6.10) remains valid for f€.

Following the quote', we give three different proofs of the analyticity of the limit f.

Step 3a: passing to the limit in ¢ Now, fixed ¢t < T, the sequence {f} is bounded in H?3(B)
and then, there is a weak limit f(t) € H3(BB). Moreover, Eg[f] is uniformly bounded, so we conclude
f € L>(0,T],H3(B)). As f € H*(B) (in particular is in the Hardy space H?) we have that f is
holomorphic on B. Thus, it is real analytic when restricted to the real axis. We remark that due
to the uniqueness of classical solution to the equation (2.5) the limit of f¢ when restricted to the
real axis must coincide with f obtained in Theorem 4.1.

Step 3b: We can prove the analyticity of the limit f with a second argument. This proof uses
the Fourier transform (see [52]). We compute

F(Cikt) = / €€ f(z)eHtrdy — (fetHY (¢),

Then we have f(-) and (f(-)e***) € L?*(R) and (using Theorem IX.13 of [52]) we conclude the
analyticity.

Step 3c: Finally, we can show the analyticity by a third argument. This reasoning is based
on complex variable theory (see [17]). We have that f€ are complex analytic functions on B and
using Hadamard’s Three Lines Theorem, Sobolev embedding and the uniform bound in H?(B) we
conclude that f€ are locally bounded (Lemma 2.8 in [17]). Using Montel’s Theorem we have that
{f} is normal and then there is a subsequence converging to f which is analytic because of the
fact that the set of analytic functions is closed in the set of continuous functions (Theorem 2.1 in

[17)-

Finally, we are done with the proof of Theorem 6.1.

6.9 Proof of Theorem 6.2

Now we show that if we consider p? < p' the problem is ill-posed in Sobolev spaces, i.e. singularities
appears for arbitrary short energies and times and arbitrary small initial energies. We remark that,
if the initial data is analytic, there is local existence of solutions (see Theorem 5.1). The idea is to
use the instant analyticity forward in time to conclude the result.

We prove Theorem 6.2 for the case s = 4, being analogous the rest of the cases. Take go(x) € H*(R)
but go ¢ H*(R) and p = 2. We consider a fixed constant R > 4 and 0 < A < 1. Now we denote
fA(z,t) the solution to the problem (2.5) with initial datum f*(x,0) = Ago(x). We know that
[ exists for a positive time T'(\, go) and that it is analytic in a complex strip which grows with
constant k(X, go) (see Theorems 4.1, 6.1 and equation (6.9)). We can take an uniform k* with
respect to A. Indeed, using the definition of (6.6),

7m(0) 1

_T L
4 414 X2(|029017 < w)

™
k()\ago) - n
41419290017 < )

> = k*(g0)-

1Sir Michael Atiyah said

I think it is said that Gauss had ten different proofs for the law of quadratic reciprocity. Any good
theorem should have several proofs, the more the better. For two reasons: usually, different proofs
have different strengths and weaknesses, and they generalise in different directions. They are not just
repetitions of each other.
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6.9. Proof of Theorem 6.2

Then, the condition

) . 2T
4k*(go) — 2rm(0) = 4k™(go) — 1+ 2|0 go||2 <0
e L*°(R)

is satisfied. Now, the initial energy is

Es[f(0)] = )‘2||90H%I3(]R) + lld~ [Ago] Il o= ) + |dF [Ago] || Lo w)
1+ 21029017 o (g

+ [[D[Ago]ll oo (r) + -

We note that

- sinh? n/3) 2
ld~ [Agolll Lo m) = ) ~(2(<<g @) =0
. sin“( 5 (go(z)—go(x—
2sinh”(n/2) <1 + : sinh2(17/2) )
cosh?(n/3)
147 Aol [l < ) = ) (2(<<g (2)+90(z—)))
n<( 5 (go(z 0\T—
2 cosh®(n/2) <1 - cosh?(n/2) >
cosh®(1/3)
< ; ETEIP e 147 g0l Lo )
2 cosh”(n/2) <1 - * cosh?(n/2) >
1 1

D )\ oo = < .
1ol ) cosh(R) — 2 cosh(2|gol| L (r)) ~ cosh(4) — 2 cosh(m)

Therefore, we obtain a uniform bound for the energy

€x[f2(0)] < c(g0),

with ¢(go) some constant depending on gg. We define

min T'(\, go) >

. > 0.
A€0,1] ~ cexp(c(go)) (90)

We consider 0 < § < §*(go). We remark that all f*(x,t) exists up to time §*(go) and, by means
of the instant analyticity result (Theorem 6.1), we have

Cx[f(1)] < e(g0), YO <t < 5"(go)- (6.15)
Now, we define fAV‘s(x,t) = f(xz,—t + 0) and we have

17281z ) = Allgoll mrary = oo
Recall that f* is analytic in the common complex strip growing with constant k*(gg) for all

0 < A < 1. Then, applying Cauchy’s integral formula with the curve I' = x + k*(go)de?’ and that
Hardy spaces on growing strips are a Banach scale, we get

. C
DAY L2ry = 10220 L2r) < ———= 102 f || L2(B.0 -
10257 (O 2wy = 1027 (0) | L2(m) < k*(go)a” FHlL2mse)
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Chapter 6. Smoothing effect and Ill-posedness

Using the uniform energy bound (6.15), we have
102 22 < clg0) MID2goll 2wy

and, therefore

10579 (0) 2y < S22

Now, given € > 0 take 0 < A = min {1, C(‘i;o)} to conclude ||83f’\’6(0)||L2(R) < e. Taking f2% = f

we conclude the proof of Theorem 6.2.
Remark 6.1. Theorem 6.2 and the idea of the proof also applies to the unbounded periodic case.
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Chapter 7

Maximum principles

7.1 Foreword

In this Chapter we prove some qualitative properties of the solutions of

0.0 = e | [(azf(w)—@mf(x—n))&(xﬂ?,f)

+ (0of (1) + 0 f (x =) Balam, )| dn = L= Alf](@). (7.1)

In particular, we prove
e a maximum principle for || f(¢)|| L) (Theorem 7.1),
e that the sign propagates (Corollary 7.1),
e a maximum principle for || f(¢)||2(r) (Theorem 7.2),
e a decay estimate for || f(¢)|| o (®) (Theorem 7.3),

e a maximum principle for ||0; f(t)|| ) for a special class of initial data (Theorem 7.4),

a uniform bound for [|0, f(t)|| - (r) for a special class of initial data (Corollary 7.3).

To obtain the maximum principles, the key point is to compare the local and the nonlocal terms
who appear in the ODEs for the evolution of the L*°(R) norms.

The main difference between Theorem 7.1 and the analogous result in [24] is that we have positive
and negative contributions in its ODE. Thus, we have to balance them to obtain our result. We
also have some local terms that we have to combine with non-local ones. We note that the local
terms disappear with infinite depth.

The L?(R) maximum principle gives us an energy balance in terms of the total kinetic energy and
differs from the logarithmic energy balance known in the infinitely deep case (see [13]).

Theorem 7.3 is intriguing. We observe that in the whole plane case (see [24]) the decay rate is
faster. Theorem 7.3 will be examined numerically in Chapter 13. As a corollary of this result we
obtain that there are not non-trivial, steady solutions (see Corollary 7.2).

The uniform boundedness for the slope (Theorem 7.4 and Corollary 7.3) is a very interesting
result. Here three hypotheses related to the slope, the amplitude and the depth play a role.
Roughly speaking, Theorem 7.4 says that if the interface is in the so-called long wave regime
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Chapter 7. Maximum principles

(small amplitude and large wavelenght) then the slope decays or, even if it grows, the slope is
uniformly bounded.

7.2 Maximum principle for ||f| ;)

Now we prove a maximum principle using an analysis similar to the analysis in [19] and [24]. As

in the previous section, we consider 5 = [ and p = 2.

Theorem 7.1 (Maximum principle for || f||z=). Let f(t) € H3(R) be the unique classical solution
of (2.5) in the Rayleigh-Taylor stable case. Then, [ satisfies that

Ilf )]l Loe ) < Nl foll Loo(r)-

Proof. Due to the smoothness of f in space and time we have that || f(t)|| - ®) = f(x¢) is Lipschitz.
Indeed

m;;iX |f(t1a$)| = m?X(|f(t1,.T) - f(t%m) + f(t2,$)|) < mzax(|f(t1,x) - f(t2,$)|) + m3X|f(t2,$)|,
thus

| f(t1,7) — max f(t2,2)] < max(|f(tr, ) — f(t2, 7)) = max((y f(s. 2|11 — ]

< max max(|0:f(s,x)|)|t1 — tal.
s€(ta,t1)

We take (t1,t2) C [0,T] for a fixed T > 0. We compute
| max f(t1, ) — max f(t2, z)| < max. max (9, f(s, ))(t1 — t2) = L(t1 — t2).
T x s€ €T

Using Rademacher’s Theorem, we have that f(z;) is differentiable almost everywhere. Thus, using
that x; is the point of maximum, we get that

d G+l = IOl . f@ny, t 4 hy) — f(2,t)
gl @l = limy 3 = i, 3

— lim f(@ein; t+hy) & floe,t + hy) — f(ze,t)

om0 h;

> O f(xe,t).

In the same way we compute

d G =mplee =1 F Ol L. f(@i—nyt = hy) — f(x4,1)
gl Ol = im0 =, =
_ f(@e—p; t = hy) & flze,t = hy) — f(e,t)
= 1m
h;—0 7h,j
S atf(l't,t)-

We conclude
d
G Om = 0uf (@) = PV [ 0w = m)Ealorn f) = Zalarm g =Ty + 1o (72)

Let us introduce the following notation:

fxe) = flze —n) = fla) + flze —n)
! o g= ! . (7.3)

9:
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7.2. Maximum principle for || f|| o (w)

Now, since Z; is defined as (2.6), using the classical and hyperbolic trigonometric formulas for the
half-angle, we have

2sinh ( 121 cosh (%) 2sinh (2) cosh (2)
I, = —2PV. /89 iy = —2P.V. /89 o
cosh (1) — 1+tan2(9) cosh () =1+ 1+tan2(0)
_ _opv. /6 (1 + tan?( 9))00‘5}21 (1) _ —2P.V./ 0,0 coth () i
1 + tan? (6) coth?® (2) r €08%(0) 1+ tan? (6) coth” (2)

2 coth (%)
1 + (tan(@) coth(n/2))?

. 2') . 2coth (%)
o 41 1 tan? (f(;r)) +P'V'/Rt (0)0, <1 + (tan(6) coth(n/2))2> dn,

where we integrate by parts. Considering

I

|

g
<

%\

oS}
=+

oY)

=
=

dn

G(z) = + arctan(x),

—z
1+ 22

o) e

tanh(3)
tan(d) 1
— P\//]R SinhQ(g) 1 + (tan(@) COth(g))Q dn

Then, we get
tan(6) 1
I = -2f(zy) — P.V.

) P T et
Anagously for the I term, we use the classical and hyperbolic trigonometric formulas. In this case
we have to write all in terms of the tan(¢). This is possible because x; is a maximum point. Since
Eo is defined as (2.7) and using the same function G evaluated in tan(d) tanh(n/2), we get the
following expression for I

Sdn. (7.4)

2 h ﬂ h 2 h h(Z
L = szv/ao sinh (3 joi () foPV/a hsm 1)C°S (2)
cosh (7 1+t222(9) cos -1+ 1+tan2(é)
(1 20 h (2 4 h (2
= —2PV. /a gLt ot ?))C°t2(2) :72P.V./ On coth(3)
1+ cot? (#) coth® (%) r sin”(0) 1 + cot? (A) coth”® (2)
00 tanh (2) _ tanh (1)
= —2P.V. 1 = = 72P.V./8 tan(f 2
/R cos?(6) 1 + tan? (f) tanh® (%) R an( )1 + tan? (9) tanh” (%)

cot(0) 1
g sinh?(7/2) 1 + (cot(d) coth(n/2))?
Therefore, by (7.4) and (7.5), we have in (7.2)

dn. (7.5)

(e cot(0) 1
Orf(wy) = —4f(24) + /R cosh?(n/2) tanh?(n/2) + cot2(A) an
B tan(6) 1
PV/R COSh2 (77/2) tanh2(77/2) + tanQ(e) dn (76)
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Chapter 7. Maximum principles

Due to the definition of 6

cot() = tan (g - é) = tan (g — flz) + 9) :

Using that
arctan(tan( f(xt))tanh(n/Q))‘io = 2f(z1),
we can write
Af(ee) = /R coshé (1) tan? (gtin(? 3) itilm @™

Moreover, we use the equality

tan(f — f(x¢)) + tan(0)
1 —tan(§ — f(z¢)) tan(f)

tan (— — flz) + 9)
By notational convenience we use the notation o = § — f(z¢). We define

tan(o) tan(6)
tan?(o) + tanh® (2)  tan?() + tanh® (2)
B (tan(o) + tan(9))(1 — tan(o) tan(6)) '
(1o (0) + tan(0))? + (1 — tan(o) tan())? tank? (3)

(x,n,t) =

and, using (7.6) we have

1
ot =~ | L] (7.7)

So we need to prove that I > 0" if || f|| L~ = max, f(x). We have

tan(o) tan(f)(tan(0) 4+ 2 tan(o))

II= 3 2
[tan®(o) + tanh® (2 )][( an(o) + tan(6))? + (1 — tan(o) tan(6))? tanh” (2)]
N an?(0) tan(f)(tan(o) tan(6) — 2) tanh® (2)
EYSERE (@)l(tan(o) + tan(8))2 + (1 — tan(o) tan(0))? tanh? (3))
N tan(o) tan(f)(tan(c) + 2 tan(0))
[tan?(6) + tanh? ($)][(tan(o) + tan())? + (1 — tan(o) tan())? tanh? ()]
. tan(o) tan® () (tan(o) tan(¢) — 2) tanh? ()
[tan?(6) + tanh” (4)][(tan(o) + tan())? + (1 — tan(o) tan())? tanh? ()]
(tan(o) + tan(f)) tan(o) tan(6) . (7.8)
(tan(o) + tan(6))2 + (1 — tan(o) tan(6))?2 tanh? ()
'In the case where || f(t)|| Lo () = — ming f(z,t) we need to prove that II < 0.
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7.3. Maximum principle for || f|| L2

Rearranging, we get

tan(o) tan?(0)[1 + tan*(o) tanh® (3)]
[tan® () + tanh® (4)][(tan(o) + tan(6))? + (1 — tan(o) tan(¢))? tanh” (3)]
s 2tan? (o) tan(6)[1 — tanh? ( )]
[tan?(o) + tanh? (2)][(tan(o) + tan(h))2 + (1 — tan(o) tan(f))2 tanh® (2)]
tan? (o) tan(6)[1 + tan?( tanh2 (%)
(
]

II =

* [tan?(6) + tanh? ($)][(tan(o) + tan())? + (1 — tan(o) tan())? tanh? ()]
N 2tan(o) tan?(0)[1 — tanh® (%)
[tan?() + tanh® (2)][(tan(c) + tan(h))2 + (1 — tan(o) tan(6))? tanh® (2)]
(tan(o) + tan(f)) tan(o) tan(6)
(tan(o) + tan(6))2 + (1 — tan(o) tan(6))2 tanh? (2)

Now, we use that tanh? ( ) <1.

If || fllL~ = max, f(x), the definitions of 6 and o give us that tan(d),tan(oc) > 0 and obtaining
that IT > 0. This concludes the proof for this case.

For the case where the L° norm is achieved in the minimum the proof is analogous. Indeed, we
have that in this case II < 0 because tan(o), tan(d) < 0. O

Furthermore, we obtain the following corollary:

Corollary 7.1. If fo(x) has a definite sign then this sign propagates through evolution.

Proof. Using (7.8), the proof follows. O

Remark 7.1. In order to obtain (7.6) we also can use the expression (2.8). In this expression
we change the integration and the derivative and we exchange variables n = x —n. Then we
differentiate the principal value integral.

7.3 Maximum principle for | f||.-

In this section we prove the maximum principle for L2.

Theorem 7.2 (Maximum principle for ||f||z2). Let f be the unique classical solution of (2.5) in
the Rayleigh-Taylor stable case. Then, f satisfies

£ Ol e + = / 10(5) 25,5 = [l follZace)

Proof. Recall that, due to the incompressibility condition, the velocity satisfy

where n = (=0, f(x),1)/y/1+ (9. f(x))? and v* denote the velocity in the upper and lower sub-
domain respectlvely In each subdomaln St, we have the potentials

ot (z,y) =pT(z,9) + p'y, ¢~ (z,y.t) =p~ (z,y,t) + p°y. (7.9)
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We have
(azf(x)v _1) d
V14 (0. f(2))?
(7amf(z)’ 1 ds.
L+ (9x f(x))?

We add these equalities and use (7.9) and the continuity in the normal direction. We get

0:/ ¢+A¢+dxdy:—/ |V¢+|2dxdy+/ PtV -
St S oSt

S,

0= qj’Agb’d:cdy:f/ |v¢r|2dzdy+/ ¢V -
S2 S2 a52

/IUIdedy:/(d)*(fc,f(x)*sb*(w,f(w)))(VW(x,f(x))'(&cf(x)fl))dx-
S R

Using the continuity of the pressure along the interface we obtain

L—p*d d
[ iy = 0t =) [ @@ = P L1 = 0 = 2 s e

In the Rayleigh-Taylor stable regime we have p? — p' > 0, and we get that
d
— <0.
Sl e <

Moreover, we have the following energy balance

2 t
1F N2 + m/o [o(s)l|Z2(5yds = Il foll72(g)-

7.4 A decay estimate for || f| 1~

Moreover, we have a decay estimate:

Theorem 7.3 (Decay for ||f||r=). Let fo € H}(R) be the initial data and assume p* — p* > 0.
Then the solution f(x,t) of equation (2.5) satisfies the inequality

d - , 2 1 27 | follee < I[foll 2 ))
IO < —clllln ollm 2 5t Do (-2 T (14 gz )

Proof. We conserve the notation and the hypothesis of the proof of Theorem 7.1, i.e. p=2,1= 7,
F@) = |f®)llp=, 0 = T — f(xy) and § = L&IT@m) e have the equation (7.7) with IT
defined in (7.8). Due to analysis in the proof of Theorem 7.1, we have the following bound

tan?(0) tan(6)[1 + tan?(§) tanh? (1)]

II
= [tan?(6) + tanh® (Z)][(tan(o) + tan())? + (1 — tan(o) tan(6))? tanh® (2)]
tan(6) 1
(tan®(|| foll ) + 1)% + tan® (|| fol L) 1 + tan®(|| fol| <)
thus
B . 1 tan(6)
)2 [ e T T I T A T e AT 10
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7.4. A decay estimate for || f| L

Fix the interval [—r,r]. We consider the sets
U = {77 i€ [-rr],0 > f(ft)},
Uy = {77 im€[-rr],0 < —f(zt) } .

Theorem 7.2 gives us a control for the measure of these sets. Indeed,

2
folle = [ P =min= [ £ min>
2
Therefore, if r is big enough U; is not empty. Furthermore,
ol follZz
=2r — > 2
] r—|Us| > ( F2(0)
thus, using (7.10), we have
1 tan(6)
“afw) = [ dn
G u, cosh?(n/2) ((tan® (|| foll zo=) + 1)? + tan® (|| foll o)) (1 + tan®(|| fol| =)

1 tan(f(z¢)/4)
cosh®(r/2) ((tan? (|| foll o) + 1)* + tan®(|| foll L)) (1 + tan? (|| foll L))

2tan(f(x)/4) ( -2 HfJ;U(lﬂ‘CLi )

2 cosh (r/2)((tan (| foll =) + 12 + tan® (|| follz=)) (1 + tan®([ follz~))

|t

Now, we take

plfollze o 1 follZ2
f( t) fQ(CEt)
Then we get
2 (o llfoll2 Ifoll 2
sy e 1 8 i
= 2((tan? (|| follzo=) + 1)2 + tan® (|| foll L)) (1 + tan®(|| fol L))
IIfoll; 2 IIfoll ;2
§ T ()
— 2((tan?(|| foll o) + 1)% + tan®([| foll L)) (1 + tan*(|| foll L))’
and we conclude the proof. O

Remark 7.2. If the initial data is positive and integrable the decay (see [20]) is given by

|| foll L1 (m) )
U Lem) )

We observe that in the whole plane case (see [2/]]) the decay rate is given by

d
T Ol < =l foll a1 foll L=y, 0752 l)eXp(—

d
T Ol < =clllfollr, [ foll o= p*, P F O e sy,

so in the case without boundaries the decay is faster.
Moreover, we obtain the following corollary:

Corollary 7.2. As a corollary we conclude that there are not non-trivial, steady state solutions of

(7.1).
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Chapter 7. Maximum principles

7.5 Maximum principle for ||0,f||r~

In this section we show the maximum principle for ||0, f|| L for a special class of initial data:

Theorem 7.4 (Maximum Principle for |0, f||z=). Let fo be a smooth initial data under the
assumptions of Theorem 4.1 such that the following conditions holds:

[0z foll oo <1, (7.11)

7|| fol[ L ™
tan (T < 195 fol| oo tanh (E) , (7.12)

and

3

s m
(102 foll e + 12(cos () = 2)sec” (35 ) [19: follEx ) 25
tan (12279 )
L1102 foll e {10 folle + —Cmmy— ) ) 2
6 tanh (%) 42
s s
+4tan (2—l|\f0|\m) — 4|0, fol| o cos (7|\f0||m) <0 (7.13)

X

Then,
102 f ()| Lo ) < [0 foll Loo (m)- (7.14)

Proof. We take p = 2 and m = 2] without loss of generality. First, we suppose that 9, f(z:) =
max 0, f(z,t) in order to clarify the exposition. We divide the proof in some steps:

Step 1: obtaining the equation Using the same method as in Theorem 7.1 and the smoothness
of f we have that the evolution of 0, f(z:) = |05 f(t)|| L= is given by

d
EH@JHMc = 0¢0x f(x+).

Since (2.5) is equivalent to (2.8), so we have to take a derivative in space in this equivalent
formulation. The boundaries in the principal value integrals contributes with —89, f(z:). Thus,
we get

atazf(xt) = *8(91‘}0(50,5) + Il(t) + IQ(t)a

with
tan (=100
L(t) = 2P.V./ 92 | arctan | —————~ dn,
R tanh ( t2 77)
Iy(t) = 2P.V./ fo)s (arctan (tan <M) tanh <zt ; 77))) dn.
R
We define

P i | (o) . () = tan (L” - f(”)) tanh (?) .

tanh (£1)

We compute

tanh?((z; — 1)/2) Q1(z¢,1m,1)
cosh? ((x; — ) /2) cos?(#) (tanh?((z; —1)/2) + tan?(9))2’

202 arctan (u1) =
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7.5. Maximum principle for |0, f ||

with
Q1 = 0uf (w)pi(t) + (1= (0o f(21))*)ua(t) — O f (we),
and
9 1 Q2(zta n, t)
0% arctan (uq) = — =
20; arctan (u2) cosh? ((z; — n)/2) cos2(0) (1 4 tanh?((x; — n)/2) tan?())?
with

Q2 = —0u f(xe)p3 (1) + ((9uf(20))* = Dpa(t) + 0u f(22).

Step 2: local decay In this part of the proof we obtain local in time decay around ¢t = 0. Let
0 < 0 be a sufficiently small fixed constant and notice that, if (7.11)-(7.13) hold for fo(x), then
they are satisfied by f(z,d) if ¢ is small enough. The sign of the integral terms are given by the
sign of )1 and Q2. Q; are polynomials in the variables u;, respectively.

The roots of Q1 are 0, f(x:) and —1/0, f(x), so if we have
1
O)| <min s (|0 f(0)|lzoes e ¢
)] < min { 10:£0) 1, 57— |

then we can ensure that the integral involving the increments of f is negative. However we have
that for n = x4 the following equality holds

tan (f(zt);f(n))

ni{l;t ta,nh (mt;n) || f( )HL
and so we need that min {||0,f(8)|| e, 1/||0zf(0)|| L} = ||0xf ()| L. Thus we impose condition
(7.11). Moreover, if

< tan((lF(9)ll=)

—n|>1 th 1)
|'T 77| = cn |:u1( )l = tanh (%)

<02 f(0)]| o=,

under the hypothesis (7.12). Then,

tan (L2210
I7"(5) = 2P.V. o7 [ arctan [ ————r—% dn < 0.
Be(ws,1)

tanh (Z-1)

We have to bound the following integral
o -py, [ 200 CI e ) b,
Blzs ) sinh?® (x5 — 1)/2) cos?(6) (1 + (Ml(a))Q)
Thus, using the cancellation when puq(t) = 0, f(x¢), we get
o =py. [ 2O Q)P (- G a)0) -0l ei),
Bas1) sinh? (5 — n)/2) cos(6) (1 + (2 (5))?)

(7.15)
We remark that pq(8) — 0z f(xs) < u1() + 0. f(xs5). We consider the cases given by the sign of

11(8) — 0, f(5) and 11 (8) + 0, f (x5).

1. Case p1(6) > Oypf(zs). In this case we have that 111(5) — 05 f(xs) > 0 and py(0) + 95 f(zs) > 0.
Using the definition of  in (7.3) and the fact that |2 — n| < 1, we have

tan(6) (2 — n)?
= tanb((@ —0)/2) On f (74) < I8 tanh () (0uf (o) + 500 f(24))?) - (7.16)
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To obtain this bound we split as follows

_ tan®) o tan() -0
(e —n72) ) = b (G =0 /2)
1 2 20
+0 <tanh((1‘t —n)/2) o Tr — 77) + 7 —n — O f(xy). (7.17)

Taylor theorem and the fact that the function (z; —n)/ tanh(z; —n) < 0.5/ tanh(0.5) in this region
gives us the desired bound. Notice that in this case we have p2(8) — (9, f(zs))? > 0. Thus, in the
same way,

o< tan?(0)
- tanhQ((:Et —n)/2)

— (Ouf(24))? = (1 (t) = Ou f (1)) (11 (t) + O f (1))
(SCt - 77)2 tan (—6mf2(””t))

Due to (7.16) and (7.18), we obtain

n

a5+ 5(0u 1)) (1 +0ef(ra) (st + ) ) [

L70) < 48 tanh(1/2) cos2(|| f(8)||L=) _1 sinh? (121) i
(e o) 4500 (14 025 a) (et + DY)
: 6tanh(1/2) co (17O~ (719
We have

I(0) <

[ el 1)t~ ) 0)+ uf )
g cosh? ((zs —1)/2) cos?(A)(1 + tanh?((z5 — n)/2) tan®(0))?

dn‘.

Easily, we get
tan(|[f(O)l| =) + 192 f(O)l| ==

[12(6)] < 4 cos?(|| f(9)|lLe)

(7.20)

It remains to show that .
I7"(6) + [12(0)| — 8[|02f (0)[| L= < 0.

We need to use the local term —80,f(x;) in order to control the remainder terms. Using the
maximum principle (Theorem 7.1), we obtain

fan (122f@)ee
102f 0)lz + 5107 @) (H 10201~ (”az L )))

6 tanh(1/2) tanh(1/2)
+dtan(|| f(9)llz=) + 4] 02 f(8) | Lo (1 — 2 cos* (|| f(8) ][ L=)) < O,
which is the condition (7.13). Putting all together we have shown, for every 0 < ¢ small enough,

if initially the previous conditions holds there is local in time decay for § < ¢t < t*.

