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1.1 Introduction

Polar curves of a plane curve have been widely studied in order to better understand
singularities of plane curves. Given a curve C defined by f(x,y) = 0 with f €
C{x, y} and a direction [a : b] € Pé, the polar curve P[,.p] is the curve defined by
the equation

Thus polar curves are the elements of the pencil of curves defined by % and %
(see [18, section 2.7] for more details about pencils of curves). All the curves P[5
are equisingular except for a finite number of directions (see Proposition 8.5.1 and
Remark 6.2.2 of [18]). Any of these equisingular polar curves P = PC is called a
generic polar curve of C. It is well known that the topological type of a generic polar
curve is not determined by the topological type of the curve C as showed by Pham
([68]): consider fi(x,y) = y° — x'" + Ax¥y. All the curves C; defined by f; = 0
are equisingular, but the generic polar curve of Cy is not equisingular to the generic
polar curve of C, with A # 0. In particular, this example shows that the topological
type of a generic polar curve of a plane curve depends on the analytic type of the
curve.

However, there are some properties of the topological type of a generic polar curve
that can be described from the equisingularity data of the curve C. These type of
results are known as decomposition theorems of a generic polar curve (see for instance
[65, 55, 40]). When C is an irreducible curve with Puiseux pairs {(m;, ni)}‘ig:l, the
decomposition theorem proved by M. Merle in [65] says that a generic polar curve
% of C has a decomposition

P =Uf, P!

such that the multiplicity at the origin of each curve P is given by mg(P?) =
ny---n;_1(n; — 1) and, for any irreducible component y of P*, the coincidence
C(y,C) of y with C is equal to C(y,C) = B;/Bo where {Bo,p1,...,B¢} are
the characteristic exponents of C. In particular, the result of Merle implies that
the topological type of the curve C can be recovered from the set of polar quo-

tients Q(C) = {M : vy irreducible component of SD} together with the multi-

mo(y)
plicity mo(#) since we have that mo(P) = mo(C) =1 = Bo — 1 and Q(C) =
B, 'f—lz, o nlffzg,] } where {0, 1. ..., Bg} is the minimal system of generators

of the semigroup I'c of C. Polar quotients introduced by B. Teissier in [75] are also
related to the CO-sufficiency degree Suff(f) of the plane curve f = 0. Recall that
Suff(f) is the smallest integer r such that the curve defined by the jet of order r,
Jj"(f), has the same topological type as the curve f = 0 (see [75, 76], [58, Sections
7, 8] or [18, Chapter 7] for more details). These results show the interest of studying
polar curves to recover information about the curve C.

Polar curves can be thought as a particular case of the jacobian curve of a pair of
curves when one of them is non-singular. If we consider g(x, y) = ay — bx, we have
that the polar curve P, is given by the jacobian determinant
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ox By‘:O.

More precisely, the jacobian curve of two germs of holomorphic functions f, g €
C{x, y} is the curve given by J(f, g) = 0 where J(f,g) = fxg&y — fy&x. Jacobian
curves of two plane curves f = 0 and g = 0 have been also considered to describe
properties of the curves f = 0 and g = 0 (see [63, 56, 57, 19]) since the analytic
type of the jacobian curve is an analytic invariant of the curves f = 0 and g = 0 (see
[64]). Moreover, the topological type of the jacobian curve is not an invariant of the
topological type of the pair of curves f =0 and g = 0.

Note that this jacobian curve can be defined as the contact curve df A dg = 0
between the hamiltonian foliations df = 0 and dg = 0. Hence, we can consider the
more general case of two germs of foliations ¥ and G defined by 1-forms w = 0
and 77 = 0 in (C2, 0) and regard its contact curve, which is called the jacobian curve
J7.g of ¥ and G, given by

wAn=0.

A particular case of jacobian curves of foliations are polar curves of foliations:
when the foliation G is non-singular, the jacobian curve J# g is a polar curve
of the foliation 7. We have that polar curves of a foliation ¥ are elements of
the linear system defined by the ideal Z# generated by the coefficients of the 1-
form w. If v = vo(F) is the multiplicity of ¥ and m is the maximal ideal of
C{x,y}, the curves given by the elements of 7 \ m**! are polar curves of F,
and there is a Zariski open set of 77 \ m”*! such that all the curves defined by
elements of this open set are equisingular. Moreover, if w = A(x, y)dx + B(x, y)dy
is a 1-form defining #, a generic element of the curves of the pencil of curves
{aA(x,y) +bB(x,y) =0 : [a:b] € ]Pé} is equisingular to a generic element of
the linear system defined by the ideal Z#. Hence, if we want to describe topological
properties of generic polar curves, it is enough to consider a generic element of the
above pencil of curves. We denote by P one of these curves and we call it a generic
polar curve of the foliation ¥ . Note that polar curves of plane curves can be thought
as polar curves of hamiltonian foliations.