2. Case —0,f(xs) < p1(8) < 0.f(xs). In this case we have p1(d) — 0, f(xs) < 0 and uq(d) +
O, f(xs) > 0. Thus, we get Ii"(§) < 0 and we can neglect it. Equation (7.20) remains valid and
we have

[12(9)| — 8[|z f (9)[| > < 0.
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7.5. Maximum principle for |0, f ||

due to condition (7.13). We obtain

000 f (ws) = 11" (8) + I7"(8) + 12(0) — 80 f (x5) < |I2] — 80:.f(x5) < 0.

3. Case p11(0) < =0, f(xs5). Now, we have p1(0) — Opf(zs) < 0 and p1(9) + 05 f (xs) < 0. We split

_ tan(6) oy tan(6) —0
1 2 20
GQWM@Wﬂfﬁ&U)+mn+@NM'Wﬂ)

The last term is now positive due to the definition of 9, f(x:). Then, in this case, we have

20

Ty —1n

mﬂmmmamﬂm»< +mﬂmﬁsa

and we can neglect its contribution. Using Taylor theorem in (7.21), we obtain the bound (7.18)
and (7.19). Then we conclude using (7.19) and (7.20) as in the case 1.

We have proved that for every 0 < ¢ small enough, if initially the previous conditions (7.11)-(7.13)
holds, there is local in time decay. As ¢ is positive and arbitrary, we have

102 f ()l Loe < (|02 f(0)]| Loe, for O <& <"

Step 3: from local decay to an uniform bound First, notice that if |0, f(t)| L decays
faster enough then condition (7.13) is not global and t* could be finite. If ¢* = oo, then we are
done. If t* < oo we have ||0,f(t*)||Le = ||0xf(0)||L. We have to show that conditions (7.11)-
(7.13) are satisfied at ¢ = ¢* and, as a consequence, we conclude that the maximum of the slope
decays again. At time 0 < t* we have |0y f(t*)||L~ = ||0xf(0)||z and, due to Theorem 7.1,
1f () lzee < ||f(0)]|pee. Thus the condition (7.13) again holds. Easily we get that the same is
valid for the condition (7.11). We have

tan (£ (") [z=) _ tan ([£(0)[|z=)

% 0
OIS @) = b (3)

<10z foll e = 1102 ()| >,

and we conclude that condition (7.12) also holds at time ¢*. Thus (7.14) is achieved for all time
0<t.

Step 4: the case where ||0,f(t)||p~ = —min, d,f(z,t) Now we address the case where
Oz f(x) = —|0x f()]| Lo, SO %Hamf(t)HLao = —0:0z f(x1). We need to show that
0u0n f(w4) = =80, f(wy) + 1" + 17" + I > 0.

Using the hypotheses (7.11) and (7.12) we obtain that I{%* > 0. Recall that the sign in I{" is given
by
Q1 = 0o f(2e) (3 (1) — (0 f(24))?) + (1 = (Duf (20))*) (a(t) — Du f(x4)).

Notice that in this case we have u1(t) + 0 f (z¢) < p1(t) — Oz f(x¢). As in the step 2 we consider
different cases by looking to the sign of uy(t) — 0, f(x¢) and u1(t) + 0 f (x4).

1. Case Oy f(xr) < p1(t) < —0zf(x¢). Since in this case we have ui(t) — 0 f(x¢) > 0 and
pa(t) + Ouf(xy) <0, we get Ii" > 0. The bound (7.20) remain valid and we get

0p0n f (1) > =80, f (1) + Iz = 8(|0:f ()| L= — [I2| > 0,
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Chapter 7. Maximum principles

where the last inequality is a consequence of condition (7.13).

2. Case p1(t) < 0 f(z+). Now, we have py(t) — 0, f(xt) < 0 and pq(t) + Oy f(z) < 0. Thus, the
last term in (7.17) is positive. We get

20

Ty —m

0, f (1) < - amfcct)) (11 (8) + 0, f(20)) > 0,

and we can neglect these terms. We obtain a lower bound for Ii" following the same ideas as in
the step 2. Indeed, we obtain

tan Haa:f(;)HLOC
(e +510:101-) (14 10u 80 (00 + = 0)) |

I (t) = - 6 tanh(1/2) cos?(|| f ()] L)

We use (7.20) and (7.13). We are done with this case.

3. Case ui(t) > —0.f(x+): In this case we have p(t) — O, f(x¢) > 0 and pq(¢) + Oz f(x:) > 0.
Now, the last term in (7.21) is negative. We get

20
00 (e pn(8) - 0 (@) (2 + 0 f(a)) 20,
. —
and we can neglect it because its positiveness. We conclude following the same ideas as in step 2.
We are done with this step. O

Remark 7.3. We observe that in the whole plane case the condition is only on ||0; fo| L. In our
case this appears to be impossible because of two facts: Firstly, the term with 6 in (7.3) gives us a
condition on || fo||Le, also we notice that the condition on

tan (f(zt);f(n))

m) = o (B

gives us implicitly a condition on || f(t)|| L. Indeed, we have

tan (f(ﬂﬂt);f(”]))

m —
o tanh (257)

= [tan(f (x:/2))] <[|0:f )]z~

The second fact is that the term py can be bounded below by the incremential quotients, but if we
want to bound it above we have to use |0, f(t)||L~ and || f()| L.

A new region appears due to the boundaries. In this region the slope can initially grow but it
remains bounded uniformly in time. We have

Corollary 7.3. Let us define (z(1),y(1)) as the solution of the system

tan (%) — ytanh (%) =0

)) (21[)5 (7.22)

+4 tan (%z) — 4y cos (%x) = 0.

cdn(%%)
1+y | y+ =
(y + |2(COS (2%) — 2) sec? (411) |y3) ( ( tanh(_l)

Then, if we have |0y follL~ < y(I) and || follL~ < x(l), we get

[0 f (D)l oo ) < 1.

110



7.5. Maximum principle for |0, f ||

ltl -

Figure 7.1: Different regions in (|| fol|z=<, ||0z fo||L=) for the behaviour of ||, f||L~ when = = 2I.

Proof. Notice that this region is below the region with maximum principle for ||0, f ()| L= (see
Figure 7.1). The proof is straighforward using the maximum principle for || f(¢)|| 1= (see Theorem
7.1). O

Remark 7.4. The region without decay but with an uniform bound (see Figure 7.1) appears due
to the boundaries. This region does not appear in the case with infinite depth A = 0. We notice
that if we now take the | — oo limit we recover the well-known result (contained in [2]]) for the
whole plane case. Indeed, if | — oo, the conditions (7.12) and (7.13) are automatically achieved
and we only have (7.11) as in [2/].

We have the following corollary:

Corollary 7.4. Let fo € HP(R) be an admissible initial datum and let 0 < I be the depth. If
L < follLe= then hypothesis (7.13) can not hold.

Proof. Notice that cos (|| fol|/!) must be positive. O
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Chapter 8

Turning waves

8.1 Foreword

In this Chapter we show the existence of finite time singularities for (2.5) in the Rayleigh-Taylor
stable case, i.e. p?> > p'. In particular, we start with an interface which is a graph, and then after
a finite time there is a point with vertical tangent. After this time the Rayleigh-Taylor unstable
regime is reached and the curve is no longer a graph. The idea is that some singularities for (2.5)
are equivalent to solutions of (2.9) that initially can be parametrized as graphs and then they can
not.! The precise statement is the following:

Theorem 8.1 (Turning waves). Take p?> — p' > 0. Then, there exist analytic initial data zo =
z(a,0), that can be parametrized as a graph, such that the solution of (2.9), at finite time t = t1,
is no longer a graph.

An analogous result was proven in [10] in the case of infinitely deep medium.
We also show that the amplitude plays no role on the turning

Theorem 8.2 (Turning waves with small amplitude). Take p? — p* > 0. Given any 0 < v << 1,

1Notice that (2.9) is the equation for the interface when the curve is not necessarily parametrized as a graph.

1 T T
o\ \
-1b ‘

-3 -2 -1 0 1 2 3
1 T T T T T T
D\J\
4L ‘ ‘ ‘ ‘ ‘ ‘

-3 -2 -1 0 1 2 3
1 T T T T T T
—
b ‘ ‘ ‘ ‘ ‘ ‘

-3 -2 -1 0 1 2 3

Figure 8.1: The evolution at times t = —t1, 0, t; respectively.
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Chapter 8. Turning waves

there exist analytic initial data fo with || follLee®) < 7y, such that the solution of (2.5), at finite
time t = t1, has a singularity.

In order to prove these results we show (see Theorem 8.3) forward and backward solvability for
the interface parametrized as a curve (2.9). Then the proof is achieved by constructing a family
of curves which turn.

8.2 Existence of solution without assuming RT stability

In this section we show that there is an unique local smooth solution even when the Rayleigh-
Taylor condition is not satisfied but our initial data is analytic. We prove this result by a Cauchy-
Kowalevski Theorem (see [10], [46], [49] and [50]). We consider curves z satisfying the arc-chord

condition and such that
lim |z(a) — (o, 0)] = 0.

|| =00

As in Chapter 5, we define the complex strip B, = {z + &, |¢| < r}, and the following Banach
spaces

X, = {z = (21, 22) analytic curves satisfying the arc-chord condition on B, }, (8.1)

with norm
1217 = 112(7) = (7, 0) s 8, -

These spaces for a Banach scale’. This can be easily proved (see [2] for different but equivalent
definitions of the Hardy spaces on the strip). For notational convenience we write v = « + ir,
v = a+xir’ and we take p =2 and [ = w/2. We claim that, for 0 < ' < r,

C
O |12 < A2 . 8.2
106 - Mlz2,) < =71 lz2e,) (82)

Indeed, we apply Cauchy’s integral formula with I' = 4/ + (r — 7')e? to conclude the claim.
The complex extension of the equation can be written as

B (0az(7) = Oaz(y —n))sinh(z1(y) — 2z1(y — 1))
8ﬂpvﬂ§wmmw—am—m»wmux>—@m )
),

(9a21(7) = Oaz1(y = 1); Oaz2(y) + Oaz2(y — 1)) sinh(z1(y) — 2z1(v —n))
* cosh(z1(y) — z1(y — 1)) + cos(z2(y) + z2(y — ) dn- (8:3)
We define h2( 12)
+y _ cosh”(n/2
40 cosh(z1(y) — 21(y —n)) + cos(za(7) + 22(y — 1))’
and
a[E)(ym) = s n/2)

cosh(z1(7) — z1(y —m)) — cos(z2(7) — 22(y =)’
Then we have the following result:

Proposition 8.1. Consider 0 <1’ < r and the set
Or = {z € X, such that ||z||, < R, ||d"[2]||Le(m,) < R, [|dT[2]||Le<(m,) < R},

where d~[z] and d*[z] are defined above. Then, for z,w € Og, the spatial operator in (8.3),
F :Or — X, is continuous. Moreover, the following inequalities holds:

24e. Xr C Xprand ||« || < |- ||y for v <.
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8.2. Existence of solution without assuming RT stability

L ||F[] a3,y <

<5 ||
r—r! T

2. |Fla] = Flulllmss,) < 725112 = wllma,),

=y’

3. sup,ep, ger [F[2](7) = Flz](y = B)| < CrlAl.

Proof. Proof of 3. We need to bound ||0;0u 2|| (8, Due to the Hadamard’s Three Lines Theorem
it is enough to bound the quantities on the boundary of the strip. For notational simplicity, we
write

z (7) z1(y) ==z (y =),

50 = w0 Eal ),
sinh(z1) = sinh(z; (7)),
cosh(z1) = cosh(z; (7)),
sint(z) = sin(zE(),
cost(z) = cos(z5 (7))

We have

2 _ 92 . .
10az = P.V. / + / (052(7) — O52(v @)SInh(zl)
B(0,1) Be(0,1) cosh(z1) — cos™(z2)

(0221(y) — 02z (v — ), 03 22(v) + D2za(y — m)) sinh (1)
cosh(z1) + cosT(z2)

(Oaz(7) = Baz(y = n)) cosh(z1)(8az1(7) = Baz1(y — 1))
cosh(z1) — cos™(z2)

(Oaz1 (7), 00y (7)) cosh(z1)0u2y (7)
cosh(z1) + cosT(z2)

~ (Gaz(v) = Oaz(y —n)) sinh?(z;) =
(cosh(z1) — cos™(22))? dazy (7)

_ (9az(7) = Oaz(y — n))sinh(z1) (Vo
(cosh(z1) — cos™(22))? (22)0az5 ()

~ (Qaz1 (), Oazy (7)) sinh(z;) S (208, 2
(cosh(z1) + cost(z2))2 (22)0a25 (77)

(9021 (1), 0az ) sinh® (1) -
(cosh(z1) + cosT(22))2 dazy (7)dn

= A+ A,

+

+

+

The inner part can be easily bounded as in Chapters 5 and 6 using Sobolev embedding and the
definitions of d*[z] and Og as
A; < Cg.

In order to bound the outer part we have to integrate by parts in 1. We have As = By + Bs + Bs,
where

PR R p— 0 i)

Be(0,1) cosh(z1) — cos™(z2) = cosh(z1) 4 cost(z2)

—022(y —n) sinh(z1) N (=9221(y =), 02 z2(y — m)) sinh(21)

B, = PV.
? Be(0,1) cosh(z1) — cos™(22) cosh(z1) + cosT(z2)

dn,
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Chapter 8. Turning waves

_ (Oaz(v) = 9az(v —m))0az1 (7)
By = P.V. /36(071) (cosh(z1) — cos™(22))?

(Oaz1 (1), 0az3 (7))0a21 (7)
(cosh(z1) + cost(z2))?

~ (Gazy (), Oazy (7)) sinh(z1) it (s i
(cosh(z;) + cost(z))2 (22)0az3 (7)

_ (0az(7y) — Oaz(y — 1)) sinh(z7) I .
(cosh(z1) — cos™(22))? (22)0azy (7)dn.

(1 — cosh(z1) cos™(z2))

(1 + cos™(22) cosh(z1))

All the terms in Bs are easily bounded using the definition of d* and Og. We obtain Bz < Cg. In
B; we integrate by parts and use the cancelation coming from the Principal Value integration. The
boundary terms in +1 are harmless and can be easily bounded. The boundary terms at infinity
are

lim M

M—o0

( sinh(z(y) — 21(y — M))
cosh(z1(7) — z1(y — M)) % cos(22(7) * 22(y — M))
N sinh(z1(y) — z1(y + M) ) _o.
cosh(z1(y) — z1(y + M)) £ cos(z2(7) & z2(y + M))

The integral now is

B = —822(7)?\/./

sinh(z1) sinh(z1) )
0, ( + dn,
Beo1) -\ cosh(

z1) —cos™(z2)  cosh(z1) + cosT(z2)

and this integral can be easily bounded as By < Cg using the definition of d*, O and the Sobolev
embedding. For By we integrate by parts again. The boundary terms are harmless. We obtain

5o B sinh(z1)
By = —P.V. /30(071) Doy =1y <Cosh(21) - cos—(z2))

T (=0n1(y — 1), Bazaly — ) <

sinh(zy) > "

cosh(z1) + cost(z2)

Using the decay coming from the derivatives we conclude By < Cg, and then [|8;04z|| 1~ < Cg.
This concludes with the point 3.

Proof of 2. We show now the second point. For the sake of simplicity we bound only some terms.
We consider first the low order terms; we have that the terms corresponding to the first kernel =
are

Fi[2] - Fi[w] = P.V. /R (9az(v) = Gaz(y’ _Czl}?(iiaf(;' 3_-(2;@(7’ —n)sinh(z) |
, , sinh(z1) sinh(wy)
LR /]R(aaw(v ) = Gaw(y’ =) (cosh(zl) —cos—(z2)  cosh(w;) — cos(wg)) @
= A3+ Ay.

Now we split the integral:

damrv ([ e[ ) @e) - 0ent ) (o) Doty ) sinhtz)
B(0,1) €(0,1)

cosh(z1) — cos™(z2)

= B4 + Bs.
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8.2. Existence of solution without assuming RT stability

The inner term can be written as

N (92 (22 —w2) (" + (s — 1)n))nsinh(2:) .
Ba(v) /0 P'V'/B(Oﬁl) cosh(z1) — cos™(22) dinds,

and then, using Cauchy—Schwarz inequality as in Chapter 5 we can obtain

Cr
S E—

I Ball 2B,y < CrllOA(z2 — w2)ll L2,y < —

where in the last step we used (8.2), i.e. we can recover one derivative using the Cauchy integral
formula. Now we split Bs = Cy + C5, where

3

Cr = (8a2(7) — (%w(’y/))P.V./ sinh(z1)

Be(0,1) cosh(z1) — cos™(z2)

(Oy2(y" —m) = Fyw(y’ —n))sinh(z1) ,
U
Be(0,1) cosh(z1) — cos™(z2)

Cy =P.V.

Integrating by parts in the previous integrals we can bound it. Thus, appliying Cauchy—Schwarz
inequality, we obtain

R
1Bsllr2s,) < —— 5l = wlls-

r—

The term A4 can be bounded with the same techniques, thus we conclude

Cr
r—r!

lAdllL2e,) < 2 — w3 ,)-

Putting all the inequalities together we obtain

Cr
r—r!

[ F1[z] = Fr[w]]| L2,y <

2 = wll s s,)-

The third derivative of the first kernel, =1, has the more singular integral:

— (932(v') — D42(y' — ) — (Dhw(y') — Bbw(y/ —n))) sinh(z) |

cosh(z1) — cos™(z2) g

R
inh(z1) sinh(wy)
PV. [ (0tw() — 9wy — S - d
+ /]R( aw(y) = Gaw(y’ = n)) (cosh(zl) —cos™(z2)  cosh(w;y) — cos™(ws) g
= As + Ag.
First consider the term As = Bg + By, where
sinh(z1)

By = (942(+') — 9tw(y'))P.V. /

B(0,1) cosh(z1) — cos™(22)

(922(y' —n) — 92w(~' —n))sinh(z)
—P.V. _
v /3(0,1) cosh(z1) — cos™(z2) dn = C3 + Cy,

sinh(z1)
Be(0,1) cosh(z1) — cos™(22)

PV / (0a2(y' =) = Daw(y’ —n)) sinh(z1) ,
B0 cosh(z1) — cos™(22) "

By = (9,2(7") — Oaw(y)P.V.

[e3%
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Chapter 8. Turning waves

B7 can be easily bounded integrating by parts as before obtaining

Cr
| B7ll L2,y < p— 2 = wl w3,

We need handle the singularity arising in Bg without using more derivatives. In order to do this
we split the integrals:

() — Dl sinh(z1) — (z21(7") — 21" —n))
Cs = @) —ohuypy. [ SR Sy

+(022(+) — 0 w(v"))P.V. /B o 21¢ )C;Sfll(z :le ?a)zl(V)dn

)
HOL) B Noun PV [ gt (A ) [ 0).

where

The integrals in C3 are not singular and then

C
ICsllz2(e,.) < CrIIGA(z = w)l22@,) < =12~ wllma,).

In the term C4 we have a Hilbert transform:

_ (032(7" = n) — Baw(y’ —n))(sinh(z1) — (z1(v) — 214" = m)))
Ca PV /B(O 1 cosh(z1) — cos™(22)

-P.V.

(
) —

(052(y = n) = daw(y =) (z1(7) = 21(7" =) = Baz1 (7))
)

B(0,1) cosh(z1) — cos™(22)

UL BCECETE Sty — mym [Z“”;;Zi%‘kﬂz“”””

(Daz(y" =) = Daw(y" —n))n <; - %)

Do) (]2 OP.V. / S 7

B(0,1)

4 /_ _ 94 I _
4Dz () [, O)PV. / 9p2(y =) = dqw(y’ —n)
B<(0,1) n

—40021 (v )d” [2](7, 0)H (0az (v = n) — Oaqw(y' —n))
= D1+ Ds+ D3+ Dy + Ds + De.

The integrals D1, Do, D3 and D, are not singular. Then, as before, it can be easily bounded

C .
||Di||L2(IB%(T/)) S C’R||8i(z - w)HLz(Br,) S , _R ; HZ — w||H3(IB%T); 1= 1, ,4

The term D5 can be bounded by means of an integration by parts to ensure the decay at infinity.
The term Dg can be bounded using the boundedness of the Hilbert transform in L2, so we conclude

Cr
1Callc2@eyy < -5l = wllm2m,)-

The term Ag can be bounded as before. The terms corresponding to the second kernel are not
singular and can be easily bounded with the same techniques and the definition of d*[-].

Proof of 1. This proof follows with the same techniques. O
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8.2. Existence of solution without assuming RT stability

The previous proposition gives us the following result:

Theorem 8.3 (Existence in the unstable case). Let zo € X, for some ro > 0 (see definition
(8.1)), be the initial datum and assume that this initial data does not reach the boundaries. Then,
there exists an analytic solution of the Muskat problem (2.9) for t € [=T,T| for a small enough
T >0.

Proof. The proof follows the same argument as in [10, 46, 49, 50]. As z9 € X,,, satisfies the
arc-chord condition and does not reach the boundaries, there exists Ry such that zp € Ogr,. We
take r < rop and R > Ry in order to define Or and we consider the iterates

t
Znt+1 = 20 +/ Flz,]ds,
0

and assume by induction that z; € O for k < n. Recall that F' = (F!, F'?) is the spatial operator
n (8.3). Then, we obtain a time Tox > 0 such that ||z,||, < R for all n. It remains to show that

1™ [znta]ll Lo (8,), 147 [2n41]ll Lo B,) < R,

for some times T4, Tp > 0 respectively (see Theorem 5.1). Using the classical trigonometric
formulas we obtain

cosh (201 (7) = 20, (v = ) + fy FY[e](v) — FY[2](y — ﬂ)ds)

(d_ [Zn-l-l])_l

sinh?(7/2)
cos (20,(7) = 200 (7 = 1) + Jy F2[21() = F2[z](y = m)ds)
a sinh?(5/2)
cosh (20, (7) = 20, (v = m)) cosh (fy F1[=)(7) = F1[:](y — m)ds)
- sinh®(n/2)
 sinh (0, (0) = 20, (7 = ) sinh (fg PU[1() = PGy —m)ds)
sinh?(n/2)
cos (20, (7) = 207 = m)) cos ( Jy F2[2](7) = F[=)(y = n)ds)
- sinh?(1/2)
L Sin0a0) (0 — )i (Jy F2L1) = F2LE1 (5 = m)ds)
sinh?(n/2) -
Thus, we get
o o, coshi (o, (7) = 20, (y = m) 2sink® ((fy P[] ) = PNy — m)ds)/2)
(d” [2n41]) = (d7[z0])" + sinhQ(n/Z)
+sinh (20, (7) — 20, (v — n)) sinh (fot — F12](y —n)ds)
sinh?(1/2)
cos (20,(7) — 70, (7 = 1)) 2sin? ((fy F2[21() = F2[=)(y = m)ds) /2)
- s1nh2<n/2>
sin (20, (7) = 204 ( = m)) sin (g F2[21(7) = F2[)(y = m)ds )
+ — :
sinh” (/2
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Chapter 8. Turning waves

Take ¢t < 1 and assume that n € B(0, 1), then, using the inequality (see Proposition 8.1)
sup |F[f](y) — F[f](v — B)| < CrlAl,

v€B-,BER

we have

W%MW>%—%WH)

In the case where n € B¢(0,1), to ensure the decay at infinity, we use the inequalities (obtained

from Proposition 8.1)
| Flzn]llL~@®,) < Cr,

lz20(7) = (7, 0)ll L 8,) < Ckr,
to conclude

wmm>>%—%wH»

11 1
0< A<mln{ 7\/(R0 R) 4maX{011270122}}7

and then ||d~ [zn41]|| L= (8,) < R. We do in the same way for d¥ [z, 1] :

Thus we can take

cosh (20, (1) = 20, (v =) + [ F'[=)(7) = F'[e)(y — m)ds)
cosh?(n/2)

cos (20,(7) + 200 (= 1) + [y F2[=)(3) + F2[z](y = m)ds)
cosh?(n/2) .

(@ [znsa]) ™ =

+

Using the classical trigonometric formulas and the previous inequalities we get

cosh (20, (7) = 20, (7 = 1)) cosh (fy F1[)(7) = FU[2)(y = m)ds)

(@ [znsa]) ™ =

cosh?(n/2)

| Sinh (o () = 20,y = ) sinh (g FE1() = FelCy — )
cosh?(n/2)

08 (20,(1) + 20, (7 = m)) cos g F[=](3) + F2[=](y — m)ds)
cosh?(n/2)

sin (20, (7) + 204 (7 = m) sin (fy F2[21(7) + F2[2)(y = m)ds )

+ 2
cosh”(n/2)

(ﬁmmd+wmwmw—%w—mnamﬁuﬁwmw—ﬂmw—mwvﬂ
cosh®(n/2)

+Sinh (20, (7) — 20, (v — m)) sinh (f(f Fiz ](7—77)653)
cosh?(n/2)

cos (z0,(1) + 20, (7 — ) 2800 ((J F2[E)(0) + F2[E)(y — m)ds) /2)
cosh?(1n/2)

sin (20,(7) + 20,y = 1) sin ( fy F2[=)(3) + F2[z](y = m)ds)

+ 5 .
cosh®(n/2)
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8.3. Singularity formation

/

-05— Z(ﬂ) v -

Figure 8.2: The curve in the case a = 5,b = 3.

Thus, we can take

1 1 1
indil = =)=
0<13<m1n{,\/< ; )2013%},

and then [|d* [z,41]|| L (s,) < R. Taking 0 < T < min{Tck,Ta,Tp}, we conclude the proof. O

8.3 Singularity formation

Now, we can prove the existence of turning waves in the stable Rayleigh-Taylor regime:

Proof of Theorem 8.1. We take p = 2 and | = w/2. First, we show that there exists curves
z(a) = (z1(), z2()) such that:

Cl. z; are analytic, odd functions.
C2. dpz1(a) > 0,V # 0, 0,21(0) = 0, and 9y 22(0) > 0.
C3. 8avl (0) = 8a8tzl(0) < 0.

By integration by parts in expression (2.9) and using the definition of z;, we obtain

1

(cosh(z1(n)) — cos(z2(n)))?
1

* Tcosh(z1 (1) + cos(z2(n)))?

0,v1(0) = 2022(0) /000 Oaz1(n) sinh(z1(n)) sin(z2 (77))(

)dn. (8.4)
Now, we define piecewise smooth and odd functions (see Figure 8.2)
z1(@) = a — aexp (—a?)
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Chapter 8. Turning waves

and, fixed 2 < b < a positive constants,

lsin(aa) ifo<a< z,
a' a— (7/a) Y a7r
sin (WW) 1fg<oz<3,
n(a) =49 —a+ 7 if % <a< g, (8.5)
™ T 1
a77r+3 1f§§a<7r(175),
0 ifﬂ(l—%) <a

We observe that C2 is achieved for this (z1,22). Moreover, these curves satisfy the arc-chord
condition in the whole domain. Using the definition of z2 we have that

0av1(0) < 2022(0)(Io + I),

where I, I, are the integrals (8.4) on the intervals (0,7/a) and (7/b, 7), respectively. Easily, we
show I, < 0 and this is independent of the choice of a. The integral I, is well defined and positive,
but goes to zero as a grows. Therefore, by approximating, there exists curves (z1, z2) that satisfies
the conditions C1-C3.

Now, we consider (z1,22) as the analytic initial datum for the equation (2.9). By a Cauchy-
Kowalevski Theorem (see Theorem 8.3), there exists a curve, w(a,t), solution of (2.9) for any
tel[-T,T).

We denote m(t) = ming du21(, t). We notice that, if 9,v1(0,0) = 9p0¢21(0,0) > 0 then we have
m(0) = 0,21(0,0) = 0 and £m(t) > 0 for 0 < ¢ small enough. This implies

5
m(d) = m(0) —|—/0 m/(s)ds >0

for a small enough § > 0 and the curve can be parametrized as a graph. If 9,v1(0,0) =
000:21(0,0) < 0 then m(t) < 0 if ¢ is small enough and the curve can not be parametrized as
a graph.

Due to C3, we get the following

1. for =T < t < 0, we have min, Oqw1(a,t) > ming Oqwi(a,0) = 0 and sp(a) = s(a,0) =
w(a, —T'/2) can be parametrized as a graph.

2. At t =0, w(a,0) = s(a, T/2) = z(«) has a vertical tangent.

3. For 0 < t < T we get min, w1 (e, t) < ming dpwi (e, 0) = 0. Thus, for 0 < t < T, the curve
is no longer a graph and the Rayleigh-Taylor condition is not satisfied in a neighbourhood of
a=0.

O

Remark 8.1. This theorem implies that there exist initial data fo, parametrized as graphs, such
that the solution of (2.5) develops a blow up for |0 f(t)||L~ at finite time t;.

We have the following result

Proof of Theorem 8.2. We take

z1(0) = o — avexp (—a?)
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8.3. Singularity formation

and, fixed 2 < b < a positive constants,

1
— sin(aa) ifo<a< ﬁ,
: (r/a) ¢
sin(wwa;f;: )
(7/a)—=(x/b) ifﬁ<a<%,
a
z2(@) = _a+ﬁ if%<a<— (8.6)
b b~ 2’
T T <a<nl—2ly
Ty 2= b
0 ifﬂ(l—g)ga
We take b close enough to 2 such that
Tom
77 <

Now we take a large enough such that 9,v1(0) < 0 and 1/a < «y. This curve turns, so we can solve
backward in time to obtain a graph such that the amplitude is smaller than v. We conclude the

result.

O

Remark 8.2. Notice that this family of functions can be used to prove the existence of singularities

for the infinitely deep case l = oo.
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Chapter 9

Global solvability for the confined
Muskat problem

9.1 Foreword

In this Chapter we prove global existence of Lipschitz continuous solution for the stable, confined
Muskat problem

O f = A[fL

with

n f(2)=fla—
tan<2_l @)= n))

tanh(%g)

+ %ZP.V./RaI (arctan (tan (%W) tanh (%g))) dn. (9.1)

and initial data satisfying some smallness conditions relating the amplitude, the slope and the
depth. The cornerstone of the argument is that, for these small initial data, both the amplitude
and the slope remain uniformly bounded for all positive times. We notice that, for some of these
solutions, the slope can grow but it remains bounded. This is very different from the infinite deep
case, where the slope of the solutions satisfy a maximum principle.

Alfl(z) = 2—lP.V./8I arctan dn
™ R

For equation (9.1) (see Theorem 7.4 in Chapter 7), we obtain the maximum principle for || f(£)|| 1 (r)
and the maximum principle for ||9; f(t)| L (®) for initial data satisfying the following hypotheses:

10z foll Loy < 1, (9.2)

7l foll Lo () T
tan (T < (|0 fol| e ) tanh (E) , (9.3)
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Chapter 9. Global solvability for the confined Muskat problem

and

(101 oll ey + 2(cos () = 2ysect () 110 ol o))

tan(% uamfoHZLao(R))
L+ [|0z foll L) | 10z follLoo(r) + () ,
T

6 tanh () 412
e ™
+ dtan (2ol ) = 4010 foll e ey cos (Tl foll ) <0 (9.4)

These hypotheses are smallness conditions relating |0z foll o (®), | follLe(®) and the depth. We
define (z(1),y(1)) as the solution of the system

tan (g—f) — ytanh (4%) =0

v (“ e 5 9.5
(y+12(cos (§) — 2)sec (7)) it 24 (3) )
+4 tan (2%90) — 4y cos (%x) =0.
Then, for initial data satisfying

10z foll Lo ry < y(1) and || foll Lo ) < (1), (9.6)

we show (see Corollary 7.3 in Chapter 7) that

|0z fll Loo () < 1.

These inequalities define a region where the slope of the solution can grow but it is bounded
uniformly in time. This region only appears in the finite depth case (see Figure 7.1).

In this Chapter the question of global existence of weak solution (in the sense of Definition 9.1)
for (9.1) in the stable regime is adressed. In particular we show the following Theorem:

Theorem 9.1. Let fo(x) € WH(R) be the initial datum satisfying hypotheses (9.2), (9.3) and
(9.4) or (9.6) in the Rayleigh-Taylor stable regime. Then there exists a global solution

f(z,t) € C([0,00) x R) N L>([0, 00), WH>(R)).
Moreover, if the initial datum satisfy (9.2), (9.3) and (9.4) the solution fulfills the following bounds:
If @Oz < N follLee®) and [|0xf ()] Lo @) < [0 foll Lo ()

while, if the initial datum satisfy (9.6), the solution satisfies the following bounds:
1f @Ol < [ folloemy and [0z f ()] Loom) < 1.

This result excludes the formation of cusps (blow up of the first and second derivatives) and turning
waves for these initial data. Notice that in the limit I — oo, the previous conditions (9.2)-(9.4)
reduces to

10z foll L ®) < 1,

and we recover the result contained in [13].
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9.2. The regularized system
9.2 The regularized system

In this Section we define the regularized system and obtain some useful ’a priori’ bounds for
the amplitude and the slope. To clarify the exposition we write f€(x,t) for the solution of the
regularized system.

9.2.1 Motivation and methodology

We remark that the term

.. (f(w)—g(w—n))

tanh (g)

E1(z,n) = 0, arctan dn,

in (9.1) is a singular integral operator, while

Za(z,n) = 9, arctan <tan (W) tanh (g)) dn

is not if the curve does not reach the boundaries. In order to remove the singularity while preserving
the inner structure, we put a term |tanh (%) | for 0 < € < 1/10 in both kernels. We define

tan (71‘6(”*56(“"’) | tanh(Z)|¢

={(z,n) = 0, arctan tanh (3) dn, (9.7)
tan (Ll o)

=€ — 1

=5(z,n) = 0y arctan [tanh(Z)F tanh (2) dn, (9.8)

To pass to the limit we use compactness coming from an uniform bound in L*([0, 7], W1°(R)).
Thus, we need to obtain ’a priori’ bounds for the amplitude and the slope. Taking derivatives in
E¢, we obtain some terms with positive contribution. So, we attach some diffusive operators to the
regularized system. Given a smooth function ¢, we define

R Sinh2 ( 121)

(9.9)

We notice that, if the depth is not I = 7/2, the previous operators should be rescaled and we write
the subscript [ to keep this dependence in mind. These operators are finite depth versions of the
classical A® = (—A)/2,

Roughly speaking, there are three different types of extra terms appearing in the derivatives of
(9.7) and (9.8) that we need to control to obtain the ’a priori’ bound for the slope:

1. There are terms which have an integrable singularity and they appear multiplied by e. In
order to handle these terms we add —eao A}~ f¢(z) and —eaz A~ f¢(), with az, a3 positive
constants that will be fixed below depending only on the initial datum. These two scales
1 — €, 1 — 3¢, appear naturally due to the nonlinearity present in (9.1).

2. There are terms which are nonlinear versions of A; — Alk6 and A; — Allfge. These terms go
to zero due to the convergence of the operators but they are not multiplied by €. In order to
handle these terms, we add —(A; — A} ™€) f¢(x) and —au(A; — A} 73) f¢(x), with ay a positive
constant taht will be fixed later.
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3. To absorb the nonsingular terms we add —/ea; f¢(z), with a; a positive constant that will
be chosen below. We notice that, as ¢ < 1/10, the square root converges to zero less than
linearly. This factor will be used because the contribution of some terms is O(e*) with
1/2<a<1.

Once that the ’a priori’ bounds are achieved, we should prove global solvability in H? for the
regularized system. To get this bound, we add ed?f¢(z). We also regularize the initial datum.
We take J € C°(R), J > 0 and || J||z: = 1, a symmetric mollifier and define J.(z) = J(x/€)/e.
Given fy € W1°°(R) we define the initial data for the regularized system as

Fow 0 = 222

T 1fe2p?

Putting all together, we define the regularized system

Orf(x) = —ear f(x) + D> f(z) — eagAllfefe(:c)
- eongllfgefE(z) — (A — Allfe)fﬁ(:c) —ay(A — Allfge)fﬁ(:c)

+2P.v./E;(z,n)dn+2pv./Eg(z,n)dn, (9.11)
R R

(9.10)

where «; are constants that will be fixed below depending only on the initial datum fy. We
remark that f§ € H*(R) for all & > 0. We need to obtain that | f§|lre®) — |lfollz®) and
102 f6 |l oo &) = |0z foll Lo (r)- Notice that, due to the continuity of fo,

f5 = Tex fo— 25— fo
uniformly on any compact set in R. Since d,fo € L®(R), we get d,fo € L} (R) and then, as

loc

€ — 0, we have J. * 0, fo — 0, fo a.e. Thus, we have || Jc * Oz fol| Lo ®) = [0z foll Lo ®). Moreover

222 T, * Oy fo 2¢%z

8zf(§:u7e*axf07 1+62£E2 *je*fo

————— — 0, fo a.e. on every compact,
(1 + €2$2)2 xfO y p

and we get ||0.f§ Lo ®) — [0z follL(r). Therefore, we have that if fy satisfies the hypotheses

(9.2),(9.3) and (9.4), f§ also satisfy these hypotheses if € is small enough. Moreover, if fo, 05 fo
satisfy (9.6) the same remains valid for f€ and 0, f€ if € is small enough.

We use some properties of the operators All_e. For the reader’s convenience, we collect them in
the following lemma:

Lemma 9.1. For the operators A}~ (see (9.9)), the following properties hold:
1. Alk6 is L%-symmetric.
2. All_6 is positive definite.
8. Let ¢ be a Schwartz function. Then, they converge acting on ¢ as € goes to zero:

1A = A7)l rry < cllllwen e

4. Let ¢ be a Schwartz function. Then, the derivative can be written in two different forms as

(&¢@)%%ﬁ%ﬂlmmﬂxnvmfﬁ
)

A0 = (1= PV, [ sinh? (452
2

s () — L2 | tanh((2 — 1) /2)|°
+PV/(¢u>mmmwlm«xnvnM+Mmm
R

sinh? (%)
_ py, [ OOk Dl tnbla/ 21,
R

sinh®(2)
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9.2. The regularized system

Proof. Proof of 1: Changing variables appropriately, we have

1 (¢(x) — ¢(x — n))| tanh(n/2)|*
/R1/1(:c)Al ¢(z)dx /RP.V./Ri/)(:c) sinhQ(%) dndx

(0(z) — ¢(n))| tanh((z —n)/2)|
/RP.V. /R ¥(x) sinhQ(@) dndz

o (¢(z) — ¢(n))| tanh((@ —n)/2)I ,
= /RP.V./Rz/)(n) sinhQ(M) dnd

1 (¥ (x) = ¥m)(o(x) — &(n))
2 /]RP-V./]R s1nh2( L

= / A (@) () d.
R

[t = /2 g,

tan
)

Proof of 2: In the same way, we compute

[o@nt-o@ar = [pv. [ ¢(x><¢<x>— iliill;(a(r:hggag—n>/2>|€dndx

)| tanh((z — n)/2)|°
/PV / sth((zgn)) e =0

Proof of 3: We recall some useful facts: if |y| > ¢ > 0, due to the Mean Value Theorem, we get

. d
i)l = 11 = | £ anb 17| _e| < el1og | tann() | (9.12)

and -
/ |log (| tanh(y)|) |dy < ¢ < oo. (9.13)
0

We have

n| dx

(A — A}~ )9l L1 (R) = / P.V. / (¢(x) = dlz —n) =~ O 2(‘722) (1- |tanh(77/2)|€)d
)

- / / (s— 1) azgz,@;+r§nh;(g)>><1|tamh(n/w)dsdwh7

We split the integral in n

dzx.

772

(0,¢) sinh? (ﬂ)

1 h(n/2)
+||a§¢||L1(R)/ 6| Og(lta‘n (77/ |)|77 d
Be(0,¢) sinh? ( )

log (| tanh(n/2)])
< 1|82 1y de + ||0? 1 /6|
<09l L (ryde + 1|08l L1 (r) A stk (1)

18— A Yollosce) < 1026l0ce) | i
B

n?
dn < cl|pllw=1(wye.

Proof of 4: We only prove the first expression, being the second one straightforward. We use the
cancellation coming from the principal value to write

Al PV/ n))| tanh((z —n)/2)| _Qam(b(x)ltanh((w—77)/2)|€d77_ (9.14)

smh2 (—271) tanh((x —n)/2)
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Chapter 9. Global solvability for the confined Muskat problem

Notice that, in this formulation,

P.V./: lim .
R—00 Jpe(z,1/R)NB(x,R)

We take the derivative of (9.14). Due to the principal value the boundaries contribute with some
terms:

(¢(z) — ¢(x + R))| tanh(—R/2)|* | tanh(—R/2)|

sinh? (=£) 200 R 2)

2

_ [ (o) = é(z + 1/R))[tanh((-1/R)/2)* _,, d)(x)ltanh( —1/R)/2)|°
sinh? (* /R) ’ tanh((—1/R)/2)

4 0(@) — ¢z — 1/R))[tanh((1/R)/2)|° 20,0(x) |tanh((1/R)/2)|°
sinh? (UTR)

(¢p(x) — p(z — R))|tanh(R/2)|
- ( 2 (Z) - 25z¢($)m> — 40,0(x),

when € — 0. Now we take the derivative under the integral sign in (9.14), and obtain

AF“0,0(0) = 10,0(2) + Py, [ L= 2SI =) e — )/

R 2cosh(c”—;71) sinh® (z—gq)

4 (0(@) — ¢())[ tanh((x —n)/2)| (¢ — cosh((z —n)/2) — 1)d77

2 cosh (z—gq) sinh?® (””—571)

896 X —M anh((xz — 2)|€
(16)PV/R( (’b( ) smh(mfn)) |t (( 77)/ )|

sinh? ( % )

dn

. /( 6(x) — D=2 |tanh((@ — )/2)|
R

dn + 40,6(z).
sinh? (552) n+40:0(z)

O
9.2.2 Maximum principle for f¢
In this section we prove an a priori bound for f¢. To simplify notation we define

Proposition 9.1. Let fo € W1>°(R) be the initial datum in (9.1), define f§ as in (9.10) and let
f€ be the classical solution of (9.11) corresponding to the initial datum f§. Then f€ verifies

£ Ol L@y < Nfolle@) < [l follne(m)-

Moreover, if fo has a sign, then this sign is preserved during the evolution of f€.
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9.2. The regularized system

Proof. Changing variables and taking the derivative we obtain that (9.11) is equivalent to
Of(z) = —(4+ Vear)f () +edy f(x) — eazh; ™ f(2) (9.16)
—eazy T () — (A= A;T)fO (@) — (A — AT ()
v 0u () soc?(0) LM NA 4 (¢ — 1) tan(p) L lemnal”
R

b () 2) g
tan2(0)| tanh((xz—n)/2)|2¢
L4 S e ) /2)

€ n\ tanh((z—n)/2) (1—¢) tan(9)
by 0: f*(2) sec®(0) e = 2)F + G (Ge—n) /2] cosh (=73
V. . 14 an2(0) tank? (a=)/2) -
Ttanh((z—1) /2|

If Hff(t)||Loo(]R) = max f¢(x,t) we define f¢(xy) = ||f€(t)HLoc(]R). Then, we have 9yf¢(x;) =
%Hfﬁ(t)llLOO(R) (see [26] for the details). If || f(t)| oo (r) = min f(x, 1) we write f(z¢) = —[| f(t)]| Lo (m)
and we get —0, f¢(zy) = %”fe(t)HLoc(R). We compute

4f(z) = Q/R&I arctan (tan(fe(x))%) dn

- (¢ = 1) tan(f* ()] tanh(n/2)|
r cosh?(17/2) | tanh(n/2)[2¢ 4 tanh?(1/2) tan®(f<(z)
L[l e D)
g cosh®(n/2) cot?(fe(x)) + tanh® >¢(1n/2)
By notational convenience we use the notation o = 3 — f¢(2;) and we define

dn

e — tan () N tan(o) B cot(6) -
tanh®~2¢(n/2) 4+ tan?(d)  tan?(o) + tanh® 2°(/2)  tanh® ?¢(n/2) + cot?()

Evaluating (9.16) in z; we have

O f (1)

—Veay f€(xs) + €2 f (1) — eongl_efe(xt) — eongll_sefE(xt)
(A= A7) f () — aa(A — A7) fe ()

h(n/2)|~¢
PV/ltan /2 e gy

cosh?(n/2)
Using the definition of § and classical trigonometric identities, we have

5 T an(3 — f(x¢)) + tan(6)
cot(0) = tan (5 B 9) = fan <_ —fle)+ 0) 1t— tan(§ — f(ac:;)ttan((?)'

Putting together all the terms in II¢, we obtain

- tan(o) tn(0)1 + 1007(0) P (3)
[tan®(o) + | tanh [2=2¢ (2)][(tan(o) + tan(6))? + (1 — tan(o) tan())?| tanh [2=2¢ (1)]
2 tan?(o )tan( )[1 — | tanh [*72€ (2)]
[tan? (o) + | tanh [2=2¢ (2)][(tan(o) + tan(6))? + (1 — tan(o) tan(6))?| tanh [2=2¢ (2)]
N tan?(0) tan(f)[1 + tan®(6)| tanh |2~2¢ (1)]
[tan?(6) + | tanh [2=2¢ (1)][(tan(o) + tan())? + (1 — tan(o) tan(6))?| tanh [2=2¢ (1)]
2tan(o) tan?(0)[1 — | tanh [2~2 ()]
[can?(8) + [vanh -2 (B)][(san(o) + tan(@)2 + (1 — tan(o) tan(9))2] tanh P> (3)]
(tan(o) + tan(0)) tan(o) tan(6)
(tan(o) + tan(0))? + (1 — tan(o) tan(6))?| tanh [2=2¢ (F)°
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Assuming that 0 < f¢(z;) = max, f¢(z), then 0 < tan(f),tan(o) and we obtain II°* > 0 and
O f(x) < 0. In the case f¢(x;) = min, f(x) < 0, we have 0 > tan(6), tan(o) and we get II¢ <0
and 0y f¢(x) > 0. Integrating this in time, we get

IO Loe @) < 1 f5llze@) < [foll @),

where in the last step we use the definition (9.10). In order to prove that the initial sign propagates
we observe that if fj is positive (respectively negative) the same remains valid for f§. Assume now
that fo > 0 and suppose that the line y = 0 is reached (if this line is not reached at any time ¢
we are done). We write f¢(z;) = min, f(z,t) = 0. We have tan(d) < 0, 0 = 7/2 and we get
IT° <0 and d:f(x¢) > 0. If fo <0 we denote f¢(z;) = max, f¢(x,t) = 0. We have tan(d) > 0 and
II¢ > 0. Integrating in time we conclude the result. O

9.2.3 Maximum principle for 0, f¢
In this section we prove an a priori bound for 0, f¢. We define

tan () ., p2(t) = tan () tanh <$t 2— 77> ;

™ tanh (757)

pa (t)

where 6 and 0 are defined in (9.15) and x; is a critical point for 9, f¢(x). We will use some bounds
for py and, for the reader’s convenience, we collect them in the following lemma:

Lemma 9.2. Let fy be an initial datum that fulfills (9.2), (9.3) and (9.4) (or (9.6)), and let f€
be the solution with initial datum f§ defined in (9.10). Then for uy the following inequalities hold

1. If |z — | > 1, due to (9.3), we have

tan ([lf(@)][z=) _ tan ([ follz=)
OIS om @) = tanh (1)

< 10ufello~ < L. (9.17)

2. If |lxy — n| < 1, we get

i (®)] < ¢ (ol wqey + 1) 1027l o ey: (9.18)
3. If |xy — n| <1 and zy is the point where O, f€ reaches its mazimum,

a(t) — D o (ar) < 2=

= TS tamn (1) (7 @0l + 8101 @) (9.19)

4. If |z — n| <1 and p1(t) — Opf(xt) > 0

0 < p2(t) — (0uf(z1))?

. tan (18=f ()]
Gt (100 f (@) + 502 f(2)[*) | 100 (x0)] + M

9.20
- 48tanh(%) tanh (%) (9:20)
Proof. To prove this lemma we use the following splitting
tan(6) ~ tan(0) — 0 0
tanh((z: —n)/2)  tanh((z: —n)/2)  tanh((x: —n)/2)’
Taylor’s theorem and the appropriate bounds using Proposition 9.1. O
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First, we assume 0, f€(x¢) = maxy 0, f€(x,t). Notice that we can take 0 < € < 1/10 small enough
to ensure that f¢(z,0) defined in (9.10) also fulfills the hypotheses (9.2)-(9.4). From (9.16), taking
one derivative and using Lemma 9.1, we get

OO, f(mr) = —80uf (1) — Vea10u f (1) + €02 f (1) — €qnl] ™ f(z4) (9.21)
—eas] 7 f (@) — aa(A — A7) (@) — (A — A7) ()

+P.V. / Zidn+P.V. / Zodn + P.V. / Tsdn
R R R
where 7, is the integral corresponding to =, Z» is the integral corresponding to =5 and

| tanh(n/2)[°9,0 (1 — | tanh(n/2)*p3(t)) dn

Iy = +€P.V. - - (9.22)
. an2(6 anh 2)|2%¢
R s1nh2(77/2) cos?(6) (1 + (t;‘lﬁ‘;‘(n}g)/ ) )
tanh(n/2)|~¢9,0d
—eP.V. [tanh(n/2) il (9.23)

n an2(f) tanh?
R cosh?(n/2) cos2() (1 + W)
2 (4| tanh —n)/2)|7320,0d
+eP.V./ 13 ()| tanh((z, —1)/2)| 20, 0dn _ (9.24)
R

_ 2
o an2(0 nh?((x—
cosh? (- 1)/2) cos?(7) (1 -+ LD ta oy /o))

We have
Il = Fl + €F2

where

(| tanh((z; — n)/2)[3 — 1) I'{ N (| tanh((xy — n)/2)|¢ — 1) T?

2 2
tan2(0)| tanh((z—n)/2)|2%¢ tan2(0)| tanh((x—n)/2)|3¢
(1 + tanh?((z—n)/2) ) (1 + tanh?((z—n)/2) )

1=

i +1?2
" 2( >|1 . <<1 py? %)
tan2(0)| tanh((xz—n)/2)|?¢
(1 + tanh? ((z—7)/2) )
with
rl_ —(0af(x¢))? [T . O f (i) 1
' cos? () tanh?((z; —n)/2)  cosh®((z; —n)/2)  sinh?((z; — 71)/2) cos2(6)’
2o =0 w)  Ouf(w)pd (O f(21)) 11
sinh?((z; —1)/2)  cosh®((x; —n)/2) cos?(9)
The second term is given by
r, — _|tanh(( — m/DPTy _ tanh((z —n)/2)|T3 (9.26)
= 2 2 :
tan?(9)| tanh((z—n) /2)|** tan2(6)| tanh((z—n) /2)|**
2 (1 + tanh?((z—n)/2) ) 2 (1 + tanh?((z—n)/2) )
where
Oxf(we) | — 1 (1) Ocf(we) 4 —pa (1)
F% _ ,Uf (t) cos?(0) cosh?((z¢—n)/2) and Fg _ cos?(0) cosh?((z¢—n)/2)

sinhQ((zt —n)/2) sinh2((zt -n)/2)

We compute
To = Q1 + €y,
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with
Q, = (Itanh((z; —n)/2)|7* = 1) ?} n (| tanh((z¢ —n)/2)|7 - 1) Qj
tan2(0) tanh?((z—n)/2) tan2(0) tanh?((z,—n)/2)
(1 + T Teanh({@—m /1% ) (1 t (o /2 )
Ql 4+ 02
<’>1+2<2 )2\ (8-27)
tan?(0) tanh?((x:—n)/2
(” [tanh((ze—7)/ D )
where
B € 2 t 2 é _ 3 t
Q% _ 78 f (zt)ﬂ2( )sec ( ) + (a fe(zt))2ﬂ3( )sec (9) M2( )

cosh?((z; —1)/2) ‘ cosh?((z; —1)/2)

— (Baf(x0))2 2 (t) tanh®((z; — ) /2) sec* (0) — co;}?‘g(i)mg))ﬂ) ,

0 = 0 f(x¢) sec?(0) — pa(t)
cosh?((z: —1)/2)
The second term is given by

+ (0o f (1)) pa(t) sec?(0).

—3e ((Oxf (ze)p3 (1) sec(6) tan®(9) (1)
|tanh((xt - 77)/2)' ’ ( 2cosh2(u(mt7i78)(}2) + 2co:h4((mf:77)/2))

Oy = — 5
(1 n tan2(0) tanh2((m,,—n)/2))

[tanh((z:—n)/2)[*

—e [ =0:f(2¢)sec® (9) tan(6)
| tanh((z¢ — n)/2)] (2cosh2((;tie;)/2) - 2cosh4((xt777)z;2) tanh((z;—n)/2)

P 2
tan2(0) tanh? ((z.—7)/2)
(H Ttanh((z:—m) /D)% )

+ ) . (9.28)

We need to obtain the local decay |[|0.f(t)||zo®) < [|02f(0)||Loo(r) for 0 <t < t*. Assuming
the classical solvability for (9.11) with an initial datum fy fulfilling the hypotheses (9.2)-(9.4) we
have that f€(z,d) also fulfills (9.2),(9.3) and (9.4) if 0 < § << 1 is small enough. Recall that
Oz f(x5) = [|02f(0)]| Lo (m) and 0,0 > 0. The linear terms in (9.21) have the appropriate sign
and they will be used to control the the positive contributions of the nonlinear terms. We need
to prove that 9;0, f€(xs5) < 0. For the sake of simplicity, we split the proof of this inequality in
different lemmas.

Lemma 9.3. If oy > 2sec?(| foll Lo (r)), we have
T3 < ectan® (|| fol| L= (r)) sec® (|| foll L (r)) Ou f (2s).
Proof. Using the linear term A; ¢ to control (9.22), we have

| tanh(n/2)|°0:0 (1 — | tanh(n/2)[*p3(6)) dny

Ay = eP.V. - - %A}*eaz F<(xs)
. n nh €
* sinh(5/2) cos2(0) (1 + izl )
€ 1 oD}
|tanh(n/2)| 0.0 <cosz(9)(1+‘a‘12<9>tanh(n/2>2€)2 o 7) dn
— PV tanh2(n/2)
V. —
R sinh*(n/2)

PV / | tanh(n/2)[0,0] tanh(y/2) 41 (8)dn

2 an 2e 2
® sinh?(1/2) cos?(0) (1 + (ta)l‘ﬂtlZ(’f]l;Z)/m‘ )

<0,
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if az/2 > sec?(|| foll Lo (r))- Due to 0 f¢(xs) = [|02.f(8)|| L (), We have 0,6 > 0. Then, the term

(9.23) is
Ay — PV, / |tanh( )| Oy 9d77
R

h 2 2 / tan2 tan2(6) tanh?(n/2)| <o.
cosh(/2) cos T Cr 7T

The term (9.24) is

Ag = PV / 13 (6)| tanh((ws —n)/2)|~*20,0dn
— P.V. - o
% cosh?((zs — 1)/2) cos2(9) (1 -+ 27 Ean G /21l
< GCta.n2 (HfOHLOC(R)) S€C2 (”fo”Loo(R)) szf(x(;)

O

This kind of terms will be absorbed by «;. We have to deal with Z;. We start with the term
corresponding to I'Z in (9.26). We write

| tanh((z5 — n)/2)|¢ (Zelylee) 4 —m®)
Ay =PV / ( cos?(9) B2 (x5 n)/2))2d
R 9sinh?((zs — )/2) (1 + tan2<e>\tanh((xrn)/z)\%)

tanh?((z5—n)/2)

Lemma 9.4. If o > 2sec?(| foll Lo (r)), we have

Ay < cedy f(ms) (sec (|| foll Lew)) +1) + ce@mf(x(;)%

Proof. We split

x —p1(0
| tanh((zs —1)/2)|° ( Cosz(g‘;) O f<(25) + m +M1(t))

Ay =PV (6)] tanh(( /22 )2 I
. 9 tan?(0)| tanh((zs— 2)|2¢
R 2sinh*((zs — 1)/2) (1 + tanhZ((ws—J’ﬂ);]Q) )
tanh((z5 —n)/2)| (9o f“(x5) — p1 (0
+eP_V'/ [tanh(@s = n)/DI* @uf o) = @)\ g\
R

o tan?(6)| tanh((zs—1) /2)[>¢
2 sinh (($6 - 77)/2) (1 + . tanhz((zajn);IQ) )

Since 0 < § << 1 is small enough to ensure that the hypotheses (9.2)-(9.4) hold at time §, we have
that, if || > 1,
tan(|| £ (9l o= @)
Nl <
Ol = — )

The term Bj is not singular and can be bounded using (9.18) and (9.29):

B f<(w5) tan®(0) + |p1 (6)| tanh® (1/2)
il s v </B(o 1) /c(o 1)) 2sinh®(n/2) dn

< cedy f(x5) (sec (|| foll o)) + 1) -

< 8, f<(x5). (9.29)

We compute

d77101+02,

€ € _ tan(0)—60 0 20 20
By = ¢P V./ | tanh(n/2)| (8zf (ws) tanh(y/2) ~ tanh(n/2) T 71 77)
R

2
I tan2(6)| tanh(n/2)|2¢
2sinh*(n/2) (1 + TanhZ(n/2) )
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with

0

[ tanh(n/2)| (— om0t — 0+ 2)
O\ — PV, ( / / ) tanh(n/2)  tanh(n/2) ' 7 iy =Dy + Dy,
B(0,1) c(0,1

2
an?(6)| tan 2
2sinh?(n/2) ( +1 (ta?ﬁ?(v}zl;g)/m )

| tanh(n/2)|¢ (a Fe(ws) — %)
CQ = GPV/ - - ~
R 2sinh?(n/2) (1 | tan?(6)]| tanh(n/2)| )

tanh?(n/2)

Using the Mean Value Theorem, we bound the inner term D; as
|D1| < cedr f(x5).
Due to (9.29), the outer term is

|Da| < €P.V. / |11 (8)] + 0x [ (x5)
- B<(0,1) QSinhQ(n/Q)

dn < ecO, f(xs).

Putting all together, we obtain
|Cy| < ecOy f(x5).

Then, using the diffusion given by All_6 to control Cq, we get

tanh(n/2)|¢ (0. f¢(x 20
CQ_G%A}_easz(ZE(?) ZeP.V./ |genh(n/2) ( ws) ) dn

2 an \?
R 2sinh®(n/2) (1 + (ta)x‘];(:z]%)/w )

Ouf(a5) — L am ) ) | panh(n/2)|¢
o (1—6PV/( for=)

, dn
sinh? ( 121)

(00 (s) — Llzsdflesd) [ ann(/2)]°
+P.V. / dn + 40, f*(xs)
R

sinh? ( 7 )

Due to |n/sinh(n)] < 1 and 0 < € < 1/10, some terms have the appropriate sign:

o (0 () — L= ) [ tamh(/2) 6
(1-¢)PV dn + 40, f(xz5) | >0,
R

—2
2 sinh? (2)
thus we can neglect their contribution. Furthermore, we have

tanh(n/2)|¢ (9, f<(xs) — 22

B . 26\ 2
R 9sinh?(n/2) (1 + =2 (cea)r‘lflzr(lh%)ﬂ)‘ )

€ 260 260
) 6%PV/ (axf (w5) — 2 + 2 — tomh(n)) | tanh(n/2)|° "
R

sinh? ( g )

| tanh(n/2)¢ 8J“(wa)—ﬁ
<6PV/ ") ! 22

smh2 2) tan?(9) [ tanh(n/2)|> \ 2 L2
(n/2) 2 (1+ e Olehy2) )

(2= w2y [tanh(n/2)]
—PV/ 5 dn.
2 R smh (5)
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Taking as/2 > 1 and using the Mean Value Theorem, we get
Cb—é?Af*&f%m)<é§&j%mk.

Combining these terms we conclude this result. o

The term corresponding to 'y in (9.26) is

€ 0 f* (x5) —m (9)
|tanh 77/2 |3 ( ) ( 0052(9(; + coslftzl(n/Q))

As = €P.V.

D)
9 tanz(e)\ tanh(n/2)|2¢
R 2sinh*(n/2) ( tanhZ(’ﬂ/g) )

Lemma 9.5. If a3 > 1, we have
As < cedy f(xs) (sec (”fOHLoo(R)) + 1) + ce0y f(x5)as

Proof.

R / [ banh(n/2)/%p3 (9) (2LG8) — 0, 1 () + s + (1))
=€
° R

dn
2inh(n/2) (1 + 2L nbta/p ey

tanh?(n/2)
| tanh(n/2)[* 13 (8) (0=f(25) — pa(9))

] n2 n 2e 2
R 2sinh?(n/2) (1 + = (f;lf}z(;l;g)ﬂﬂ )

+ eP. V.

dU: Bg +B4

The term Bs is not singular and can be bounded as B;. We obtain

|Bs| < cedy f(xs) (sec (|| foll Le(ry) + 1) -

The term By is similar to the term Bs, so we use the same splitting:

€ € tan(0)—¢ (% 6
by / | tanh(7/2) 213 (6) (00f“(w5) — EomOE — il + 20— 20
R

2
. an2(0)|tanh 2)|2¢
2sinh®(n/2) (1 + = (tgfr‘lflz(nfg)/ ! )

with
|Cs| < ecOy f€(x5),

and

Cy = eP.V,/ | tanh(y/2)* (13(9) —1) (8 fe(zs) — 29)
R

2eint(1/2) (1+ =)

cv. | [ tanh(n/2)[ (9, f<(xs) = 2)

. n? (0 nh 2
251nh2(77/2) (1 + ta (ta?lfli(n;;])/Q)l )

dn

2d77:D3+D4.

Due to (9.17) and the Mean Value Theorem, we have
D3 < 0.

The term D, can be controlled as Cs by using the diffusion All_?’e. Taking a3 > 1 and using the
Mean Value Theorem, we get

Dy — eagAll_3681f€(z5) < €30y f(x5)c.
Putting it all together we obtain the result. O
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We are done with '}, thus, using the previous bound for I', we are done with I's in (9.26). The
terms in I'; are not multiplied by € and we have to obtain this decay from the integral. We write

(| tanh(y/2)| — 1) IF

AS:P'V'/ tan2(6) tanh(p/2)12 \ 2
an an €
K (1 + tanhz(n/g) )

Lemma 9.6. We have
A6 S ceamf(xg) (sec2 (”fo”Loo(]R)) + 1) .

Proof. We have

with

tanh 2)[¢—1) (=0, f¢ 2(5
B, =PV </ +/ +/ ) ([tanh(n/2)|° = 1) (=0. f(xs)pi( )gdn,
€ <(0,e c 2 tan2?(0)|tanh(n/2)|2¢
500 Jorvonson” Joron ) coiy) (1 iy

tanh(n/2)|¢ — 1) (O, f€ 20106
Bg =P.V. (/ + / / ) (| (77/ )| 2)2 ]:336)2) 2,U1(2 ) l77a
€ B<(0,e)NB e tan tan €
B(0,¢) (0,6)nB(0,1) B<(0,1) COSQ(G) (1 (t;r‘lhz(n;g)/ )| )

B, b, [ Lt/ = @) =0uf )

D)
. an2(0)| tan 2
sinh?(n/2) (1 + (tza)x‘];(?;g)/w )

The term Bs is not singular and can be bounded using (9.12) and (9.13) as follows:

| Bs| < 4€0, f(s) +€/ | log (| tanh(n/2)[) |0z f (25)dn

B(0,1)
+6/ | log (| tanh(n/2)[) |0 f(25)
Be(0,1) cosh?(n/2)

dn < cedy f€(xs).
We can bound Bg in the same way,

|Bs| < desec® (|| foll L= (v ) 02 S (6) + €sec? (|| foll Loe ) ) /Rllog(ltanh(n/Q)D |0n £ (5)dn

< cesec® (|| foll =) O f (xs).

We split the term By as follows

(| tanh(n/2)[c — 1) (LnO -0 | 0~ 20 4 20 _ g fe(y;)
B, — P.V./ (t h(n/2) " tanh(n/2) = 7q n )dn — s + Gy,
R

Py an 2e 2
sinh2(5/2) (1+ tan (f;lﬁg(sﬁg)/ml )

where

20

(| tanh(n/2)|c — 1) (2200 4+ s — 2
Cs =P.V. / +/ (ta h(n/2) _ tanh(i/2) 5 ! ) dn < ced, f€(xs),
B(0,e) °(0,6) sinh?(1/2) (1 i ta1r12(9)|tamh(n/Z)lzf)

tanh?(n/2)

%Rv/<1|mmwmw@ﬁmw%)w
R

zdn
. .9 tan?(0)| tanh(n/2) |2
sinh”(1/2) (1+ tanh?(n/2) )
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To bound Cg we need to use the diffusion coming from A; — All_ﬁ. Notice that, according to Lemma
9.1, we have

Op(w) — YAEW) (1~ [tanh(( — 1)/2)])
(A= A7) 020(o) = (1= PV [ ( tez)) n

R Sinh2 ( z—;q )

Do () — G-
+€PV/ ( . 2 Iih( n))dn
= sinh® (%57)
o(x) — LLC) (1 | tanh((z — n)/2)|)
+PV/( tanh( n))
R

sinh? ( =1 )

dn

dn,

and, when evaluating in the point where 0,¢(x) reaches its maximum, the first two terms are
positive and they can be neglected. We get

1 — |tanh 2)|€ 6$ € 20
Co — (A1 — A7) 0, f<(xs) < P.V./ (1 — |tanh(n/2)|) ( fe(xs) n)
| R SinhQ(n/Q) (1 + tanz(e)\tanh(n/g)pe)Q

tanh?(n/2)

(00 fe(ws) — 2 4 2 — LLthnll0) (1 — | tanh(n/2)])

- PV — dn
R sinh (g)
(02<(s) = 2) (1~ |tamn(n/2)|) |
<PV/ inh? (2) TG
sin tan? tanh(n/2)|2%¢
® 2 (1 + tanhZ(n/g) )

20  f(zs)—f(n) (1 — |tanh(n/2))
- PV/ ( i tanh(n) ) dn < cedy f€(xs),
R

sinh? ( 121)

where in the last step we have used the previous splitting in B(0,¢) and R — B(0,¢€), (9.12) and
(9.13). This concludes the result. O

Now that we have finished with I'?, the term with I'] is

(| tanh(n/2)[3¢ — 1) i

A7 = P'V'/ 2(0)] sanh(n/2)[2 | >
R tan?(0)| tanh(n/2)|?¢
(1 + : tanhz(n/g) )

We have

Lemma 9.7. If ay > sec? (|| fol| 1o (r)), we have
Az < ce (sec (|| foll L (r)) + 1)7635]“(305) + aygcedy f€(x5).

Proof. We decompose

with

Bs = P.V./ (|tanh(n/2)]% — 1) u(5) .

2
2 tan?(6)| tanh(1/2)|2¢
cosh”(n/2) (1 + tanh?(n/2) )
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- (| tanh(/2) % — 1) (— (@0 f(x))2121(6) 1
‘P‘V'/R ) ( sinh%n/z))d"’

an2(0)| tanh 2\ 2 t h2 2
cos2(6) (1—|— ¢ (ta?r|11t12(77;727)/2)| anh”(n/2)

o= p, [ Lm0/ 20 ) QoS e 0)— Qo (20,

2
. n2(6 nh 2e
sinbt’(n/2) cos2(9) (1 + =

The terms Bg and Bg are not singular and can be bounded in a way similar to the previous proof.
We get

1Bs| < ce (sec (Il folleqw) +1)° 00 (as),
and, using (9.13),

|Bo| < ce (sec (|| foll Lo () + 1)3azf€(505)-
The term Big is

tan(0)—0 [ 6 6 €
O f(25) 111 (5) (tjné(%/z) + GmnGr ~ o T~ Of (xt))
Bio =PV, 1. 9 tan?(6)| tanh(n/2)[2¢ \ 2
(| sanh(n/2)[ — 1) sinh®(n/2) cos?(9) (1 + “22tamn/a )
= C7 + Cg + Cy.

Since the terms C7 and Cy are not singular, they can be bounded as

|G| + [Cs| < e (sec (|| foll oeqmy) + 1) €daf<(xs).

We use the diffusive term A; — Allf36 to control the term Cy because of its singularity.

(1~ tann(/2) ) (0 () ~ 2)

Cg — Oy (Al — Allige) 8If€(z5) < PV/

R sinh?(n/2)
O f¢(x 0
ft( ;<)el;|lt( 1( PR A
cos2(0) (1 e )
20 _ fe(xa)*fe(n)) (1 — | tanh(n/2)|
— 1/2)]*)
— 044PV/ i tenh(n) — dn < agcedy f(xs),
R sinh (121)
where we use ay > sec? (|| fol| L= (r)). This concludes the result. O

In order to finish with I'y, we have to bound the term

i +12
Ag = PV/ a 2 d?],
R (1 N tan%eﬂtanh(nm)\%)
tanh?(n/2)

with T defined in (9.25). This term, akin to the singular term in Chapter 7, is bounded using the
hypotheses (9.2) and (9.3).

Lemma 9.8. Using (9.2)-(9.4), we obtain

(0 f€(x5) +5(af*(25))*) (1 + 02 f(x5) <5zf6(x6) + %>>

Ag 6 tanh(1/2) cos? (|| f<(0)l| o ())

IN
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Proof. Using classical trigonometric identities we can write

O f*(w5) sec?(0) i (9)

ry = L LDZE ) 4 0wk (5) ec*(0)
L B0) @) et O (0) (o) tan(0)
sinh?(n/2) tanh?(n/2) sinh*(n/2)
2__635]“(955)5602(9) <(2:))2 sec2 11 (9)
rp = ~LLG 0 ¢ @ nysecto) + A

v ([ (0 £ (2)i38) + ()1 = (D (@0))>) = 0uf (25))) |
B(0,1) B<(0,1)

2
. an? ()] tan 2¢
cos?(6)sink (/2) (1 + ==

= B11 + Bio.
Therefore, as in Chapter 7, the sign of Ag is the sign of
Q1(11(8)) = D f* (s i (0) + 1 (O)(1 — (02 (w5))2) — 0uf(25).
The roots of Q1 are 0, f(xs) and —1/9, f(xs). So, if we have

_ ; -
|1 (8)] < mm{”azf ()= 10, £€(6)|| Lo } ’

then we can ensure that this contribution is negative. Since (9.29), we get

2(0) (0. f€ 2(8 0)(1 — (0. f€ 2) — O, f€
B, :P.V./ sec?(0) (9xf<(w5) 13 (8) + 1 (8)( ( )( f((/x;s)) )2 Fe(x5))) i< 0.
B (0,1 2 tan2(0)| tanh(n/2)|2¢
0.1 sinh?(n/2) (1 + 2 Lenhy) )
Using the cancellation when p4(6) = 9, f(2s), we obtain
1)
B :P,V./ Qulml ))2 —dn, (9.30)
. n nh €
B(0.1) ¢os2(f) sinh?(n/2) (1 + (erlfg(n;g)p)l )

where

Q1(11(8)) = 0u f*(w5) (17 (0) — (0 f(5))*) + (1 = (0o f(26))*) (11(8) — O f*(w5)).

We remark that p1(6) — 0, f(x5) < u1(6) + 0 f¢(x5). We consider the cases given by the sign and
the size of p1(9).

1. Case p1(8) > 05 f(xs): In this case, we have p1(0) — 05 f(xs) > 0 and p1(5) + 9y f(xs) > 0.
Using the definition of # in (9.15) and the fact that |n| < 1, we have (9.19) (see Lemma 9.2). Notice
that, in this case, we have p2(d) — (9. f(z5))? > 0 and we get (9.20). Due to (9.19) and (9.20) we
obtain

n*dn

By, <
" B(0,1) sinh® (%)

(00 f%(5) + 5(92/(25))?) (1 0, f(as) (ax Felas) + %)) /

48 tanh(1/2) cos? (|| f<(6)| L= (R))

<

(0uf€(x5) +5(0af(25))*) <1 + 0z f(5) (amfe(xa) + %)>
(9.31)

6 tanh(1/2) cos?(|| f€(0)|| Lo (mr))
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2. Case =0 f(x5) < p1(0) < Opf(xs) > 0: In this case we have p1(d) — 9 f(zs) < 0 and
w1 () + 0z f<(xs) > 0. Therefore, we get B11 < 0 and we can neglect it.

3. Case pu1(0) < —0yf(xs): We remark that in this case we have p1(0) — 0, f(zs) < 0 and
p1(0) 4+ 0z f¢(xs) < 0. We split

. _ tan(f) — 0 1 2 20 .
p1(0) + On f(5) = tanh(1/2) + 6 (tanh(n/2) - 5) + mn + O [€(25)- (9.32)

The last term is now positive due to the definition of 9, f¢(xs). Then, in this case, we have

00 F(25) (12 (6) — Do f () (f—en . azf%xt)) <o,

and we can neglect its contribution. Using Taylor’s theorem in (9.32), we obtain the bound (9.20)
and (9.31). O

We are done with Z; in (9.21) and now we move on to Z. These terms are easier because the
integrals are not singular. With the same ideas as before we can bound the term involving (29:

Lemma 9.9. The contribution of Qs is bounded by

€

/ din’ < ecsect (HfOHLoo(]R)) 0 f(x5).
R

Proof. Using (9.28), we get

/Rdin‘ <60, f(x5) sec? (”fOHLoc(]R)) (1 + sec? (”fOHLoc(]R)))

+ 4 sec” (1 foll Lo my) tan (|| £ (0) || oo (r))

—e tan(9)
/|tanh(77/2)| 2 cosh™(y/2) tanh(n/2)
R

tan2(9) tanh?(1/2) \ 2
(” ~Tranh(n/2)[% )

We compute

/ | tanh(n/2)| = tan(f) ! —1|dy
R

2 cosh*(1/2) tanh(n/2) (1 N tanz@mhzmm)?
" [tanh(7/2)[%

+/ | tanh(n/2)| =€ (tan(6) —tan(fe(x(;))d
R 2 cosh?(n/2) tanh(n/2)
< 2sec? (|| follpoe(r)) Du f(5) + 2sec (|| foll L my) tan ([ f(O)]| L)) -

Putting everything together, and using (9.3), we obtain the result. O

We are left with €y in (9.27). First, we consider

Q1 + 97

Ao = /R (1 | tan?(9) tanhZ((gg,,—n)/z))2
[ tanh((z+—n)/2)|?*

dn.
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Lemma 9.10. The term Ag is bounded as
| Ag| < dsec® (|| follLoomy) (tan (/)| Lo ) + uf(a5)) -

Proof. Using classical trigonometric identities, we compute

Ay — /R —Ouf(@)3(0) + (O] *(25)* —1) 12(0) + Ouf“(29) |

= 2
2 n tan2(0) tanh?((z,—n)/2
cosh (77/2) cos? (9) (1 + : [ tan)h(?xtf(é)/tg)?%/ ))

< 4sec” (HfoHLoo(R)) (taﬂ (||f€(5)||L°°(1R)) + 3xf6($6)) - (9:33)

O

We have to bound the terms containing Qf. These terms are

tanh(n/2)|73¢ — 1) Q! tanh(n/2)|7¢ — 1) Q2
A10=/ (| tan (77/( ))I : /)) 14y and AH:/ (| tan (n{))l : /)) L
tan? tanh?(n/2 R tan?(0) tanh?(n/2
(” Ttanh(n/2)[2 ) (” Ttanh(n/2)[2 )

To obtain the decay with € we split the integral in the regions B(0, €) and B¢(0,€) as before.
Lemma 9.11. The terms A9 and Ay, are bounded by

o] + [ Aua| < e, f<(w5) sec® (| follem) (1+ tan (1 follzem)) (€710 +¢).

Proof. Using this splitting, 0 < e < 1/10, (9.12), (9.13) and (9.3), we get

¢ d
A10 S Cazfﬁ(,r(;) Se(j4 (||fOHL°°(R)) (1 + tan (”fOHLoo(]R))) ( o W + 6) .

With the same ideas and using (9.2), we have

€ d
A1y < c0y f€(ws) sec” (|| foll L)) (1 + tan (|| foll Lo (r))) (/0 W + 6> .

In order to estimate the decay with € of these integrals, we compute

1 1 € d?’] .
— d T <« 2 /10
/o [tanh(y/2)F/10 " Jn/2[710 77+/0 mjap7o = C A

< e+ 26910,

/ | tanh( 77/2)|/10 - |77/2|1/10 77+/ |77/2|1/10 -

We have the following result concerning the evolution of the slope:

Proposition 9.2. Let fo € WH(R) be the initial datum in (9.1) satisfying (9.2)-(9.4), define
1§ as in (9.10) and let f€ be the classical solution of (9.11) corresponding to the initial datum f§.
Then, f€ verifies

102 ()l Lo ) < 102 f5ll oo ) < 10z folloe(m) < 1.
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Chapter 9. Global solvability for the confined Muskat problem

Proof. For the sake of simplicity we split the proof in different steps.

Step 1: local decay Combining B;; in (9.30) and Ag in Lemma 9.10, and using the bounds
(9.31) and (9.33) and the hypothesis (9.4) we obtain

B+ |A9| < 0.

We take ay = 2sec? (| follp=r)), @3 = 2, ae = 3 (1 +sec? (|| follL=(r))). Since we have a term
Ve and 0 < e < 1/10, we can compare the bounds in Lemmas 9.3- 9.11 with —+/ea19, f¢(xs) if
a1 = o1 (|| foll L= (r)) is chosen big enough. The universal constant c in all these bounds can be
¢ =1000. We have shown that for every 0 < § << 1 small enough, there is local in time decay. As
¢ is positive and arbitrary, we have

10z f(@E)||ne < ||Oxf€(0)]|Loe, for O <t <t

Step 2: from local decay to an uniform bound Then, in the worst case, we have

102 f ()| Lo @) = 102 foll Lov my and [|F<(E) | oo @) < [[f5]| oo )-

These inequalities ensure that the hypotheses (9.2)-(9.4) hold at time ¢ = t* and [|0, f(t)|| Lo (r)
decays again.

Step 3: the case where f¢(z;) = min, 0, f(z,t) This case follows the same ideas, and we
conclude, thus, the proof of this proposition. O

Proposition 9.3. Let fo € WH>°(R) be the initial datum in (9.1) satisfying (9.6) and define f§
as in (9.10). Let f€ be the classical solution of (9.11) corresponding to the initial datum f§. Then,
f€ verifies

102 f ()| Loemy <1 VE>0.

Proof. The region delimited by (z(1),y(1)) is below the region with maximum principle (see [20]).
Then, in the worst case, at some t* > 0 we have that (|| f°(¢)||zo(®), [[02f()|| L~ (w)) fulfills the
hypotheses (9.2)-(9.4). From them the result follows. O

9.3 Global existence for f¢

In this section we obtain ‘a priori’ estimates in H?(R) that ensure the global existence for the
regularized systems (9.11) for initial data satisfying hypotheses (9.2)-(9.4) or (9.6). First, notice
that if the initial datum satisfies hypotheses (9.2)-(9.4), by Propositions 9.1 and 9.2, the solution
satisfies

£ Ol < [l follo )y and [0z f ()] Lo ) < 1. (9.34)

If the initial datum satisfies (9.6), by Propositions 9.1 and 9.3, the solution to the regularized
system again satisfies the bounds (9.34). Then we have the following Proposition:

Proposition 9.4. Let fo € WH°(R) N L%(R) be the initial datum in (9.1) satisfying (9.2)-(9.4)
or (9.6) and define f§ as in (9.10). Then for every € > 0 and T > 0 there exists a solution
fe(z,t) € C([0,T], H*(R)).

Proof. We have to bound the L? norm of the function and its third derivative. We split the proof
in different steps.
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9.3. Global existence for f€
Step 1: L? norm of the function We have
ST ey = —Vearl F O aey — el Ol3aqey — 1+ T+ Is
Using Lemma 9.1, we get
L = age/RfE(x)All_efﬁ(x)dx + a36/Rf€($)Al1_3€fE(x)dx
+/Rf€(ac) (Al — All_ﬁ) fe(x)dx + 044/Rf€(ac) (Al — All_?’e) f(x)dz >0

and we obtain that the contribution of the linear terms is negative. The nonlinear term ={ defined
n (9.7) is

tanh(n/2)|°
e [y, [ L2 ”i
1+u§( |tanh(77/2)|25
| tanh(n/2)|°
T])SGCQ(H)W
P.V. SEdndx = Ay + As.
/ / 1+u1( )| tanh(n/2)[> Lo

Using the cancellation coming from the principal value, we have

| tanh(n/2)|¢ sec?(0)

tanh(n/2) (1 + 43 (¢)] tanh(n/2)2 1>
— tan?(9)

I c | tanh(n/2)| SmhZ(7/2)
= [ @y [

| tanh(n/2)|° pf(t)(1 - Itanh(n/2)|25)dndx
g tanh(n/2) 1+ pf(t)]tanh(n/2)[2 '

Alz/ﬂ{fe(z)amfe(z)P.V. A

+ / f(x)0s f(x)P.V.
R
Inserting (9.17) and (9.18) in the expression for A;, we obtain

[A1| < (Ol F Ol 2102 (8) | 2wy (tan (I follLery) +1)*

The second term in I5 is

) . | tanh(1/2)|¢ sec?(6)
- / PV. /Rf @8] = 1) g 2) <1+u?(t)ltanh(n/2)l2€

— tan?(9)

| tanh(n/2)|° Sah? (1/2)
P. dnd
S AR R 7 e

)
[ tanh(n/2)° 2(6)(1 — | tanh(n/2)P*
/ PV/ 0 FE e =) = R m/2) 1+ p2(0)| amh(n/2) -
(n
h(

/PV/f 1, [ )'tanh //22))| dndz.

1+1) dndz

) dndzx

Using the Cauchy—-Schwarz inequality, the equality 0, f(x —n) = —0, f°(x — 1) and integrating by
parts we get

[Aa] < (Ol F Ol 2@ 102 F (Bl L2y (tan ([l Foll e ry) + 1) + (OIS (D)2 r).
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Chapter 9. Global solvability for the confined Muskat problem

To finish with the L? norm we have to deal with I3. We have

x)0, f¢(z) sec (9)7?:}1(’7/2)6
I = /PV/ S [Eanh (/D g 1o
L+ remntraree

13 (t)

2)0y f(x — )secQ(é)it;?h("/Q)e
/PV / [ (1/DE g g
1+ remntn/2yr

where § is defined in (9.15). Using the same ideas as in I and

|2 ()] < tan ([ foll =) ,

we conclude the bound

|| < ()£ ()2 10n (D 2@y (ban (| foll Lo m)) + 1) + (N F )32 m)
Putting all these bounds together, we get

d
TN Oz < (I Ol 102 £ Ol 2wy (tan ([l foll L)) + 1) e F O3 2y (9:35)

Step 2: L? norm of the third derivative To study the L? norm of the third derivative, we
compute

SO () = —Ven |27 () a ey — €O F (D By — Lo+ T + T

The term I, is positive due to Lemma 9.1:
14_a26/53 z)A; T3 e (a )dx—i—age/@g z)A; 7302 () dx
/agfﬁ(x) — A7) D2 fe dx+a4/83 (Ay — A 7%) B2 f<(x)dx > 0.
R
The nonlinear terms related to 6 are
20,0 sec?(0) [tanh(n/2)]°
— [ &tfe(x)0? |P.V. / +/ tanh(n/2) g | g = Ag + A
/R ( 501 Jpeon) 1+ #3(0) tanh(n/2)[> o

The term Aj is not singular if ¢ > 0 and can be bounded using Hélder and Nirenberg interpolation
inequalities. For the sake of brevity, we write some terms detailedly, being the rest analogous to
them. We have

Az = Bi + By + lower order terms .

Using
1
£o@) = e = [ Bt (s Vs,
0
we obtain
16(0.0)2 sec®(9) Ltanh(n/2)P° 1,2 (0)
B = / 8% f<(z)P.V. / tanh /2 dnda
R B(0.1) (14 13 (t)] tanh(n/2)[>)

ot 4 re 402 f(x + (s — 1)n)d2 f(x + (r — 1)n)0z0n*dndxdrds
amf (ZL')PV 9 3 tanh®(n/2) 2
o Jo Jr B(0,1) (1+ p2(t)]tanh(n/2)|%¢)" cos®(8) Kt cot?(6)

[tanh(n/2)]>

II('?ifE(t)lL2|5§f€(t)lli4<mcsec6(IfoILoo<R>)/( )|tanh(n/2)|5€_5772tanQ(n/2)dn

)

IN
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9.3. Global existence for f€

The second term is

400,60 3 gec (6 | tanh(n/2)|%¢
By = */a:fe(x)P.V./ (0:0) ) tanh3(n/2)2 dndzx
x 50 (1+ 2 (0) vanh(n/2) )

/1 /1 / 0! F(2)P.V. / O2f(x + (s = )mOZ [ + (r — 1)n)0u 0> dydardrds
0o Jo JR B(0,1)

3 anh®
(1+ p3(1)] tanh(n/2)[2)° cos® (0) it

IN

102 () L2102 £ (eI Za yesec® (I foll Loemy) | tanh(n/2)[*n*dn,
®) B(0,1)
and using the classical interpolation inequality

H3£f||2L4(]R) < l|0af || Lo ) 102 f || L2(R),
we get
|As| < c(€)[|03f () L2yl £ ()] 2 ry (1 + sec (||f0”L°°(]R)))6-
We split the term A, as follows

20,0 sec?(0) 1 1
A:/a;“ aiP.v./ - < - >dd
1= [T @R | Tann(n2) \ T @@ e 1520 )

20,0 sec?(0) [tanh(n/2)| —1 ta:al;(g(/UQ/)Q‘;_l
e,y 14 pi(8)] tanh(n/2)[>
20,0 sec?(0) 1
+ a;*ffzagP.v./ dndx = B3 + By + Bs.
/]R (@) B<(0,1) tanh(n/2) 1+M%(t) ! ’ ! ’

These terms are not singular because of the domain of integration. We have to deal with the
integrability at infinity in . We compute

[ g 20,0502(0)  12(t) (1 — [ tanh(5/2)[>)
BB*/RW ( )awp'v'/m,n tanh(n/2) (1+ 22 (6)] tanh(/2)1%) (1 1 12 (1))

The integrability at infinity is obtained using (9.12) and (9.13). We only bound the more singular
terms in Bs and B4. The most singular term in Bs is

2030sec2(6)  i(t) (1 — | tanh(n/2)*)
seoy tanh(/2) (L1 u3(0)] tanh(n/2)[%) (1 + 2 (0))

Using (9.12), (9.13) and (9.17), we obtain
|C1l < ell Oz f Ol L2l f Ol sy tan ([ foll L) sec® ([l foll o) -

Analogously, the more singular term in By is

+ / 2L f<(x)0?P.V. dndx
R

dndzx.

Cy = / o4 fe(z)P.V. dndz.
R

2030 sec?(0) [tanh(n/2)|" ~1 tafa};(g(/i/);_ L

Be(o,) L+ pE(t)| tanh(n/2)[*

Cy = / oL fe(z)P.V. dndz.
R

Using the same bounds as in C7, we get

|Co| < cllOgf ()l L2yl £ () s ) sec® (|| foll =) -
Using classical trigonometric identities, we obtain

20,0 sinh(n)
Be(0,1) cosh(n) — cos(20)

Bs = / D4 f€(2)02P.V.
R
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Chapter 9. Global solvability for the confined Muskat problem

The most singular term in By is

3 re :
Oy = / 4 f<(x)P.V. / O /(@) sinh(m) ——dn
R Be(0,1) 2sinh?(n/2) (1 + %)

sinh?(n/2)

93 f(z — n) sinh(n)
o 4 re T —
/]Raxf (@)P-V. /30(071) cosh(n) — cos(26) dn = D1+ Ds.

Using the cancellation of the principal value integral, we obtain

/ o e ()P.V. sin?(0) sinh(n)

Be(0,1) 2sinh?(1/2) (1+ “7@) "
’ n sinh?(n/2)

thus,
|D1| < ellogf Ol 2yl £ ()l ) -
Integrating by parts in Ds, we obtain the required decay at infinity and we conclude
| Da| < cllogft)ll L2l fO)l s )
Putting all together, we get
€ € 6
5] < (IO 02 |2 115y (1 + see (1 foll <))

The nonlinear terms related to 0 are

20,0 sec?(§) ~2nh/2)
4 f<(x)02P.V. / / LMD dnda = As + As.
/ ( B(0,1) c(0,1)) 1+ p3(t)| tanh(n/2)| =2
We observe that, due to 1/10 > € > 0 and || fo|| Lo (r) < 7/2, this integral is not singular. Thus the

inner part As can be bounded following the same ideas as for Az. The integrability at infinity is
obtained with the following splitting

20,0sec?() tanh(n/2)  20,0sec?(f) tanh(n/2)
9y f€(x)02P.V. / < . - = ) dndx
/ Be(o,1) \ 1+ p3(t)| tanh(n/2)|~2¢ 1+ p3(t) !

o
/a4 . / 20, 50¢2(0) tanh(1/2) szt — 1) e
B<(0,1) 1+ p3(t)] tanh(n/2)|~2

o
/ 9% f¢(2)02P.V. / 20,6 sec (Q)Qtanh(”/ 2) dydz = Bs + Br + Bs.
Be(0,1) 1+ ps(t)

The term Bg is

sinh
/ 9% £¢(2)02P.V. Oufsimh(n) _ ;.
Be(0,1) cosh(n) + cos(20)

8,0 sinh (1)

/84 a2pv / 2(0
B<(0,1) 2 s1nh2(77/2> (1 + 5112?182(57/)2))

dndx,

and it can be handled as Bs. The terms Bg and By have a term | tanh(n/2)|*¢ — 1| and they can be
bounded following the steps in Bs and By and using (9.12) and (9.13). Putting all the estimates
together we obtain

| Is] < )10 F (Ol 2wy | f ()| sy (1 + sec (|| foll=))° -
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9.4. Convergence of f€

Using (9.35), Young’s inequality and the dissipation given by the Laplacian, we get the ’a priori’
estimate

d
T Ol < DN Ol C (1foll e r)) - (9.36)

The existence follows from the ’a priori’ estimate (9.36) by classical energy methods (see [11]). O

9.4 Convergence of f¢

In this section we study the limit of f€ as e — 0.

Lemma 9.12. The regularized solutions f€ corresponding to an initial datum satisfying the hy-
potheses (9.2)-(9.4), or (9.6), converge (up to a subsequence) weakly-* to f € L>([0,T], W1 (R)).
Moreover, up to a subsequence, f¢ — f in L>(K) for all compact set K C R x RT.

Proof. First, notice that, due to Propositions 9.1-9.3 and hypotheses (9.2)-(9.4), the regularized
solutions satisfy

€ T €
£SO Lo ®) < [l follLoom) < e 102 £ ()| Lo ) < 110z foll Lo (®),
while, if the initial datum, instead of hypotheses (9.2)-(9.4), satisfies (9.6) then

1F Ol @) < oL@y, N0z f (B)llLoe@) < 1.

Due to the Banach-Alaoglu Theorem, these bounds imply that there exists a subsequence such

that
T T
/ /ff(x,t)g(z,t)d:cdt%/ /f(z,t)g(:c,t)dzdt,
o Jr 0o JR

T T
/ /amfﬁ(x,t)g(:n,t)dxdt —>/ /amf(x,t)g(x,t)dxdt,
o Jr o Jr

with f € L>([0,T], WH>(R)), any g € L'([0,T] x R) and every T > 0. Fixing ¢, due to the
uniform bound in W1*°(R) and the Ascoli-Arzela Theorem we have that f€(¢) — f(¢) uniformly
on any bounded interval I C R. Moreover, for all N, we have

£ = fllze(B(0,5)x[0,77) = 0

In order to prove this uniform convergence on compact sets we use the spaces and results contained
in [13]. For v € L*°(B(0, N)), we define the norm

vl =22 B(o,ny) = sup . (9.37)
$EWy ! (B(O,N)),

llpllwz,1 <1

/ o(z)v(x)dr
B(0,N)

We define the Banach space W, >>°(B(0,N)) as the completion of L>(B(0, N)) with respect to
the norm (9.37). We have

W (B(0,N)) € L*(B(0,N)) C W *>(B(0,N)).

The embedding L>(B(0,N)) ¢ Wi >°°(B(0,N)) is continuous and, due to the Ascoli-Arzela
Theorem, the embedding W (B(0, N)) C L*°(B(0, N)) is compact. We use the following Lemma
proved in [13]
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Chapter 9. Global solvability for the confined Muskat problem

Lemma 9.13 ([13]). Consider a sequence {u,} € C([0,T] x B(0,N)) that is uniformly bounded
in the space LOO([O,T] Wh(B(0,N))). Assume further that the weak derivative du,,/dt is in
L>([0,T], L>°(B(0,N))) (not necessarily uniform) and is uniformly bounded in

Le=(]o, ] W ( (0,N))). Finally, suppose that dyu,, € C([0,T] x B(0,N)). Then, there exists
a subsequence of u, that converges strongly in L°°([0,T] x B(0,N)).

Due to this Lemma, we only need to bound 9, f¢ not uniformly in L*°([0,7] x B(0,N)) and in
uniformly in L ([0, 7], Ws »°°(B(0,N))). Using that f¢ € C([0,T], H*(R)), the linear terms in
(9.16) can be bounded easily with a bound depending on e. To bound the nonlinear terms, we

split the integral
P.V./ :P.V./ +P.V./ ,
R B(0,1) B<(0,1)

and we compute

| tanh(n/2)|°

Ox f ( )SGC ( ) tanh(n/2) 2
P'V'/R o wrmmneae | < de) s ([folle )

tanh?(n/2)

I]2 €
| tanh(n/2)| —sorasy + #3()(1 — | tanh(n/2)[*)
/

+ [P.V. / - dn
an?(0)| tanh(n/2)|%¢
Be(o,1) tanh(n/2) 1+ tanhQ(n/g)

< c(e) (sec® (|| foll o (=)) + tan’ (|| foll L= (w)))
where we have used sec?(f) — 1 = tan?(6), (9.13), (9.17) and

[ tanh(n/2)
o tanh(n/2)

The second term with the kernel involving 6 is

P.V. dn = 0.

(e — 1) tan(0) LR
P.V./ - tanz(é)\tanh((z(—(n)/gg(k) dn| < c(e) (tan (|| foll Lo (r)) + 1) -
R tanh?((z—n)/2)

The terms with the kernel involving # are not singular and can be bounded following the same
ideas

sec2(f) tanh((z—n)/2)
[tanh((z—n)/2)[" 2
P'V'/R |+ () ank? (o—)/2) dn) < e(e)sec” ([l foll o=w)
[tanh((z—)/2)|**
tanZ(é) 2(i&) e
+|pv / tanh(n/2) ~ Sant/2) T Tannt/r (| tanh(n/2)* ~1) 0
g e tan? () tanh2((z—n)/2
Be(0,1) | tanh(1/2)| 1+ Rt

< c(e) (sec® (| foll L= my) + tan® (| foll 2= ®)))

and _
(1—€) tan(h)
[ tanh((z—n)/2)[ cosh?((x—n)/2)
P.V./]R TG dn| < c(e) tan (| foll Lo (r)) -
| tanh((z—n)/2)[>

Putting together all these estimates, we get

100 (@, )] < c(e) (Il follL2(ry + sec® ([ foll L= ) + tan® (| foll L=(=))) ,
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9.4. Convergence of f€

and we conclude with the bound in L*°([0, 7] x B(0, N)).

To obtain the bound in L ([0, T], Wi >*°(B(0, N))) we extend ¢ € W' (B(0, N)) by zero outside
of this ball of radius V. Then, using Lemma 9.1, we integrate by parts and obtain

/ (@) A f(x)da = / Aeg(@) £ (2)dr < A6 pagwy L foll e ey,
R R
/¢($)Azl_3€f6($)d$ Z/Azl_&(b(iﬂ)fe(iﬂ)dw <A Bl Lyl foll e m)
R R
/be(:v) (A — A7) fo(x)da = /R (A — A7) p(a) f(x)da < || (Ay — A7) Bl 1wyl foll oo (m)

[ 6@ (3= 1) e = [ (8= A7) o) @ < 1L (3= A7) ol L olleco

R

Using
8(z) — $(& — 1) — 1deb(z) = 77 / / (s — 1)026(x + r(s — Vy)drds,

we bound the linear terms in (9.6) as

1—e € 1—-3e €
I (Al - ) f ||W;2’°°(B(0,N)) +l (Al — A ) f HW{Z"X’(B(O,N))
A2 F ol oy + 1A f w2 s0.m)
+ |‘8§f€||w,:2’°°(3(0,1v)) + erHW;Z"X’(B(O,N)) < C||f0||L°°(R)’

being ¢ a universal constant. The nonlinear terms are

L = / ¢(x)0,P.V. / +/ arctan (,ul(t) ‘tanh (ﬂ) ‘6) dndz = Jy + Ja,
R B(0,1) <(0,1) 2
t
I, = / ¢(x)0,P.V. / / arctan M( ) dndxr = Js + Jy.
BOY)  JBeo) [tanh (3)]°

Using the boundedness of arctan, we get
|JZ| S 7T||8m¢||L1(]R)7 for i = 1,3.

The outer part is not singular and can be bounded (as it was done in the previous sections) applying
€ < 1/10. We get

|Jz| S C||¢||L1(R) (tan (||f0||Loo(]R)) + 1) N fOI‘ = 2,4.

Putting together all these bounds we obtain

sup ”atf(t)HW**Z’W(B(o N)) (HfOHLOO(]R))
t€[0,T]

Using Lemma 9.13, we conclude the result. O
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Chapter 9. Global solvability for the confined Muskat problem
9.5 Convergence of the regularized system

Looking at (9.1) we give the following definition:
Definition 9.1. f(z,t) € C([0,T] x R) N L>=([0,T], WH>(R)) is a weak solution of (9.1) if, for
all p(x,t) € C°([0,T) x R) the following equality holds

T
/ /f(z,t)8t¢(x,t)dzdt+/fo(:c)gb(:c 0)dx
o Jr R
gf(r)*f(rf )
pip//amgbzt PV/arctan tan(l n) dn

tanh (21 )

+P. V./ arctan <tan (;rl 1) ) tanh ) dn) dxdt.
R

In this section we show the convergence, as € — 0, of the weak formulation of the problem (9.11).

Proposition 9.5. Let f be the limit of the reqularized solutions f€. Then, f is a weak solution of
(9.1).

Proof. First, we deal with the linear terms. Using the weak-* convergence in L ([0, 7], W1>°(R))
and Lemma 9.1, we obtain

T T
/0 /Rfﬁ(x,t)at(b(z,t)dxdt%/o /Rf(z,t)ﬁt(b(z,t)d:cdt,

/OT/RfE(:E,t)Qb(:c,t)dzdt%/OT/Rf(z,t)aﬁ(x,t)dzdt,
ATAfe(x,t)A}_e¢(x,t)dxdt—>/OT/Rf(x,t)Alqb(x,t)dxdt,
/OT/Rfﬁ(x,t)All_&qb(x,t)dxdt—>/OT/Rf(x,t)Alqb(x,t)dxdt,

[ st~ [ pote, 0

where, in the last step, we use the L? convergence of the mollifier. To deal with the nonlinear
terms, we split the integrals

P.V./ :P.V./ +P.V. +P.V. ,
R B(0,5) B<(0,6)NB(0,N) B<(0,N)

for sufficiently small § and large enough N. These parameters, J, N, that will be fixed below, can
depend on fy but they don’t depend on e. For the inner part of the integrals, we get

T
I /0 /Ramgb(z,t) <2P.V. /B(o,zs) arctan (uq(t) [tanh(n/2)|) dn

p2(t) )
+2P'V'/ arctan (76 dn | dedt < c6)|0,6|| 11 .
B(0,8) [tanh(n/2)| L1([0,T]xR)
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9.5. Convergence of the regularized system

The outer integral goes to zero as N grows. We compute

T
IS :/0 /Raqu(ac,t) <2P.V. /BC(O,N) arctan (11 (¢) |tanh(n/2)[%) dn

p2(t) >
+2P.V./ arctan <7E dn | dzdt.
Be¢(0,N) tanh(n/2)|

As n € B°(0,N), the integrals are not singular and we only have to deal with the decay at infinity.
Using (9.12), (9.13), (9.16), the bound € < 1/10 and following the same ideas in Section 9.3, we
have

I5 — 0, uniformly in € as N — oo.

The only thing to check is the convergence of I5. Due to the compactness of the support of ¢, we
have

T
15:/ /(%gb(z,t) 2P.V./ arctan (uq(t) [tanh(n/2)|) dn
0 R B<(0,6)NnB(0,N)
pa(t) >
+2P.V./ arctan <7E dn | dzdt
Be(0,6)NB(0,N) [tanh(n/2)]
T
:/ / Opp(,t) 2P.V./ arctan (uy(t) [tanh(n/2)|) dn

o JB(o,m) B<(0,6)NB(0,N)

pa(t) )
+2P.V./ arctan (76 dn | dzdt,
B<(0,6)NB(0,N) [tanh(n/2)]

with M large enough to ensure supp(¢) C B(0,M). Since we have (up to a subsequence) that
f¢ — f uniformly on compact sets (see Lemma 9.12), the uniform convergence | tanh(n/2)¢ — 1
if |n| > ¢ and the continuity of all the functions in this integral, the limit in e and the integral
commute and we get

. tan (L=
15 %/ /81¢(x,t) 2P.V./ arctan dn
2 o Jr ¢(0,6)NB(0,N) tanh ()

+2P.V./ arctan (tan (M) tanh (E)) dn | dedt = I9.
B<(0,5)NB(0,N) 2 2

We conclude by taking § << 1 and N >> 1 to control the tails and then we send € — 0. Indeed, if
we write F¢(¢) for the weak formulation of the regularized system (9.11) and F°(¢) for the weak
formulation of (9.1) (see Definition 9.1), then we have

0=F(¢) = F*(¢) — F*(¢) + F"(9),

thus

—|F(¢) = FO(o)| < F°(¢) < [F*(6) — FO(o)].
Then, given v << 1 we can take § and N such that I + I§ + I + I is smaller than ~/3. Then,
taking e small enough we can ensure that the linear terms are smaller than +/3. Finally, we can
take € small enough such that |I§ — I9] < /3. Thus,

—Y < F(¢) <.
We conclude the proof of the Theorem 9.1. O
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Part 111

The inhomogeneous Muskat
problem
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Chapter 10

The Muskat problem with
different permeabilities

10.1 The problem

In this part of the thesis we study the evolution of the interface between two different incompressible
fluids with the same viscosity coefficient in a porous medium with two different permeabilities. This
problem is of practical importance because it is used as a model for a geothermal reservoir (see
[11] and references therein). The velocity of a fluid flowing in a porous medium satisfies Darcy’s
law (see [4, 47, 48])

SF = Ve,

where p is the dynamic viscosity, (&) is the permeability of the medium, g is the acceleration
due to gravity, p(Z) is the density of the fluid, p(Z) is the pressure of the fluid and v(Z) is the
incompressible velocity field. In our favourite units, we can assume g = g = 1. We have two
immiscible and incompressible fluids with the same viscosity and different densities; p! fill in the
upper domain S'(¢) and p? fill in the lower domain S?(t). The curve

Z(avt) = {(Zl(aat)sz(avt)) Tac R}
is the interface between the fluids. We have a curve
h(a) = {(hi(a), h2(a)) : a € R}

separating two regions with different values for the permeability (see Figure 10.1). In the region
above the curve h(a) the permeability is x(Z) = k!, while in the region below the curve h(a) the
permeability is (%) = k2 # k!. Notice that the curve h(«a) is known and fixed.
Remark 10.1. For notational simplicity, we denote

k! — K2

K= (10.1)

and we drop the t dependence.
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Chapter 10. The Muskat problem with different permeabilities

ot z(a,0)=(z,(a,1),2,(a,t))

2 h(a)=(h, (@):h, @)

Figure 10.1: The physical situation.

10.2 The equation for the internal wave

In this section we derive the following contour equations, i.e. the equations for the interface. First,
when the fluids fill the whole space, the equation is:

K- ) (0.f(z) — 0, F(8) (= — B)
Oflw) = ———— P-V'/R @ PP 1 (@) - fBe"
1 wa(B)(x — B+ 0. f(2)(f(x) + ha))
F 5PV | i 4, (02
with

L g 01 (8)(h2 + 1(5))
wa(r) = B —P) PV/ —Ar+ hgff(ﬂ))Qdﬁ' (10.3)

If the fluids fill the whole space but the initial curve is periodic the equation reduces to

fz) = =P py /T Sm(“ >< f(@) = 0. £(8))dB

4 cosh(f f(B) — COS(x )

(0 f (z) sinh(f (x) + he) + sin(x — B))wa(B)dS
PV / cosh(f(x) + ha) — cos(z — ) . (104)
where the second vorticity amplitude can be written as
B kL (p? — pt) sinh(ha + f(8))0. f(8)dp

If we consider the confined problem S = R x (—I,1) where the depth is | = 7/2, the appropriate
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10.2. The equation for the internal wave

equation is

_ K —pY) (0uf(x) — 02 f(B)) sinh(x — f3)
) = Y. S @ — T
(p —r') (02f(x) + 0. f(B)) sinh(z — B)
+ . | coila =57 5 1) 4 TN
wa(B)(sinh(x — B) + 0, f (x) sin(f(z) + h2))

o PV/ cosh(z — 8) — cos(f(x) + ha)

g

| PO e oo
with
@a(z) = ’C%PV/ % B) ot nﬁ()h iioiEiilf(M
KﬁQ;——Pv/af wﬂ<mgf§£f&¢w»w
+§§—ﬂ“1<p Gha ¥ PV. / coshzf nh<+hf (f?w»dﬁ
T vy coshixffﬂ;; e+ fE (07
with

sin(2h2)
—1 F (cosh( )+cos(2h2)) (g)
Ghy k(@) = F :
e (o Y0
\/ﬁ cosh(z)+cos(2h2)
a Schwartz function.

Given w a scalar, v, z, curves, and a spatial domain 2 =T or 2 = R, we denote the Birkhoff-Rott
integral as

BR(w,z)y = P-V-/ w(B)BS(y1(a),v2(e), 21(B), z2(8))dp, (10.8)

Q

where BS denotes the kernel of VXA~™! (which depends on the domain) and (a,b)t = (=b,a). If
the domain is R? we have

_ (- y—v T p
B8t = 32 (-G o s =) 109

for T x R we have

1 — sinh(y — v) sin(x — )
B = 10.1
Sy, pw.v) 47 (cosh(y —v) —cos(x — ) cosh(y —v) —cos(x —p) )’ (10.10)
and for R x (—n/2,7/2) the kernel is (see Chapter 3)
1 sin(y — v) sin(y + v)
B -~ (- -
Sy, 1,v) A ( cosh(z — p) —cos(y —v)  cosh(z — ) + cos(y +v)’
sinh(z — p) B sinh(z — p) C (1041)
cosh(x — ) —cos(y —v)  cosh(x — u) + cos(y + v)
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Chapter 10. The Muskat problem with different permeabilities

10.2.1 Infinitely deep, flat at infinity case

Now we study the case where S = R?. Using the kernel (10.9), we obtain

Lo [ ED s Lo [ g EHE
v( PV / 1( 2(B)2 — s df+ PV/ 2( “h()E dg. (10.12)
We have
o _ @1 (a)
vE(z(a)) = 21_1}1% v(z(a) £ €dtz(a)) = BR(wi, 2)z + BR(wa, h)z F F 3 Waaz(a), (10.13)
and
. _ 1 WQ(CY)
vE(h()) = lim v(h(a) & €d-h(a)) = BR(wy, 2)h + BR(ws, h)h F = 5 W(’)ah(a). (10.14)

We observe that v (z(«)) is the limit inside S* (the upper subdomain) and v~ (z(c)) is the limit
inside S? (the lower subdomain). The curve z(a) doesn’t touch the curve h(a), so, the limit for
the curve h are in the same domain S°.

Using Darcy’s Law and assuming that the initial interface z(«, 0) is in the region with permeability

k!, we obtain

(07 (2()) = 0F (2())) - Duz(a) =K' (=0a(p™(2()) = pT(2(a)))) — £ (p* = p")daz1(a)
= 0—r'(p* = p")daz2(a),

where in the last equality we have used the continuity of the pressure along the interface (see [22]).
Using (10.13) we conclude

wi(a) = =k (p? — p)0nza(ar). (10.15)

We need to determine wsy. We consider

[ﬂ _ <v‘(:2(0<)) B v*(gl(a))>  Oah(a)
—8a(p™ (h(e)) = p* (M(a)))
- 0,

where, in the first equality, we use Darcy’s Law. Using the expression (10.14) we have

H — (i _ il) (BR(w1,2)h + BR(wa, h)h) - O,h(a) + (2—,1{2 + %) w3.

K2 K 2K
We take h(a) = (a, —hg), with hy > 0 a fixed constant. Then
1
BR(ws, h)h - O = (0, 5H(m)) -(1,0) =0,
where H denotes the Hilbert transform. Finally, we have

wa(a) = —2KBR(w1, 2)h - (1,0) = Kipy. / @1(B) | —h = 22(5) dB, (10.16)
m R

h(e) = z(B)?
see (10.1) for the definition of K.
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10.2. The equation for the internal wave

The identity
/}R 95 10g((A — 21(8))? + (B — z(8))?) =0,
gives us

1
—P.V. /R(f&le(ﬂ))

2T

za( ) (ﬂ)

21 z1(B)

EOErER

ks - hg + Zg(ﬂ) _ 5 hl (ﬂ)
2P e O LG = Pv/a O )

Thus, insterting this in equation (10.16), we have

z1(8)

( )|2dﬂ, (10.17)

wz(oz):IC PV/(? z1(8
and
—K(p* = p')

BR(w1,2)z = 0~ )py [ 210 = 21(6)

2w S Tete) () O

Due to the conservation of mass the curve z is advected by the flow, but we can add any tangential
term in the equation for the evolution of the interface without changing the shape of the resulting
curve (see [22]).Thus, the equation for the curve is

Oz(a) = v(a) + c(a, t)0q2().

Taking c¢(a) = —v1 (@), we get

o= " —2py, M@az(m ~ Da2(8))d8
L. [ oxn D10
+ PV/ 2( 2(a) — h(B)2 Tz 48
1 a) + he
+ 0oz( 2—PV /WQ — (B )|2d6 (10.18)

By choosing this tangential term, if our initial datum can be parametrized as a graph, we have
0¢z1 = 0. Therefore, the parametrization as a graph propagates.

Finally, we conclude (10.2) as the evolution equation for the interface (which initially is a graph

above the line y = —hy). We remark that the second vorticity (10.3) can be written in equivalent
formulae
K (p? — p') / ha + f(B)
wo(z) = K= —Plpvy. [ a,f(B B 10.19
() z OB Che )2 o1
K (p* —p') / z—B
= K———FP.V. d 10.20
: 2Pt (he TR 1020

_ KMP'V'/ 9z log((z — B)* + (—ha — £(B))?)dB.
m R
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Chapter 10. The Muskat problem with different permeabilities

10.2.2 Infinitely deep, periodic case

Now, the domain is S = T x R. We have that (10.12) is still valid, but now w; are periodic
functions and z(« + 2kw) = z(a) + (2kw,0). Using complex variables notation we have

@1(8) S @32 ()
r & — h(B)

1 I (2k+1)m —(2k-1)7 w1 (ﬂ) WQ(ﬂ)
P.V. dg.
27m ( /—Tr * ;21 (/(2k—1)7r * /—(2k+1)7r )) T —z(B) * Z— h(B) v

Changing variables and using the identity

1 2z 1
Z = VzeC
z + I§ 22 — (2km)?  2tan(z/2)’ €M

dp

we obtain

o L @1(B) w2 (B)
) = G <P'V'/Ttan((f—z(ﬁ»/md“P'V/ tan((z — h(B))/2) ﬂ)'

Equivalently,

oL —sinh(y — z2(8))w1(8)dB
v(@) = 47 <P'V'/ﬂ~ cosh(y — z2(B)) — cos(z — 21(83))

—sinh(y — h2(8))w2(8)dB
PV [ e )
K2 sin(x — z1(8))w1(8)dS
4 (P'V' / cosh(y — z2(8)) — cos(z — 21(B))

+

sin(x — h1(B))w2(8)ds
R, / cosh(y — ha(B)) - cos(x — m(ﬂ))) |

Recall that (10.15) and (10.17) are still valid if h(a) = (o, —h2) for 0 < hg a fixed constant. We
have

| s og(cosh(B — 22(8)) — cos(A — 21(8))d5 =0,

thus, the velocity in the curve when the correct tangential terms are added is

(s sin(z1(0) — 21(8))(0uz(a) — 0uz(8))d8
Orz(a) = ( R e e e e

47
B sinh(2z2(a) + ho)w2(B)dfS
+(0a21(r) 1)P'V'/T cosh(zz(a) + ha) — cos(z1(a) — hl(ﬁ)))
/ (Oaz2(a) sinh(za(@) + ho) + sin(z1(a) — hi(B)))w2(8)dB (10.21)
T cosh(za(a) + ha) — cos(z1 () — h1(B)) ' '

We can do the same in order to write wsy as an integral on the torus.

—P
+47r V.

wa(a) = —2KBR(w1, 2)h - (1,0)
1 sinh(—ha — 2(8)) @1 (5)d
o QFICP'V'/T cosh(—ha — 22(8)) — cos(hi(a) — 21(B))
/ sinh(hs + 22(8))9a22(B)dp
1 cosh(—hge — 22(B)) — cos(hy (o) —

1/,2 1
_E=r)py

= (10.22)

z1(8))
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10.2. The equation for the internal wave

If the initial datum can be parametrized as a graph the equation for the interface reduces to (10.4),
where the second vorticity amplitude (10.5) can be written as

_ 1 sinh(—hy — f(8))@1(8)df
wale) = QWKP'V'/E cosh(—hs — f(B)) — cos(z — B3)
_ KPP =pY) sinh(ha + f(8))9. f(8)ds
_ — /CP.V./T cochlha + F B — costs — B) (10.23)
R sin(x — B)dB
B 27 KP'V'/E cosh(hs + f(B)) — cos(z — B)° (10.24)

10.2.3 Finitely deep

Now we consider the bounded porous medium R x (—7/2,7/2) (see Figure 2.4). This regime is
equivalent to the case with more than two x* because the boundaries can be understood as regions
with k = 0. As before,

o, y) = PV, / @1(8)BS (., 21(8), 22(8))d5 + P.V. / 22(8)BS (&, y, b (B), h(8))dB.

We assume that h(a) = (o, —hg) with 0 < he < 7/2. We have that w; is given by (10.15). The
main difference between the finite depth and the infinite depth is at the level of wy. As in the
infinite depth case we have
1 1 1 1
0= ? - F (BR(wl, Z)h, + BR(WQ, h)h) . 8ah(o¢) + 2_%2 + 2_%1 w2,
where now BR has the usual definition (10.8) in terms of BS in expression (10.11). In the un-

bounded case we have an explicit expression (10.17) for oy in terms of z and h, but now we have
a Fredholm integral equation of second kind:

E WQ(ﬂ) sin(2h2) _ o )
wa(a) + o P'V'/Rcosh(a—5)+cos(2h2)dﬂ 2KBR(w1,z)h - (1,0). (10.25)

We consider the Fourier transform as
1 —ix
FDE) = 7= [ e e,

and using some of its basic properties, we have

K ( sin(2hz)
V2r~ \cosh(z) + cos(2hs)

We can solve the equation for wsy for any |K| < §(hg) with

Fle)(©) (1 T ) <<>) — OKF(BR(w, 2)h- (1,0))(C).

V2r

7 (i) s o)

Moreover, we have the following result concerning the range of correct parameters

§(hy) = min{ 1, (10.26)

max
CER

Proposition 10.1. Let 0 < ho < 7/2 be a constant, then §(ha) = 1. Thus, equation (10.25) can
be solved for every K.
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Chapter 10. The Muskat problem with different permeabilities

Proof. We prove the result by computing

F sin(2hs) / —izc sin(2hg)
x
cosh(z) + cos(2hz2) NG cosh(z) + cos(2hs)
Take ¢ € R, ¢ < 0. We consider the complex extension
T = / e,izc Sin(2h2) ds
T cosh(z) + cos(2ha)

where I' = (=7 — 2km, m + 2km) x (0, R) € C. The poles of the function are in

v, = (7 — 2ho + 2km)i and v, = (7 + 2hs + 2k7)i.

We have
cosh(z) + cos(2ha) = 2 cosh ((z + 2hoi)/2) cosh ((z — 2h21)/2),

thus, ﬁt are simple poles. Due to the form of fo we take R = 2km. We split the contour integral
I = I]R + IiR + If7r72k7r + I7r+2k7r;
with

e — /”Jr%” e~ ¢ sin(2hy)
B —(nt2km) cosh(z) + cos(2h2)

o /_(71—+2k7r) e~ {@HiR)Cgin(2hy)
iR = 2k cosh(:c + iR) + COS(2h2)

) - e—i(m+2km+iy)¢ sin(2hz)
m+2km = /0 cosh(m + 2k7 + 1y) + cos(2hs) Y,

I B /O e—i(—ﬂ'—2kﬂ'+iy)( Sin(2h2)
T Joke cosh(—7 — 2k + iy) + cos(2ha)
Using classical trigonometric identities, we get

0 e2hTC gin(2hy)
I’L < de < 2k7rC'
il < [m cosh(z) + cos(2h2) T= haC

For the third integral, we have

eys

2km
+2km S / . N
o |cosh(m + 2k7) cos(y) + sinh(m + 2k7) sin(y) + cos(2hs)|
e¥<

<
- /0 (cosh(m + 2km) — 1)2 4 cos(2ha) — 2
The same remains valid for I_;_oi;. Then, taking the limit £ — oo we have

oo i sin(2hz)
I = I =
® /_ cosh(z) + cos(2h2) “

Iz

dy

dy.

and, due to the Residue Theorem, we have

~i%C sin(2hy) 27 sinh(2h2()
[=2 R ) =2 (e2™)*2sinh(2ho() = “—————=
i Z es( cosh( ) + cos(2h2)’ i Z ie” sinh(2h2C) sinh(7()
k>0 k>0
Finally, we obtain
0(h2) = min {1, QLhQ} ,
and we conclude that §(hy) = 1 for every 0 < hg < /2. O
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10.2. The equation for the internal wave

Using the properties of the Fourier Transform, we obtain
wa(a) = —2KBR(w1, z)h - (1,0)
sin(2h2)
22 F (— ! 5)(©
K BR(w1,2)h- (1,0) % F~ cosh(w)+ooe(Zha)
V2T K r ( sin(2h2) ) (C)
\/ﬁ cosh(z)+cos(2h2)

Now we observe that if s(¢) is a function in the Schwartz class, S, such that 1+ s(¢) > 0, we have

that
s(¢)
1+ s(¢)

+

(10.27)

€S,
and we obtain
sin(2h2)
F (cosh(m)+co2s(2h2)) (g)
K sin(2h2)
L+ \/TTT]: (cosh(m)+cos(2h2)) (C)
Recall here that in order to obtain ws we invert an integral operator. In general this is a delicate

issue (compare with [22]), but with our choice of h this point can be addressed in a simpler way.
Using

es.

GhQ,IC(-T) =F!

/ 0p log (cosh(z — z1(8)) % cos(y = 22(8))) dB = 0,
R
and adding the correct tangential term, we obtain

_ E(* =Y (Oaz(@) — 0az(B)) sinh(21 (o) — 21(B))
Dex(a) = 47 PV /R cosh(z1(a) — z1(8)) — cos(z2(c) — 22(6))dﬂ
R =)y / (Oaz1(a) — 0a21(B), Oa22() + Daz2(8)) sinh(z1(a) — 21(B))
4m R cosh(z1(a) — z1(B)) + cos(22(a) + 22(8))

o PV /wQ VBS(21(a), 25(a), B, —ha)dB

3 z(a) sin(za(a) + ha)
47 T Y /]R (ﬂ)cosh(zl (o) — B) — cos(z2(a) + ha)
8 oz () sin(zz(a) — ha)
47 T Y /R (ﬁ)cosh(zl () — B) + cos(za(a) — ho)

If the initial curve can be parametrized as a graph the equation reduces to (10.6) where s is
defined in (10.7).

+ dp

g

dg. (10.28)
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Chapter 11

Local existence in Sobolev spaces

11.1 Foreword

In this Chapter we obtain a L?(R) maximum principle and an energy balance and the local solv-
ability in Sobolev spaces for the equation

=) (0.1(x) — 0.1 (8))(@ — B)
Ouf (@) = —5—— P-V'/R @ PP 1 (@) - fB "
1 w2 (B)(x — B4 0o f(x)(f () + ha))
TtV T @ AR ()t ke (D)
with

kNP =Y 0. f(B)(ha + £(B))
wa(r) = Kiﬁ P.V./]R @ = B2+ (—ha — [(3))

The same results remain valid for equations (10.4) and (10.6).

SdB.

An interesting point in these local existence results is that there is a well-known sign condition
in the difference of the densities in order to have a well-posed problem but there is not any sign
condition on the difference of the permeabilities. We will further investigate numerically this
interesting fact (see Chapter 13).

11.2 Maximum principle for [ f||2r)

Here we obtain an energy balance inequality for the L? norm of the solution of equation (2.16).
We define

Q' ={(z,y), fz,t) <y < 7/2},
0 = {(z,y), —ha <y < f(x,1))}

and
Q3 = {(z,y), —7/2 <y < —ha}.

Then, we have the following result:
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Chapter 11. Local existence in Sobolev spaces

Theorem 11.1 (Maximum principle for L?). For every 0 < k', k? the smooth solutions of (10.6)
in the stable regime, i.e. p?> > p', case verifies

ol ol e
t 2 ( X(_h’217r/2)) L ( ><(—7T/2,—h2)) d — 2 . 11.2
O+ | g sl Tty | ey (112

Proof. We define the potentials
¢! (z,y,t) = &' (p(a,y,1) + p'y), if (z,y) € O,

¢ (z,y,t) = ' (p(z,y,t) + p?y), if (z,y) € O,

¢ (z,y,t) = K> (p(z, y,t) + p°y), if (z,y) € Q°.

We have v* = —V¢® in each subdomain S*. Since the velocity is incompressible, we have
0= / Al pidady = 7/ [v* [2dady +/ P 0pdids.
Qi Qi Qi

Moreover, the normal component of the velocity is continuous through the interface (z, f(z)) and
the line where permeability changes (x, —hg). Using the impermeable boundary conditions, we
only need to integrate over the curve (z, f(z,t)) and (z, —hz). Indeed, we have

0= —/ |o! 2 dady + k' /(p(:c, flz,t),t) 4+ pt f(a, 1) (—v(x, f(x,1),t) - (0n f(z,t), —1))dz, (11.3)
Q1 R

0= —/ [v*|*dady + ' /(p(w,f(w,t),t) +p f (@, 0))(—v(x, f(@,1),1) - (—0af(x,1),1))dz
Q2 R

+ k! /(P(xa —ha,t) — p*ha)(—v(z, —ha,t) - (0,—1))dz, (11.4)
R

0=— /Qd |32 dady + K> /R(p(z, —hg,t) — p?ha)(—v(z, —ha,t) - (0,1))dx. (11.5)

Inserting (11.5) in (11.4), we get

1
0= —/ |v? |Pdady — %/ |v? |2 dxdy
02 K 03

+H1/R(p(:c,f(fc7t),t)+pr(xvt))(*v(:c,f(xvt),t) (=0zf(2,1),1))dx. (11.6)

Thus, summing (11.6) and (11.3) together and using the continuity of the pressure and the velocity
in the normal direction, we obtain

sl
[ wdedy+ % [ poPdsdy=wt [ (F - OO0 @)z (11)
Qrun2 K= Jqs R
Integrating in time we get the desired result (11.2). O

Notice that for the infinite depth case the proof is similar and the result follows.
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11.3. Well-posedness for the infinite depth case
11.3 Well-posedness for the infinite depth case

Let 2 be the spatial domain considered, i.e. 2 =R or Q2 = T. In this section we prove the short
time existence of classical solution for both spatial domains. We have the following result:

Theorem 11.2. Consider 0 < hy a fized constant and the initial datum fo(z) = f(x,0) € H*(Q),
k > 3, such that —hy < min, fo(x). Then, if the Rayleigh-Taylor condition is satisfied, i.e.
p? — pt > 0, there exists an unique classical solution of (11.1), or (2.14) in the periodic case,
feC(o,T], H*(Q)) where T = T(fo). Moreover, we have f € C*([0,T],C(2))NC([0,T], C?()).

Proof. We prove the result in the case 2 = R, being the case 2 = T similar. Let us consider the
usual Sobolev space H?(R) endowed with the norm

1z = NFllze + 1A £]| 2,

where A = v/—A. Define the energy
Blf] = | fllms + lld" [l L, (11.8)

with
1

(x = B)>+ (f(2) + ha)*

To use the classical energy method we need a priori estimates. To simplify notation we drop the
physical parameters present in the problem by considering x!(p? — p!) = 27 and K = % The sign
of the difference between the permeabilities will not be important to obtain local existence. We
denote ¢ a constant that can changes from one line to another.

d"[f)(x, ) = (11.9)

Step 1: Estimates on ||ws| g3 Given f(z) such that E[f] < oo, we consider ws as defined in
(10.19). Then we have that ||| gs < c(E[f] + 1)* for some constants ¢, k > 0.

We proceed now to prove this claim. We start with the L? norm. Changing variables in (10.19)
we have

2
) Ouf(x — B)(ha + f(z — B))
[@alze <c|P.V. /B(O y B4 (he+ f(z = B))? dﬂ 2
2
Ouf(x — B)(ha + flz — B))
¢ P'V'/B ©01) B+ (ha+ flx—p))? ” L2
= A1 + AQ.

The inner term, A1, can be bounded as follows

Oef(a )t + 11z )
A= /PV /Bm W Pl fa@—pe P

Ouf(z —&)(ha + f(z = &)
Y /B(o y E+(het flx—9))? dede

< clld"[f]l[7eo (1 + 11l )? |0 1172

In the last inequality we have used Cauchy—Schwarz inequality and Tonelli’s Theorem. For the
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Chapter 11. Local existence in Sobolev spaces

outer part we have

Oufte = 0+ o 3)
A= [PV ] ST

Iuf(x = &) (ha + f(x = §))
S /BC(O y E+(he+ f(z—¢))? dede

(L4 [[fllLe)?l10x f11Z2,

where we have used that fl 2 < oo and Cauchy—Schwarz inequality. We change variables in

(10.20) to obtain
B

wa(x) = P.V. /

D=V BT Gt 1 B)?
Now it is clear that ws is at the level of f in terms of regularity and the inequality follows using
the same techniques. Using Sobolev embedding we conclude this step.

dp.

Step 2: Estimates on ||d"[f]||r~ The first integral in (11.1) can be bounded as follows

= HPV/ @ A2+ (@)~ [(3))?

for some positive and finite k. The new term is the second integral in (11.1).

< C(E[f] + 1)ka

Lo

< || Lpy [ Z2=BB+0%f( )(f()+h2))d

o<y [ R 7
—PV/ dg + iPV dg =Ji+ J
2m B(0,1) oo 2 Be(0,1) oo - >

Easily we have
T < cllwal|zee [ d" (]l (14 102 f ]| o (| fl| 2 + 1))

We split Jo = By + Bo
1 _ _
B - Lp. / ' w2 (z — B)B - wa(z . B)B
21 Beo,1) B*+ (f(2) + he) B
< cllwalle (I fllze +1)* + ¢l Hwa| Lo + cl| Oz 1o,

dp

where H denotes the Hilbert transform. Now we conclude the desired bound using the previous
estimate on ||wz||gs and Sobolev embedding. The second term can be bounded as

_1 wa(z — B)0x f(2)(f(z) + ho)
By = P.V. /BC(O ) B2+ (f(z) + ho)?

2
We obtain the following useful estimate

df < cll@af Lo ([[fllze + DI fll Lo

[10cf |l < c(E[f]+1)". (11.10)
We have
d e —O0f(@)2(f(2) + ho) cdh h N N N
111 = Tpl R < 1= + VIO

Thus, integrating in time and using (11.10),

" [F1(t + B[z < ([P [f)(8) | pooes S EUIFDT,
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11.3. Well-posedness for the infinite depth case

and we conclude this step

%”dh[f]HLw — lim ||dh[f](t+h)”L°° - ”dh[.ﬂ(t)”L‘x’ < C(E[f] + 1)k

h—0 h

Step 3: Estimates on ||92f||z2 As before, the bound for the term coming from the first integral

n (11.1) can be obtained as in [23], so it only remains the term coming from the second integral.
We have
1 @a(x = B)(B + 0uf(x)(f(2) + h2))
L=— [0} P.V./a3( dBdaz.
1= Joeny. [ 2 (@) + ha? -

For the sake of brevity we only bound the terms with higher order, being the lower order terms
(lo.t.) analogous. We have

Ib=Js+ Js+ Js+ Jg + Jr + Lo.t.,

with / 63 SPY. Bz — B)B 45
R B (F@) +ha)?
_ Ogwa(x — B)0u f(z)(f(2) + ha)
= %/Ragf(x)P.V./R B2 5 ((2) + ha)? dpdz,
_ 1 [ 2w3(2 — B)(B + 0uf(2)(f (%) + h2))(— f(z) — h2)07 f(2)
- /Rawf <°””)P'V'/ (52 (f( ESEE A
~ L[ ey, [ U0 1,
_ 1 5 ¢ (s 4w2(:c — ﬂ)amf(:c)ﬁg’f(:c) -
=y /Ramf( )P.V./R e s,
In order to bound J3 we use the symmetries in the formulae (0, = —93) and we integrate by parts:

1 B
=5 /Ragf(x)P.V. /Ragm(:c — B)ds (52 @ h2)2) dBdx
< | fll 2102 L2 (" [F)l 2o + ld" [f]ll L + 1)

In Jy we use Cauchy—Schwarz inequality to obtain
Ji < c(|d"[flllze + DI0Zf Il 2107wz 2 10w fll = (| fll Lo + ha).
The bounds for J5 and J; are similar:
s < e(ld"[f]l7 + DIOZf T2 llw2ll oo (L+ 100 f | oe (I fllzoe + h2)) (I fllzoe + ha),
Jr < e(ld"[fll|lz + DIOZfZe w2l o 100 f |l

Finally, we integrate by parts in Jg and we get

Jo < cllOzfII7=(ld" [f)l| = + 1) (10wl L= (I Il + 1) + |2l oo |02 f ]| <)
+ el F I (1" [F e + Dzl e 100 fll oo (I fll = + 1)%

As a conclusion, we obtain
d
@02 fl1e < (L] + D
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Chapter 11. Local existence in Sobolev spaces

Putting all the estimates together we get the desired bound for the energy:

%E[f] < c(E[f] + )" (11.11)

Step 4: Regularization This step is classical, so, we only sketch this part (see [44] and Chapter
4 for the details). We regularize the problem and we show that the regularized systems have a
solution using Picard’s Theorem. Given 7 < hs and ¢ < 0o, we define the set

O ={f.f € H’ min f > —7 |||z <<}.

The set
O 7 = {f,f€H3,minf > —7}

is open. Indeed, given f € O™ and h € B(0,8) C H?, we consider g = f + h. We have
g(x) = f(x) + h(z) > =7 — ||h]|pe > —T — c||hl|gs > —T — cd > —ha,

if § << 11is small enough. As O77 = O~7 N B(0,¢) we conclude that O 7 is an open set in H3.
In this set we apply Picard’s Theorem.

Using the previous energy estimates and the fact that the initial energy is finite, these solutions
have the same time of existence (T depending only on the initial datum and the physical parameters
present in the model) and we can show that they are a Cauchy sequence in C ([0, T, L?). From here,
we obtain f € C([0,T], H*(Q)) N L>([0,T], H3(2)) where T' = T(fy) and 0 < s < 3, a solution
to (11.1) as the limit of these regularized solutions. The continuity of the strongest norm H? for
positive times follows from the parabolic character of the equation. The continuity of || f(¢)| s at
t = 0 follows from the fact that f(t) — fo in H? and from the energy estimates.

Step 5: Uniqueness Only remains to show that the solution is unique. Let us suppose that for
the same initial datum fq there are two smooth solutions f! and f2 with finite energy as defined
in (11.8) and consider f = f! — f2. Following the same ideas as in the energy estimates we obtain

D lee < elo, B, ELFDIS e

Now we conclude using Gronwall inequality. O

11.4 Well-posedness for the finite depth case

In this section we prove the short time existence of classical solution in the case where the depth
is finite. We have the following result:

Theorem 11.3. Consider 0 < hy < 7/2 a constant and fo(x) = f(z,0) € H*R), k > 3, the
ingtial datum such that || follre < 7/2 and —hy < ming fo(x). We assume the Rayleigh-Taylor
condition is satisfied, i.e. p*> — p* > 0. Then, there exists an unique classical solution of (10.6)
f€C([0,T], H*(R)) where T = T(fy). Moreover, we have

f e o, T],C(R))NC([0,T], C*(R)).

Proof. Let us consider the usual Sobolev space H?(R), being the other cases analogous, and define
the energy

Blf) =l + Nld" [/ o + Nl e, (11.12)

172



11.4. Well-posedness for the finite depth case

with
1

h —
LB = =B e )

(11.13)

and
1

cosh(z — B) + cos(f(z) + f(B))

We note that d”[f] represents the distance between f and h and d[f] the distance between f and
the boundaries. To simplify notation, we drop the physical parameters present in the problem
by considering k!(p? — p!) = 47 and K = % Again, the sign of the difference between the
permeabilities will not be important to obtain local existence. We write (2.16) as 0.f = I; + I +
I3+ 14, being I, I5 the integrals corresponding w; and I3, I4 the integrals involving ws. We denote
c a constant that can changes from one line to another.

d[f](z, 8) = (11.14)

Step 1: Estimates on ||ws| gz Given f(x) such that E[f] < oo and consider wy as defined in
(10.7). Then we have that ||wa||zs < c¢(E[f] + 1)*. We need to bound ||.J1 ||z and ||Ja|| s with

sin(hy + f(z — )
cosh(B) — cos(ha + f(z — B))

sin(—hs + f(z — B))

J, =P.V. /R Ouf(z — B) dB,

Jo = —P.V. /IR O f(x—P) cosh(B) + cos(—ha + f(z — B)) a6
We have
Ouf(x — B)sin(ha + f(x — B))
Il <P [ it T

+

0.f(x — §)sin(hs + f(x ~ )
P [,y conb(3)  oliet T =) .

< cllOxfll 2 lld™ [£lllze + cllOs f 2,

dap

where we have used Tonelli’s Theorem and Cauchy—Schwarz inequality. Recall that f — ho €
(—2h2, % - hg), thus

1 1
cosh(z — B) + cos(f () — 1) ~ cosh(z — B) — c(ha)’

and the kernel corresponding to wy can not be singular and we also obtain

12l L2 < €[l f1| 2

Now, as Gj, x € S, we can use the Young’s inequality for the convolution terms obtaining bounds
with an universal constant depending on hy and K. Indeed, we have

Gz * Jillz < el il 22,

and we obtain
wallz> < c(E[f]+ 1)".

Now we observe that we can write

B sinh ()
=PV /]R cosh(B) — cos(ha + F(@ — F))

B sinh(p)
P =PV /R cosh(B) + cos(—ha + [ (@ — B)
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Chapter 11. Local existence in Sobolev spaces

and we obtain ||02.J;]|2 < ¢(E[f] + 1)*. Using Young inequality, we conclude
lwalme < (B[] + 1)

Step 2: Estimates on ||d"[f]||z~ and ||d[f]||z~ The integrals corresponding to c; in (10.6) can
be bounded (see Chapter 4) as
[I + Io| < e(E[f]+1)".

The new terms are the integrals I3 and Iy, those involving s, in (10.6). We have, when splitted
accordingly to the decay at infinity,

Is+ Iy = Js + Jy,
and we obtain the following estimates:
/ wa(z — B) sinh(p) _ wa(z — B)sinh(B) a5
" Jr cosh(B) — cos(f(x) + ha)  cosh(B) + cos(f(x) —h2) ||
< cllwallze (1d"[f]llz +1) ,

1
J3| < ||—P
| 3|_H47T

1 wo(x — )0, f(x)sin(f(z) + ha)  wa(x — B)0.f(z)sin(f(x) — ha)
s < H P R et th) oA ) Y

< cllwallze 10z Lo (Id" [l +1).

We conclude the following useful estimate

[10: I < c(E[f]+ 1), (11.15)
We have
L sin(f(z) + h2)3tf( ) P oo .

Thus, using (11.15) and integrating in time, we obtain the desired bound for d"[f]:
o NI+ Pl — 1" [f1(0)] >
h

To obtain the corresponding bound for d[f] we proceed in the same way and we use (11.15) (see
Chapter 4 for the details)

Lo = ] < e(Bf] + 1)

Step 3: Estimates on |02 f| 12 As before, see Chapter 4 for the details concerning the terms
coming from zoy in (10.6). It only remains the terms coming from ws:

_ 3¢9 wa(B)(sinh(x — B) + 0. f(x) sin(f (x) + h2))
I= /RP.V./R@zf( )0; ( cosh(z — ) — cos(f(z) + ha)
2(8)( sinh(z — B) + 0, f(z) sin(f(x) — hs))
cosh(z — B) + cos(f(z) — h2) > apdz.

+

We split
I=J;,4+Js+ Jg +1lo.t..

The lower order terms (l.0.t.) can be obtained in a similar way, so we only study the terms J;. We
have

03wa(x — B) sinh(B) 83f( )03 w2 (z — ) sinh(B)
Jr < /PV / cosh ﬂ —cos(f(x) + ha) cosh(B) + cos(f(xz) — ho)
< |2 fl 2|03l 2 ("] + 111,

dBdx
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11.4. Well-posedness for the finite depth case

02 f(2)02wwa(x — B)0: f () sin(f () + ha)
I = /PV[/ cosh(B) — cos(f(z) + ha)
_ 0} (@)% ma(w — B)0a f(x) sin(f(x) + ha)
cosh(B) + cos(f(x) — ha)
< cl|03 fll 2103wz L2 10x f | oe (1" [£] + 11]).

dBdz

The term Jy is given by

B o[ ma(B)sin(f(z) + ha)
n=g [PV [ (o e

@2 (8) sin(f (x) — ha)
cosh(z — B) + cos(f(z) — ho)

) dBdzx.
Integrating by parts

[Jo| < el fllzz(ld" [l + D (10zm2llz + w2l o |0a fll o)
+ello2 fllLa(ld" [l + Dllw2ll o (1 + 110z fll L)

Step 4: Regularization and uniqueness These steps follow the same lines as in Theorem 11.2.
This concludes the result. O
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Chapter 12

Turning waves

In this Chapter we prove finite time singularities for equations (10.2), (10.4) and (10.6) with some
conditions on the physical parameters present in the problem. These singularities mean that the
curve turns over or, equivalently, in finite time they can not be parametrized as graphs. The proof
of turning waves follows the steps and ideas in [10] for the homogeneus infinitely deep case where
here we have to deal with the difficulties coming from the boundaries and the delta coming from
the jump in the permeabilities. The result for the confined and homogeneous Muskat problem is
contained in Chapter 8.

To obtain these results, we construct curves such that the velocity has the correct property. These
curves depends on the physycal parameters K defined in (10.1) and —hs, the line where the
permeability changes. In the infinitely deep case the curve has an amplitude of order hs in the
periodic case and of order (hy)® with § < 1/4 in the flat at infinity case. So, even if hy >> 1, this
result is not some kind of linearization (compare with Theorem 13.2 in Chapter 13). In the confined
and inhomogeneous case we have less degress of freedom (we can not take a very big amplitude for
the curve) and we construct the turning wave by taking IC close to zero. The sharpness of these
conditions for the physical parameters is studied in Chapter 13.

12.1 Infinite depth

Let 2 be the spatial domain considered, i.e. 2 =R or 2 = T. We have

Theorem 12.1. Let us suppose that the Rayleigh- Taylor condition is satisfied, i.e. p?> — p' > 0.
Then, there are initial data, fo(z) € H3(QY), under the hypothesis of Theorem 11.2, such that, for
any possible choice of k', k% > 0 and hy >> 1, there exists a solution of (10.2) or (10.4) and a
time T for which

Jim (1021 (8) |1 = oc.

For short time t > T™, the solution can be continued but it is not a graph.

Proof. To simplify notation we drop the physical parameters present in the problem by considering
k1 (p?—p') = 2m. The proof has three steps. First, we consider solutions which are arbitrary curves
(not necessary graphs) and we translate the singularity formation to the fact 9,v1(0) = 0:0421(0) <
0. The second step is to construct a family of curves such that 9,v1(0) is negative. Thus, we have
that if there exists, forward and backward in time, a solution corresponding to initial data which
are arbitrary curves, then, we have proved that there is a singularity in finite time. The last step
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Chapter 12. Turning waves

is to prove, using a Cauchy-Kovalevsky theorem, that there exists local in time solutions in this
unstable case.

Step 1: Obtaining the appropriate expression Consider the case @ = R. Due to (10.18) we
have
8a8tzl(oz) = 11 + IQ + 13,

where
9 PV/ ﬁl(@ 21(a) = Baza (o — B))dB,
*22( ) ha
fale) PV/“? @) —h(a - AE"
Is(a) = Oq (aazl PV /wQ o — )(}z(—; ]i2 )|2d6> )

Assume now that the following conditions for z(«) holds:
e 2;(a) are odd functions,
e 0,21(0) =0,0421 () > 0 Vo # 0, and 0y22(0) > 0,
z(a) # h(a) Yo
The previous hypotheses mean that z is a curve satisfying the arc-chord condition and d,2(0) only

has vertical component. Due to these conditions on z, we have 9, 21(0) = 0 and 922 is odd. Then,
the second derivative at zero is zero and we get that I3(0) = 0. For I} we get

B 22 (B) + a1 (), (Baz1(8)1(8)?
11(0)*P'V'/R @@)7+ (=0)? 7 QP'V'/R«zl(ﬁ» T @0

Da1(8)21(8)2(B) (B 22(0) — Bu2a(B)
“P'V'/R (2(8) + (=2(9))°

We integrate by parts and we obtain, after some lengthy computations,

Jaz1(B)21(8)22(B)

dB.

11(0) = 46az2(0)P.V./O ((2’1 (ﬂ))2 n (Zg(ﬂ))Q)Q dﬁ (12.1)
For the term with the second vorticity, ws, we have
_ 1 Ipwa(—P)h2 1 —w2(=8)0a22(0)
I5(0) = 27TP.V. T B g+ 2WP.V./}R B 13 dg
1 2w (=f)Bhs 1 Oa22(0)wa(—B)(—h3)
27TP.V./]R (B 1 12 dp 27TP.V./]R (3 1 h3)? dg,
and, after an integration by parts we obtain
_ _9az(0) * (w2(B) + w2(-5)) 5
I(0) = o ——P.V. /0 CENEE dp. (12.2)

Putting all together we obtain that in the flat at infinity case the important quantity for the
singularity is

. = Dan1(8)21(9)2(9)
o (0) = 022a0) (40, [ e s

1 * (@2(8) + w2 (—h)) B
—gp.v./o L dﬁ) . (12.3)
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12.1. Infinite depth

where, due to (10.17), ws is defined as

(ha + 22 7))0az22(7)
— 2KP.V. / e PR (12.4)

We apply the same procedure to equation (10.21) and we get the importat quantity in the periodic
setting':

b0 — b s ™ 921 (8) sin(z1(8)) sinh(22(8)
0a01(0) = 02:(0) (/ (cosh(z2(8)) —cos(z1(B)?
17 (@) + wh(=B))(~1 + cosh(hy) cos(B)
+47r 0 (cosh(hz) — cos(8))? dﬁ) » (125)
and, due to (10.22),
oo sin( — 21(7))0ax1(7)
=2(P) = ’C/T cosh(hs + 22(7)) — cos(B — ()" (12.6)

Step 2: Taking the appropriate curve To clarify the proof, let us consider first the periodic
setting. Given 1 < ho, we consider a, b, constants such that 2 < b < a and let us define

z1(a) = a — sin(«),

and )
sin(aa) H0<a< ﬁ
Y (m/a) a
sn [n it
(7 /a)— <w/b>) - 7r
£ r
, 2b 1 a <a< b
2(a) = (ﬂ 2/ﬂ> (a,ﬁ) T <a<l (12.7)
T_z b b 2
—hs/2 1
<7T 2/ﬂ> (a77r+—) 1fE§oz<7r(1f—),
T_z b 2 b
. 1
0 ifr(l—-)<a
Due to the definition of z5, we have
h 3h
?2 < he + 2(a) < 727
and using (12.6), we get
a7
D <
=2 ()] < cosh(ha/2) — 1
Inserting this curve in (12.5) we obtain
Bt} (0) < I, + I} + I},
with .
m/a (1 — cos(B)) sin(B — sin(S)) sinh (%)
a :/ dﬁ,
0

(cosh (%) —cos(f8 — Sin(ﬂ)))Q

1Recall the superscript p in the notation denoting that we are in the periodic setting
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2,(0)

2,(a)
°

Figure 12.1: z5 for a = 5,b =3, hy = 7/2

7 /b+m) /3 (cosh ((%2/%2) CE %)) —cos(B — Sin(ﬁ)))
/(277—7r/b)/3) (1 — cos(p)) sin(B — sin(B)) sinh (_ (_gj/;) (a - %))
"2 (cosh (= (F2£2 (0~ +5))) — cos(8 — sin(2)))

)

ISR

e /71'/2 (1 = cos(B)) sin(8 — sin(p)) sinh ((_%f/f) (B-
(

g,

and 132 is the integral involving the second vorticity wh. We remark that I, does not depend on
ho. The sign of Ié” is the same as the sign of zo, thus we get Ié” < 0 and this is independent of
the choice of a and hs.

Now, we fix b and we take ho sufficiently large such that

27 1+ cosh(hs)
I+ 12 <1» 0.
bt S (ha/2) — 1 (cosh(ha) — 12

We can do that because

cpsinh(ha/3) h

< |17
(cosh(ha/2) 4+ 1)

or, equivalently,

cp sinh(ha/3) 27 1+ cosh(hg)

(cosh(ha/2) — 1)2 * cosh(ha/2) — 1 (cosh(hg) — 1)2 <0,

I I — e e <

if ho is large enough. The integral I, is well defined and positive, but goes to zero as a grows. Then,
fixed b and hs in such a way Ié” + 152 < 0, we take a sufficiently large such that I, + Ié” + 132 < 0.
We are done with the periodic case.

We proceed with the flat at infinity case. We take 2 < b < a as before and 0 < § < 1 and define
21(q) = a — sin(a) exp(—a?), (12.8)
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12.1. Infinite depth

and
sin(aa) ifo<a<?
a -~ a’
: a—(r/a)
St (”wa)f(w/b)) T T
b a b’
. —hg T T T 12
22(05)* = = (OC—E) 1f3§a<§, ( 9)
2%
—h$ 1
(ﬂ 2ﬂ)(a7r+—) 1fg§a<7r(lfg),
270 ' 1
0 if m(1 — E) <a
We have

hy — hy < hy + 22(8) < ha + 3,
and we assume 1 < hy — h$. Inserting the curve (12.8) and (12.9) in (12.4) and changing variables,
we obtain

(ho + h§)hS (% — )"

(ha — h3)2 + (v —sin(B — v)e=(6-7)%)2

|wa(8)] < 2P.V. /]R d.

We split the integral in two parts:

ho +h3)hS (5 — %) S
J1:2P.V./ 5(22+ 2) 2,(2 ) 22d7§8hg(ﬁ,ﬁ) 7
B(0,2(ha—h3)) (ha —h8)? + (v — sin(B — v)e=(B=7)?)
ho + WS (= — =) 7"
J2:2P.V./ 2 + 1) 2 (5~ 4) _
Be(0,2(ha—h3)) (ha —h3)2 + (v —sin(8 — v)e=(B=7)%)
We split the integral J in its positive and negative regions, K7 and K3. We have

- 1
K, =P.V. / ! ]
1 2(h—n3) (h2 — WD) + (7 —sin(B — 7)e— @)z "
- 1
<PV. .
- 2(ha—ng) (h2 — W) 72 — 2ysin(B — y)e- G-
- 1

<PV. / ' 0
2(ha—ng) (hz — 1 —7)2 + 29(ha — B3 —sin(B —7)e-B-7) "

and using that hgy is such that 1 < ho — hg, we get,

& 1 1
K < P.V./ dy = .
2(ha—h3) (ha — hg —7)? ha — hg

The remaining integral is

—~2(ha—h3) )
Ky =P.V. p
’ /-oo (h2 — h3)2 + (v —sin(B — 7)e—B—1?)2 "7
—2(ha—h3) 1
<P.V. p
- /—oo (ha — h3)% +~% — 2ysin(B — 7)e- B
—2(ha—h3) i
<P.V. .
- /—oo (ha — 3 +7)% — 27(ha — b +sm(B — y)e- @17
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Chapter 12. Turning waves

and using that hs is such that 1 < hy — h3, we get

—2(h2—h3) 1 1
Ky <P.V. dy = .
2= /700 (ha — hS +7)? 7 ho — h$

Collecting all the estimates, we get

e (3-5)"
and .
wa(B)] <1205 (5 -7)

Using this bound in (12.3) we get
/T !
m s (3 -3)

Then, as before,
Dov1(0) < I, + I? + 112,

where I,,I}'> are the integrals I;(0) on the intervals (0,7/a) and ((7/b + 7)/3, (27 — 7/b)/3),
respectively. We have

2h3 h
cp—2— < |IP2|,
gy =
thus, we get
2h;3° T o\ !
I + 157 = —| 17| + 17 < —ey=—2— +3h;” (5 - 3) :

To ensure that the decay of 152 is faster than the decay of Ili”, we take 0 < 1/4. Now, fixing
b, we can obtain 1 < he and 0 < § < 1/4 such that 1 < hy — h$ and Igz + I* < 0. Taking
a >> b we obtain a curve such that 9,v1(0) < 0. In order to conclude the argument, it is enough
to approximate these curves (12.7) and (12.9) by analytic functions. We are done with this step
of the proof.

Step 3: Showing the forward and backward solvability At this point, we need to prove
that there is a solution forward and backward in time corresponding to these curves (12.7) and
(12.9). Indeed, if this solution exists then, due to the previous step, we obtain that, for a short
time ¢ < 0, the solution is a graph with finite H3(f) energy (in fact, it is analytic). This graph
at time t = 0 has a blow up for ||0,f||L~ and, for a short time ¢ > 0, the solution can not be
parametrized as a graph. We show the result corresponding to the flat at infinity case, being the
periodic one analogous. We consider curves z satisfying the arc-chord condition and such that

lim |z(a) — (o, 0)] = 0.

|| =00
We define the complex strip B, = {{ + i, ¢ € R, €| < r}, and the spaces
X, = {z = (#1, z2) analytic curves satisfying the arc-chord condition on B,}, (12.10)

with norm
1217 = 112(v) = (%, 0) 75 g,
where H3(B,.) denotes the Hardy-Sobolev space on the strip (see [2]) with the norm

2 _ |2 93 N2de. .
I912=3 / F(C % i) 2dC + / 103 £(C £ ri) (12.11)
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12.1. Infinite depth

These spaces form a Banach scale. For notational convenience, we write v = a £ ir, v/ = o & ir’.
Recall that, for 0 < 7’ < r,

C
190 lzas, ) < 1| leags,)- (1212)

We consider the complex extension of (10.17) and (10.18), which is given by

B (z1(7) = 21(y = B))(Oa2(7) — Daz(y — B))
Guz(7) = P.V. / (@1 (1) — 21 (1 = B)? + (22(7) — 22y — BE
1 waly — 5)(() Wy — B))
2wP'V‘/R< 0~ >>2+< 2 + k)2’

22 ) + ha)wa(y — B)
Bt PV/ ) = O = 2+ () e 1213)

+

with

(h2 + z2(y = B))0az2(y — B)
=) = 2. o e o~ P ——

Recall the fact that in the case of a real variable graph ws has the same regularity as f, but in
the case of an arbitrary curve ws is, roughly speaking, at the level of the first derivative of the
interface. This fact will be used below. We define

_ B B2
THOD = o a0 =P + @) —ah =B (12.15)
d"[2)(v, B) = L+ p (12.16)

(z1(7) = (v = B))2 + (22(7) + h2)?

The function d~ is the complex extension of the arc chord condition and we need it to bound the
terms with ;. The function d" comes from the different permeabilities and we use it to bound the
terms with woy. We observe that both are bounded functions for the considered curves. Consider
0 < v’ < r and the set

Or = {z € X, such that ||z[, < R, ||d” [2]||p~(.) < R, [|d"[2]||L=®,) < R},

where d~[z] and d"[z] are defined in (12.15) and (12.16). Then we claim that, for z,w € Og, the
righthand side of (12.13), F': Or — X, is continuous and the following inequalities holds:

I F[) 3w,y < (12.17)
Cr
1F=] = Flwllms@,) < —5llz = wllase,), (12.18)
sup [Flz](v) = F[z](v = B) < CrlB]- (12.19)
Y€EB,,BER
The claim for the spatial operator corresponding to w; has been studied in [10], thus, we only deal

with the new terms containing ws. For the sake of brevity we only bound some terms, being the
other analogous. Using Tonelli’s theorem and Cauchy—Schwarz inequality we have that
w22,y < eld[e]llL= (1 + [lz2]l Lo B, )1 Pazell L2 (e, ) -

Moreover, we get
@2ll2@,) < Crll=[:- (12.20)

For 92wy the procedure is similar but we lose one derivative. Using (12.12) and Sobolev embedding
we conclude

Cr
12l s,y < =512l (12.21)
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Chapter 12. Turning waves

From here inequality (12.17) follows. Inequality (12.18), for the terms involving w1, can be obtained
using the properties of the Hilbert transform as in [10]. Let’s change slightly the notation and write
wa|z](7y) for the integral in (12.14). We split

- (wal2)( — B) — walwl(r — BY(=(7) — h(y' — B))*
A= PV/ (21(7) (= B)% + (22(7) + Ta)?

g

B) ((=() — h(+' — B))* — (w(x) — h(y' — B))*)
“W/ @) — (7 — B2 + (20 + ha)? b
hZ
42V, [l ~ i) - ey - gy T R0,

= By + By + Bs.
In B3 we need some extra decay at infinity to ensure the finiteness of the integral. We compute

h
%KlﬁLﬁ)(/Zl*wl)szwaﬂ<CR|Z, ||1Jr |

@[] - d"fui] < O e

and, due to Sobolev embedding, we get

R
[ BsllL2®,.) < Crll@2(w]lr2@,)lz — wllr=@,) < — 7 2 — wllz3,)-

For the second term, Bs, we obtain the same bound

R
[ Ba2llL2®,) < Crll@2(w]llr2@,)lz — wllr=@,) < — 7 2 — wllz3,)-

We split B; componentwise. In the first coordinate we have

_ (w2[z](Y" = B) — wa[w] (v’ = B))(=22(7') — ha)
Iz, = HPV/ 0~ (7= A T (a(y) + hal?

L2(B,/)
< Crllwzlz] — w2(wll|L28,)-

In the second coordinate we need to ensure the integrability at infinity. We get

_ (w2[2](v' = B) — waw](y' — B))(z1(7) =)
¢ = P'V‘/ @) — (7 B2+ (a(r) £ e

+P.V./R(wQ[z](7’ — B) — wa[w](y' — B)) (fi [;i - %) g
+Hws[z](7') — Howa[w](Y),

B

and, with this splitting and the properties of the Hilbert transform, we obtain

1CllL2s,,) < Crllwalz] — wa[wll|L28,.)-

We get
wz[z] — WQ[U)] =C34+Cy+ (5,
where
22(y — B) — waly — B))0az2(y — )
Cs =2k PV, / (=0 B2 + (hat oaly — B2
B (h2 + wa(y = B8))(Faz2(y = B) — Daw2(y — B))
ci=2kpv. [ G —at B+ (atat—B)E P
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12.2. Finite depth

d"[Z)(y = B, =B) = d"w](y = B, =B) ,

1+ 2 o

Cs = 2K P.V. / (ha + wa(y — B))Baws(y — B)
R
From these expressions we obtain

Csll22B,.) < Crllz — w| L= |0az2llL2B,,)

[Callr2,,) < Crll0al(z — w)llL2(B,.),
1Csllz2@,,) < Crllz — wl[L=[|0a22] L2(B,,)-

Collecting all these estimates, thanks to Sobolev embedding and (12.12), we obtain

Cr
1Billz2s, ) — 1z = wlls @,).

We are done with (12.18). Inequality (12.19) is equivalent to the bound [0;0,2] < Cr. Such a
bound for the terms involving ws can be obtained from (12.16) and (12.20). For instance

B Bawz(y = B)(2(7) — h(y = B))*
A2RVAQmwrwv—mv+uxw+m>

5df =

_ ooy — (z(0) = h(y = B)~
Py [ M/M%(ww>m/mv+wwwhﬁ)w

< Crllwa| w2, |d" 2] Lo

The remaining terms can be handled in a similar way. Now we can finish with the forward and
backward solvability step. Take z(0) the analytic extension of z in (12.9) ((12.7) for the periodic
case). We have z(0) € X, for some r > 0, it satisfies the arc-chord condition and does not reach
the curve h, thus, there exists Ry such that z(0) € Og,. We take r < o and R > Ry in order to
define O and we consider the iterates

Znt1 = 2(0) —l—/o Flzp]ds, zo = 2(0),

and assume by induction that z; € Og for k < n. Then, following the proofs in [10, 26, 49, 50],
we obtain a time Tox > 0 of existence. It remains to show that

4™ [zns1]ll =y, 14" [zns1]ll L=,y < R,

for some times Ty, Tp > 0 respectively. Then, we choose T'= min{Tck,Ta,Tp} and we finish the
proof. As d~ has been studied in [10] we only deal with d”. Due to (12.17) and the definition of
2(0), we have

1

(d[zns]) " > = — Cr(£* + 1),

Ry
and, if we take a sufficiently small Tz we can ensure that for t < Tz we have d"[z,41] < R. We
conclude the proof of the Theorem. O

12.2 Finite depth

In this section we show the existence of finite time singularities for some curves solutions of (10.6).
These singularities appear in an explicit range of parameters x°. This result is a consequence of
Theorem 8.1 in Chapter 8 where we proved the existence of finite time singularities when s' = 2.
Then, the result of this section is a consequence of the continuous dependence on the physical

parameters k*.
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Chapter 12. Turning waves

Remark 12.1. We define the set
V = {w = (w1, w2) satisfying the hypotheses C1-C3 in Section 8.3
and such that 0,v1(0) < 0.}. (12.22)
Notice that this set is non-empty (see Theorem 8.1).
Now, we have

Theorem 12.2. Let us suppose that the Rayleigh- Taylor condition is satisfied, i.e. p?> — p' > 0,

and take 0 < hy < Z. Then, for each w € V, there are initial data, fo(x) € H*(R), under the

hypotheses of Theorem 11.3, such that, for any |K| < K1 with
(C(h2)80aws|daws )"

(I} Tl e + dsullze) (1+ = suppcir |Ghails )
99) /Oo O w1 (B) sinh(w (B)) sin(wa(B))
W2 2

o (cosh(wi(B)) — cos(w2(B)))

 Dowi(8) sinh(w (8)) sin(wz(8))
(cosh(w(8)) + cos(w2(8)))*

Ki(w, ha) =

X

|,

there exists a solution of (10.6) and a time T* such that

102 f ()] oo = o0

lim
t—T*
For short time t > T™, the solution can be continued but it is not a graph.

Proof. The proof is similar to the proof in Theorem 12.1. First, using Theorem 8.1 in Chapter
8, we obtain a curve, z(0), such that the integrals in 0,v1(0) coming from w; have a negative
contribution. The second step is to take K small enough, when compared with some quantities
depending on the curve z(0), such that the contribution of the terms involving oy is small enough
to ensure the singularity. Now, the third step is to prove, using a Cauchy-Kovalevsky theorem,
that there exists local in time solutions corresponding to the initial datum z. To simplify notation
we take k' (p? — p') = 4w. Then the parameters present in the problem are hy and K.

Step 1: Obtaining the appropriate expression As in Theorem 12.1 we obtain
8a’01(0> = 8t8azl(0) = Il + IQ,

where

1 = 20,00) [ 22D I (5) | o (B)sinb(er(B) i)
0 (cosh(z(8) —cos(za(8))”  (cosh(zn(8)) + cos(za(8)))”

dp,

and
_ 0a22(0) [ wa(—p)(— cosh(j) cos(hz) + 1)
= 47 /]R (cosh(B) — cos(ha))? 4p

n 0a22(0) / wa(—B)(— cosh(B) cos(hz) — cos?(hg) + sin?(hs))
4 I (cosh(B) + cos(hz2))?

dp.

Step 2: Taking the appropriate curve and K From Theorem 8.1 in Chapter 8, we know that
there are initial curves wg such that I; is negative. We take one of this curves and we denote this
smooth, fixed curve as Z. We need to obtain

00v1(0) = —a* + I < 0.
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12.2. Finite depth

As in (12.16), we define

e _ cosh?(/2)
dy[Z](v, B) = om0 = (= B)) — cos@(r) T )’ (12.23)
dy[2)(v, B) = cosh (8/2) (12.24)

cosh(z1(7) — (v = B8)) + cos(z2(7) — ha)

From the definition of I5 it is easy to obtain
12| < C(h2)0az2(0)|m2| Lov,

where

1 cosh(8) cos(h2) + 1 1 cosh(8) cos(ha) + cos(2hs)
/R /R as.

) = 4 e Teo(B) —costh)? ¥ 3 Ju ™ (cosh(B) + cos(a) ?

From the definition of s for curves (which follows from (2.17) in a straightforward way) we obtain

Il < $K00ual (Wil + hbEl) (1 =Gl ).

Fixing 0 < hy < 7/2 and collecting all the estimates we obtain

12| < C(h2)80a22(0)K|0a 22| e (1 [2]]| e + [l [2]]] ) (1 + sup. |Gh2,zc||L1> :
<

K
V2T K|
Now it is enough to take |K| < K1 with

(C(h2)80422(0)]|00z2|| =) ta?

K:l(z,hg) = o o ) , (12.25)
(I 20 + 120z ) (1 + o= supjeic [Ghaellon)

to ensure that d,v1(0) < 0 for this curve Zz.

Step 3: Showing the forward and backward solvability We define

B B sinhQ(ﬁ/Q)
THOD = R Emm — a0 = B) - sl — (=) (12.26)
and
a7, ) = cosh™(8/2) (12.27)

cosh(z1(y) — z1(y = B)) + cos(z2(7) — z2(y — B))

Using the equations (12.23), (12.24), (12.26) and (12.27), the proof of this step mimics the proof
in Theorem 12.1 and so we only sketch it. As before, we consider curves z satisfying the arc-chord
condition and such that

lim |z(a) — (o, 0)] = 0.

|| =00

We define the complex strip B, = {(+1£,( € R, |£| < r}, and the spaces (12.10) with norm (12.11)
(see [2]). We define the set

Or = {z € X, such that ||z]|, < R,[|d"[2]||L>~®,) < R, |‘d+[Z]HLoc(]B§T) <R,
Iy (2]l oo (8,) < R, |13 [2]]| L (s,) < R},
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Chapter 12. Turning waves

where d?[z] and d*[z] are defined in (12.23), (12.24), (12.26) and (12.27), respectively. As before,
we have that, for z,w € Opg, complex extension of (10.28), F' : Og — X, is continuous and the
following inequalities holds:

Cr
1P, < el
Cr
17~ Plulls, ) < =0 2 — wloge,
sup  [F[z](y) — F[z](y — B)| < CrlB|.

Y€B,,BER
‘We consider

Znt1 = 2(0) —l—/o Flzp]ds, z(0) = z.

Using the previous properties of F' we obtain that, for T'= T'(2(0), R) small enough, 2" € Og,
for all n. The rest of the proof follows in the same way as in [49, 50]. O
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Comparing the models
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Chapter 13

Numerical study
13.1 Foreword

In this Chapter we use the computer to further investigate (2.5), (2.12) and (2.14). First we obtain
numerical evidence showing that the confined problem is more singular than the problem with
infinite depth (2.10) (see Numerical evidence 13.1). We also study the evolution of || f(t)| L (r) for
(2.10) and (2.5) with the same initial datum (see Figures 13.2-13.7). We also show by a computer
assisted proof the following result:

Theorem 13.1. There are initial data zg such that the following statements hold:

e the solutions of (2.9) with | =m/2, 2™/2 corresponding with these initial data turn over,

e the solutions of (2.9) with | = oo, 2°°, corresponding with these initial data become graphs.
Moreover, we get the following corollary
Corollary 13.1. There are initial data zg such that the following statements hold:

e the solutions of the water waves problem with | = 7/2, 2™/2 corresponding with these initial
data turn over,

e the solutions of water waves problem with | = oo, z°°, corresponding with these initial data
become graphs.

For (2.12) and (2.14) the simulations show that, if IC < 0, || f ()| L (r) decays faster but ||, f ()| Lo (m)
decays slower. Actually, K > 0 seems to be better in the sense that it could prevent the turning for
some hs. Recall that in Theorem 12.1 we obtain (by an analytical proof) that if ha >> 1 and any K
there exist turning waves. To take to pieces this argument, we first obtain firm numerical evidence
showing the existence of turning waves for every K (see numerical evidence 13.2). This numerical
evidence becomes a rigorous result in Section 13.4 by a computer assisted proof. Furthermore, we
prove that if ho = O(1) and any K there exist turning waves. The precise statement is as follows:

Theorem 13.2. There are curves, which are solutions of (2.12) and (2.14), such that for every
K| <1 and he = /2, they turn over.

Acknowledgments: I am grateful to Instituto de Ciencias Matemdticas (Madrid) and to the
Dipartimento di Ingegneria Aerospaziale (Pisa) for computing facilities.
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Chapter 13. Numerical study
13.2 Finite vs. Infinite depth

13.2.1 Turning waves

In this Section we obtain firm numerical evidence showing that the confined problem is more
singular than the problem with infinite depth (2.10). The precise statement of this fact is the
following

Numerical evidence 13.1. There exists initial data zo(a) = (z1(a), z2(x)) such that, the solu-
tions of (2.9) with | = w/2 corresponding with these initial data turn over and, the solutions of
(2.9) with | = oo corresponding with the same initial data become graphs.

We can assume that p? — p! = 47 and take | = 7/2. It is enough to show that there exist smooth
curves z(a, 0) = (z1(a, 0), z2(av, 0)) satisfying arc-chord condition and such that dy21(0,0) = 0 and
the following holds:

1. 0q1(0,0) = 0,0¢21(0,0) > 0 in the deep water regime,
2. 9,v1(0,0) = 9,0:21(0,0) < 0 when the strip is considered.

Indeed, if ,v1(0,0) = 0,0:21(0,0) > 0 then, as before, if we denote m(t) = ming du21(c,t) we
have m(0) = 9,21(0,0) = 0 and £m(t) > 0 for 0 < t small enough. This implies m(5) > 0
for a small enough § > 0 and the curve can be parametrized as a graph. On the other hand,
if 04v1(0,0) = 9,,0:21(0,0) < 0 then m(d) < 0 for ¢ small enough, and the curve can not be
parametrized as a graph.

We construct a piecewise smooth curve such that both conditions holds (see Figure 8.2). We take
21 defined as follows ,
a“k

z1(a) = a—e”* "sin(a),

with k = le — 4. The idea is to take k << 1 such that e=®"F ~ 1, for —m < a < 7. Moreover, we
take zo as in (8.5) with a =b = 3, i.e.,

Zsin(3a) f0<a< T,
47 7o <37T
—a+ - if - <a<—,
S A B B -
o — — if —<a<—,
3 % - 3
0 if == <o
3 =
Notice that, in the deep water regime, the expression (8.4) takes the form

9av1(0) _ o > daz1(n)z1(n)22(n)
J = 10500) [ .

Substituting the choice of z, we need to compute

8avl (0)

5 =L+ L+ (13.1)

where
dn,

7, -2 / 5 (1= cos(n)e™"* + 2kne™ "% sin(n))(n — e""* sin(p)) sin(3n)
3 Jo (7 — =Pk sin(y)? + (sin(37)/3)2)2

7 (= cos(n)e” T + 2kne ™ F sin(n)) (n — e F sin(y)) (= + 7/3)

B2 = 4/1 (n—c—PFsin()? + (—1 + 7/3)2)2 @

3

)
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13.2. Finite vs. Infinite depth

2

(1= cos(n)e” "k 4 2kne= "k sin(n)) (n — e~ Fsin(y)) (y — 27/3)
I3 =4 2k o 2 22

z (n— e~k sin(n))? + (n — 27/3)?)
In the finite depth case, the integrals appearing in (8.4) are

6a’U1 (0)
2

=14+ 15 + Is,

where

Wl

I, = /0 (1- cos(n)e_"2k + 2k776_”2k sin(n)) sinh(n — e~k sin(n)) sin(sin(3n)/3)
1
' <(cosh(77 — e~k sin(n)) — cos(sin(3n)/3))2
1

dn.

(13.2)

(cosh(n — e="*k sin(n)) + cos(sin(3n)/3)

us

s

o

(1- cos(n)eiﬁzk + 2kne*"2k sin(n)) sinh(n — ek sin(n)) sin(—n + 7/3)

1
' ((eoshm — e~k sin(n)) — cos(—n + 7/3))?
1

>2)d”’

(cosh(n — e~ sin(n)) + cos(— + 7/3))? ) .

I = /E (1- (:05(77)67"2]c + 2kme sin(n)) sinh(n — ek sin(n)) sin(n — 27/3)
. ( !
(cosh(n — e~k sin(n)) — cos(n — 27/3))?2
1

+ (cosh(n — e="*k sin(n)) + cos(n — 277/3))2)(177.

In order to obtain the sign of (13.1) and (13.2), we compute the integrals Z;, ¢ = 2,3, 5, 6 using the
trapezoidal rule with a fine enough mesh, dz = 1079 (see Figure 13.1). The integrals Z;, i = 1,4

are approximated by

n-s F (1~ cos()e™"* + 2kme " sin(n)) (1 — e~ sin(n)) sin(3n)
175 o (77— e~ sin(n)? + (sin(31)/3)2)2

dn,

and

@l

I, = / (1- cos(n)e_"2k + 2k77€_"2k sin(n)) sinh(n — e~k sin(n)) sin(sin(3n)/3)
0.1

1
. ((cosh(n — e~k gin(n)) — cos(sin(3n)/3))2
1

(cosh(n — e~k sin(n)) + cos(sin(3n)/3))2
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Finite depth
~# Infinite depth
= # =|nfinite depth, Periodic case

-
e
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v,0,0/2

Q
«

L L L L L
-0.02
0.01 0.001 0.0001 0.00001 0.000001 0.0000001 0.00000001
dx

Figure 13.1: Approximating d,v1(0)/2 with different spatial step dz.

The truncation of the integral domains in Z, ¢ = 1,4 gives us an error Epy < 0.72 - 10—3. To
obtain this bound we notice that, due to the particular choice of z;,

x 8az1(77)z1(77)2;2(77) B :63
/0 )2 + (el = O,

and the same is valid for the relevant integral in the presence of boundaries (8.4).

The other error is coming from the method used in the numerical quadrature. We use the trape-
zoidal rule, obtaining E; < 1.1-1073. We conclude that, if d,v1(0) denotes the numerical approx-
imation of J,v1(0) defined in (13.2), we have

9av1(0) < 01 (0) + |Epy | + |Ef| < 0,
and, analogously, in the case where 9,v1(0) is defined in (13.1), we get

0 < 8av1(0) = |Epy| — |Er| < 0av1(0).

Finally, we approximate this 2y by analytic functions.

In order to complete a rigorous enclosure of the integral, we are left with the bounding of the errors
coming from the floating point representation and the computer operations and their propagation.
In Section 13.4 we deal with this matter. By using interval arithmetics we give a computer assisted
proof of this result.

Remark 13.1. This shows that the problem with finite depth appears to be, in this precise sense,
more singular than the case A = 0.

13.2.2 Decay in L™

In this section we perform numerical simulations to study the decay of || f(¢)||L- when the depth
is finite and to compare this decay with the case where the depth is infinite. We consider equation
(2.5) where p? — p! = 47 and | = 7/2 and equation (2.10). For each initial datum we approximate
the solutions of (2.5) and (2.10) with the same numerical and physical parameters.
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13.2. Finite vs. Infinite depth

— Finite depth
— Infinite depth

[lLCIRS

Time

Figure 13.2: Evolution of ||f™/2(t)||r~ (blue) and ||f>(t)||r~ (red) and initial datum given by
(13.3).

To perform the simulations we follow the ideas in [25]. The interface is approximated using cubic
splines with IV spatial nodes. The spatial operator is approximated with Lobatto quadrature
(using the function quadl in Matlab). Then, three different integrals appear for a fixed node x;:
the integral between x;_; and z;, the integral between z; and x;41 and the nonsingular ones. In
the two first integrals we use Taylor series to remove the singularity. In the nonsingular integrals
the integrand is made explicit using the splines. We use a classical explicit Runge-Kutta method
of order 4 to integrate in time. In the simulations we take N = 300 and dt = 1073, In what follows
we change slightly the notation and write f!(x,t) for the solution of (2.5) with depth equal to [.
Then, given an initial datum f(z,0) = fo(x), we are computing a numerical approximation for
f™/2(z,t) and f>(x,t). There are three different examples:

e Case 1: The initial datum considered is

folz) = (f - 0.001) exp (—2'2) . (13.3)

We obtain Figures 13.2 and 13.3. We can see that the decay is slower in the finite depth case
and the existence of a big time interval with a very small decay.
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Finite depth Infinite depth
T T T T

: 16

Figure 13.3: f™/2(x,t) (blue) and f>(z,t) (red) for the same times ¢; and initial datum given by
(13.3).

e Case 2: The second initial datum considered is

—7/2 4 0.0001 if o < ,g’
—7 +0.0002 —7 +0.0002 7
e /200001 + 2 Do
— a1 T T a1 M ogsErsh
folz) =4 m/2—0.0001 if —1<z<l, (13.4)
—7 +0.0002 —7 +0.0002 ™
e k)2 -0.0001 - 2 << L
o /20000 o1 l=e<g
™
—7/2+ 0.0001 if 5 <.

We obtain Figures 13.4 and 13.5. This second case is similar to the first one and we obtain
even a slower decay in the finite depth case.

e Case 3: We consider

g(x) = exp(—z?)(cos(x) + sin(z)).
The third initial datum considered is

We obtain Figures 13.6 and 13.7. In this case the initial datum is not symmetric and the
evolution is similar in both cases, finite and infinite depth.
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— Finite depth
— Infinite depth

[lLCIRS
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0.1 0.2 0.3 0.4 05 0.6 0.7
Time

Figure 13.4: Evolution of ||f™/2(t)||r= (blue) and ||f>(t)||r~ (red) and initial datum given by
(13.4).

13.3 Homogeneous vs. Inhomogeneous porous medium
13.3.1 Turning waves

Numerical evidence 13.2. There are curves, which are solutions of (2.12) or (2.14), such that
for every |K| <1 and hy = 7/2 turn over.

Let us consider first the periodic setting. Recall the fact that he = /2 and let us define

sin(3a)
3

z1(a) = a —sin(a), z3(a) = — sin(a) (e_(o‘+2)2 + e_(a_Q)z) fora € T. (13.6)

Inserting this curve in (12.5), we obtain that for any possible —1 < K < 1,
I,(0) + |12(0)| < 0.

In particular,

aa’l)f(()) = 11(0) + IQ(O) < 11(0) + |IQ(0)| < 0.

Let us introduce the algorithm we use. We need to compute

8avf(0) :/ Il +/ IQ,
0 0

where Z; means the i—integral in (12.5). Recall that Z; is two times differentiable, so, we can use
the sharp error bound for the trapezoidal rule. We denote dx the mesh size when we compute the
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Finite depth Infinite depth
T T T

T 2

fx,t)
fx,t)

W

Figure 13.5: f™/2(x,t) (blue) and f>°(x,t) (red) for the same times ¢; and initial datum given by
(13.4).

first integral. We approximate the integral of Z; using the trapezoidal rule between (0.1, 7). We
neglect the integral in the interval (0,0.1), paying with an error denoted by |Ep,,| = O(1072). The
trapezoidal rule gives us an error

0.1)

dx?(m —
|E7| < TH%LHLW

As we know the curve z, we can bound BiIl. We obtain,

(m—0.1)
6

|ET| < da? 10°.

We take dz = 10~7. Putting all together we obtain
|E'| < |Epy| + |Ef|+ < 30(107%) = 0(1072).
Then, we can ensure that

" 9az1(B) sin(z1(8)) sinh(z2(8)) B 1 _
aaZ:Q(())/o (cosh(z2()) — cos(z1(8)))? 46 < 0.7 +|E] < ~08. (187

We need to control analytically the error in the integral involving ws. This second integral has
the error coming form the numerical integration, E? and a new error coming from the fact that
@} is known with some error. We denote this new error as E2. Let us write dz the mesh size for
the second integral. Then, using the smoothness of 75, we have

~ 2 ~ 2
dx dx
BTl < 35 ll=tllos < = - 50.
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16 T
— Finite depth
— Infinite depth

[lLCIRS
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0.05 0.1 0.15 0.2 0.25 03 0.35 0.4 0.45 0.5

Figure 13.6: Evolution of ||f™/2(t)||r~ (blue) and ||f>(t)||r~ (red) and initial datum given by
(13.5).

We take dzz = 10~%. It remains the error coming from wh. The second vorticity, @b, is given by
the integral (12.6). We compute the integral (12.6) using the same mesh size as for Is, dz. Thus,
the errors are

|EZ| < 0(107%),

Putting all together we have
B <|Ef| + |EZ| < 0(1072),

and we conclude

9a22(0) /7r (w5 (8) + @5 (=) (=1 + cosh(hs) cos(f))
4 0 (cosh(hg) — cos(B))?

Now, using (13.7) and (13.8), we obtain 9,0} (0) < 0, and we are done with the periodic case.

dB| < 0.1+ |E?| <0.2. (13.8)

We proceed with the flat at infinity case. We have to deal with the unboundedness of the domain
so we define

z1(@) = a —sin(a)exp(—a?/100)
sin(3a . _ —(a—
22(04) = # — sm(a) (6 (a+2) +e (a 2)2) 1{\a|<7r}- (139)

Inserting this curve in (12.3) we obtain that for any possible —1 < K < 1,
I,(0) + |12(0)| < 0.

Then, as before,
0,v1(0) = 11 (0) + I2(0) < I;(0) + | 12(0)| < 0.
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Infinite depth
T T

: 16

Finite depth
T T

fx,t)
fx,t)

Figure 13.7: f™/%(x,t) (blue) and f>(z,t) (red) for the same times ¢; and initial datum given by
(13.5).

The function zo is Lipschitz, so the same for Z;, where now Z; are the expressions in (12.3) and
the second integral I5 is over an unbounded interval. To avoid these problems we compute the

numerical aproximation of
T—dx Lo
JRREE
0.1 0

Recall that @y is given by (12.4) and then, due to the definition of z9, we can approximate it by
an integral over (0,7 — d~x) The lack of analyticity of z3 and the truncation of I3(0) introduces
two new sources of error. We denote them by E! and E2. We take dz = 1077, dz = 10~* and
Lo = 27. Using the bounds z1 < 7, 0,21 < 2 and 23 < hy we obtain

f.m
T—dx

(he + max, |22(7y)|) maxy [Oaz2(7)] iy < A7 -3-2
miny (hy + 22(7))? + (6 = 21(7))* 7 min, (he + 22(7))* + (8 — 21(7))?

with C(8) < C(Lg) for 8 > Lg. Using this inequality we get the desired bound for the second
error as follows:

|EL| < <dr-0.2-47% <8-107".

We have

[wa(B)] < 4 =C(p),

| [* B w3
2 i
T Lo (62+ (%)2) 10

The other errors can be bounded as before, obtaining,

|Eg| < 0.05 < 4-107",

|BY < |Epy| +|Ej| +|E.,| = 0(1072),
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13.3. Homogeneous vs. Inhomogeneous porous medium

|E?| < |E2 |+ |E2| + |E2| = 0.42.
We conclude

Jaz1(B)21(8)22(B)

0a22(0) ~4P.V./O 1B + (22(0) )2 dg < —0.7+|E*| < —0.6, (13.10)
and
1 * (w2(B) + w2(=5))5* 2
'%P.V./O CENEE dg| < 0.02+ |E“| < 0.5. (13.11)

Putting together (13.10) and (13.11) we conclude d,v1(0) < 0.

In order to complete a rigorous enclosure of the integral, we are left with the bounding of the errors
coming from the floating point representation and the computer operations and their propagation
(see [33]). By using interval arithmetics we give a computer assisted proof of this result below.

13.3.2 Decay in C!

In this section we perform numerical simulations to better understand the role of ws. We consider
equation (2.14) where k! = 1, p? — p! = 47 and hy = 7/2. For each initial datum we approximate

the solution of (2.14) corresponding to different K. Indeed, we take different x? to get
—999 -1 1 999
=0 0, - and ——.
1001 33 “" 1001

We change slightly the notation and write f*(z,¢) for the solution corresponding to (2.14) for a
certain value of K. With this notation we computing f%(x,t),f%l(z, t), Oz, ), f%(x,t) and
f100T (1, ¢) with a common initial datum fo(z).

To perform the simulations we follow the ideas in Section 13.2.2 (see also [25]). In the simulations
we take N = 120 and dt = 1075.

e Case 1: The first initial datum considered is
folz) = — (g - 0.000001) e (13.12)
We obtain Figures 13.8 and 13.9.
e Case 2: The second initial datum is
folz) = — (g - 0.000001) cos(a?). (13.13)
We obtain Figures 13.10 and 13.11.

e Case 3: We approximate the solution (see Figures 13.12 and 13.13) corresponding to the
initial datum

folz) = — (g - 0.000001) e (@2 _ (g - 0.000001) e @+ o=a® cos?(z).  (13.14)

In these simulations we observe that || f||c1 decays but rather differently depending on K. If £ <0
the decay of || f|| = is faster when compared with the case K = 0. In the case where K > 0 the term
corresponding to ws slows down the decay of || f| L~ but we observe still a decay. Particularly, we
observe that if K ~ 1 (k? ~ 0) the decay is initially almost zero and then slowly increases.

When the evolution of ||, f||L= is considered the situation is reversed. Now the simulations
corresponding to K > 0 have the faster decay. With these result we can not define a stable regime
for £ in which the evolution would be smoother. Recall that we know that there is not any
hypothesis on the sign or size of K to ensure the existence (see Theorem 11.2 and 11.3).
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19,1l

1101

Figure 13.8: Evolution of [[f*||p=~ (left) and [|0,f"|r~ (right) with K =
—999 —1 1 999 et :

Toor (cyan) , == (ved) ,0 (blue) , 5 (green) and 457 (black) and initial datum given by
(13.12).

K=-1/3 K=1/3
0 0
-0.2 -0.2
-0.4 -0.4
-06 -06
X -08 X -08
1 1
12 12
14 14
-16 -16
3 2 3 1 2 3 4 3 2 1 3 1 2 3 4
X X
K=-998/1000 K=998/1000
o—— — : — 0
0.2 0.2
04 0.4
-06 -06
g -08 g ~08
1 1
12 12
-1.4 -1.4
-16 -16
3 2 o 1 2 3 4 3 2 1 o 1 2 3 4
X X

Figure 13.9: Evolution f*(x,t) for K = 55 (cyan) , 5 (red) , 3 (green) and -5 (black) at

the same times ¢; and initial datum given by (13.12).

13.4 Computer assisted proofs

In this section we outline the analytical component Theorems 13.1, 13.2 and Corollary 13.1. For
the details about the computation of the integrals using interval arithmetic and its background,
the codes of the proof and some other technical issues see [32] and [33].
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— k=13
— k=13
—k=0

— K=99811000
K=-098/1000]

— k=13

—— k=13

— k=0

— K=998/1000
K=-998/1000|

1101

119, 10l -

Figure 13.10: Evolution of | f*|z~ (left) and [0,f%|z~ (right) with K =
T2 (cyan) , 3t (red) ,0 (blue) , 1 (green) and 2% (black) and initial datum given by

(110§ 11 3) 1001
K=-1/3 K=1/3
2 2
15 15
1 1
05 05
S S
- -05 - -05
-1 -1
15 -15
R —" [) 1 2 3 4 T R — [) 1 2 3 4
X
s K=-998/1000 s K=998/1000
15 15
1 1
05 05
- -05 - -05
-1 -1
-15 -15
R —" [) 1 2 3 4 T —" [) 1 2 3 4
X X

Figure 13.11: Evolution f*(z,t) for K = 22 (cyan) , 5 (red) , 3 (green) and 2 (black) at
the same times ¢; and initial datum given by (13.13).

13.4.1 Finite vs. Infinite depth
In this section we prove that the boundaries make the Muskat problem more singular from the

point of view of singularity formation. Equivalently, the boundaries decreases the diffusion rate
(see [20]).

Proof of Theorem 13.1. We take | = 7/2 and p?—p! = 47. Then, after some lengthly computations
(see (8.4) in Chapter 8), we get the following expression for the appropriate quantity in the confined
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119, 10l -

o

Figure 13.12: Evolution of | f*|lr=~ (left) and |0.f*|r~ (right) with K =
32 (cyan) , 5t (red) ,0 (blue) , 1 (green) and 5= (black) and initial datum given by (13.14).

K=-1/3 K=1/3

1 1
05 ] 05
0 ] 0
X -05 — X -05
o 1 -1
15 ] 15
-2 2

4 s 2 4 o 1 2 3 4 4 s 2 4 o 1 2 3 4

X X
K=-998/1000 K=998/1000

1 : 1
05 ] 05
0 ] 0
:)-(‘; -0.5 B :)-(‘; -0.5
" — -1
15 ] 15
-2 2

4 s 2 4 o 1 2 3 4 4 s 2 4 o 1 2 3 4

X X

Figure 13.13: Evolution f*(z,t) for K = 32 (cyan) , 5 (red) , 3 (green) and 22 (black) at

the same times ¢; and initial datum given by (13.14).

case:

1

(cosh(z1(n)) — cos(22(1)))?
1

* Tcosh(z1 (1) + cos(z2(n))?

With the same ideas, for the infinitely deep case, we obtain the expression

(9041)1(0)7 . * Oaz1(n)z1(n)z2(n)
;1 2(0)/0 ()2 + (22 ()22 "

204

8&”21 © _ o200 /0 " Ba1(n)sinh(z1 () sin(za(m) (

)dn. (13.15)

(13.16)
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We take 2y as was defined in the Numerical Evidence 13.1, i.e.

o’k

z1(a) = a — e~ "sin(a),
with & = 1le — 4 and )
Zsin(3a) 0<a< T,
L7 7o <37r
—a+ = if-<a< -,
z2(a) = 27r3 it 7?% o< %ﬂ'
- — if - <a<—,
3 % - 3
0 if — <a.
if 5-<a
For this curve we compute (13.15) and (13.16) using interval arithmetics (see [32, 33] for the details).

We obtain that (13.15) is contained in the interval (—0.013681974, —0.013681812) while (13.16) is
contained in the interval (0.021217219,0.021217381). Then, we obtain a rigorous enclosure of the
sign of the integral (8.4). We approximate the curve z by analytic functions and we obtain the
forward and backward solvability applying Theorem 8.3 in Chapter 8. This concludes the proof. [

This Theorem also implies the following result

Proof of Corollary 13.1. Take the same curve as before and define the initial amplitude for the
vorticity as On22(c,0). With these initial data we have a solution z of the water waves problem
and the result follows (see [10]). O
13.4.2 Inhomogeneus Muskat problem

In this section we obtain that if hy = O(1) there exist turning waves for any K:

Proof of Theorem 13.2. Let us consider first the periodic setting (see equation (2.14)). Recall the
fact that ho = w/2 and let us define, for a € T,

z1(a) = oz.f sin(«)
zo() = SID(TSOC) — sin(«) (67(0‘”)2 + 67(0‘72)2) : (13.17)

While for the flat at infinity case (equation (2.12)) we define

z1(@) = a — sin(a)exp(—a?/100)
sin(3a . —(a42)? (a—2)?
zo(a) = % — sin(a) (e (a+2)” 4 g=(a=2) )1{‘a|<w}. (13.18)
For these curves we compute (12.3) and (12.5) using interval arithmetics. O

This result indicates that the different permeabilities can not prevent the singularity for any value
of K.
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conclusions, 14, 25

confined water waves, 191

continuity equation, 41

Darcy’s law, 4, 16, 41, 157
deep water regime, 9, 20

energy, 43, 81
energy balance, 99, 167
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Fourier transform, 96, 165
Fredholm integral equation, 163

Green function, 30
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Holder inequality, 146
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Hardy spaces, 96, 114
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ill-posedness, 79
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long wave regime, 100
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Montel’s Theorem, 96
Muskat problem, 5, 17

Nirenberg interpolation inequality, 146
nonlinearity parameter, 8, 19
notation, 30

open problems, 14, 25

permeability, 11, 23

Picard’s Theorem, 57, 58, 95, 172
Plancherel’s Theorem, 80

Poisson equation, 30

properties of the contour equation, 39, 40

Rademacher’s Theorem, 94, 100
Rayleigh-Taylor condition, 7, 18
Rayleigh-Taylor stable, 7, 11, 19, 22, 113
Rayleigh-Taylor unstable, 7, 19, 67, 79, 113
real analytic, 96

regularized system, 57

scaling, 79

Schwartz function, 12, 24, 159
singularity formation, 113

smoothing effect, 79

Sobolev embedding, 36, 45, 50, 52, 55, 96
Sobolev spaces, 43, 79, 167

Stokes equation, 4, 6, 16, 17

stream function, 30

surface tension, 8, 19

symmetry, 40

tangential velocity, 32
Tonelli’s Theorem, 173
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vorticity, 11, 23, 30

water waves, 13, 25, 191
well-posedness, 43, 67, 75

Young’s inequality, 149
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