Hence, we will consider foliations with a fixed invariant curve (separatrix) C
and study the properties of the generic polar curves of these foliations. Note that
generic polar curves of such foliations are not equisingular in general: consider for
example the hamiltonian foliation G given by df = 0 and the foliation # given
by w = 11(=x'9 + y2x%)dx + 5(y* — x"y)dy with f = y> — x!! (see [28] and
Example 1.5.11). By the results about polar curves of plane curves, we know that
there is a decomposition theorem for a generic polar curve of hamiltonian foliations.
The description of this decomposition is given in terms of the topological data of the
curve C; in particular, we can state it in terms of the dual graph of the reduction of
singularities of C. Hence, we wonder if there is also a similar statement for generic
polar curves of any foliation with C as curve of separatrices. A first restriction will be
to consider non dicritical foliations since it is clear that, if we consider the dicritical
foliations ¥, ,, given by mydx — nxdy = 0 with n,m € N, ged(n,m) = 1, the
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topology of a generic polar curve amy — bmx = 0 does not depend on the topology
of the curves y" — cx™ = 0 which are invariant curves of 7, ,,,. A second restriction
will be to consider generalized curve foliations since in this case the reduction
of singularities of ¥ coincides with the minimal reduction of singularities of the
curve C. If ¥ is a non-dicritical generalized curve foliation with only an irreducible
separatrix, P. Rouillé [71, 70] proved that the decomposition theorem given by Merle
for hamiltonian foliations also holds for a generic polar curve of ¥ ; he also defined
polar quotients for the foliation ¥ and showed that they are topological invariants of
the foliation.

However, if we have a foliation whose curve of separatrices is not irreducible,
we realize that, in general, for non-dicritical generalized curves, we can not give a
decomposition as in the case of hamiltonian foliations [24]. Consider the foliation
given by w = (y?+x%y+x*)dx+ (y>+x%)dy. This foliation has three non-singular ir-
reducible separatrices C, C, and C3. The dual graph of the reduction of singularities
mof Cis

Eq Eas Cq

The decomposition theorem in this situation implies that 7 must be also a reduction
of singularities of the generic polar curve (see [28]) but this is not true for the curve
a(? +x2y +xH +b(y? +x%) =0.

In the case of foliations, the Camacho-Sad indices of the foliation play a deter-
minant role in the topological behaviour of generic polar curves. The introduction
of logarithmic models of generalized curve foliations [24, 26] allow us to codify
the information which comes from the Camacho-Sad indices. We will show that
there is a decomposition theorem for a generic polar curve of a singular foliation
provided that the foliation is a non-dicritical generalized curve and avoids certain
Camacho-Sad indices in its reduction of singularities. These results will be ex-
plained in Section 1.5. Properties of jacobian curves of foliations will be described
in Section 1.6. Moreover, the point of view of foliations allows to recover the results
for plane curves considering hamiltonian foliations which are a particular case of
logarithmic foliations.

The study of polar curves of foliations have also been useful to study properties of
foliations. In [14] a characterization of second type foliations and generalized curve
foliations are given in terms of polar curves and also a description of the GSV-index.
Section 1.3 is devoted to describe these properties and we also include some new
results concerning jacobian curves. Recently, the jacobian curve of two foliations has
been used in the study of the Zariski invariant of plane curves which are separatrices
corresponding to a dicritical component of one of the foliations (see [44]).

The aim of this survey is to describe the results obtained by the author about polar
and jacobian curves of foliations, explaining the main tools used in their proofs as
well as relate the above statements with the ones known for polar curves or jacobian
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curves of plane curves. In the last section we review some invariants concerning
analytic classification of irreducible plane curves relating them with the results of
previous sections.

Acknowledgements. The author is supported by the Spanish research project
PID2019-105621GB-100.

The author thanks the referee for his carefully reading of the paper and for his
contribution to a good presentation of it.

1.2 Generalized curve foliations and logarithmic models

In this section we will introduce some basic notions concerning the theory of germs
of singular holomorphic foliations in (CZ,0). The reader can refer for instance to
[10, 60, 23, 61] for a more detailed introduction to the subject.

A germ of singular holomorphic foliation # in (C?, 0) is defined by w = 0, where
w = A(x,y)dx + B(x,y)dy is a 1-form and we will assume that gcd(A, B) = 1. The
origin is a singular point if A(0) = B(0) = 0. The algebraic multiplicity vo(F) is the
minimum of the orders vo(A), vo(B) at the origin of the coefficients of the 1-form
w. Hence, the origin is a singular point of ¥ if vo(F) > 1.

We say that the origin is a simple singularity of ¥ if there are local coordinates
(x,y) in (C2,0) such that ¥ is defined by a 1-form

y(A+a(x,y))dx —x(u+b(x,y))dy =0 (1.1)

with a(0) = b(0) =0, u # 0 and A/u ¢ Q. If 2 = 0, the singularity is called a
saddle-node.

Consider the blow-up of the origin 7y : X; — (C?,0) and denote £y = 7' (0) the
exceptional divisor. The blow-up 7y is non-dicritical if E; is invariant by the strict
transform 77 F of ¥ ; otherwise, the exceptional divisor E| is generically transversal
to ;¥ and we say that the blow-up 7y is dicritical. We also say that the divisor E;
is dicritical or non-dicritical according to 7y being or not dicritical.

We say that a morphism 7 : X — (C2,0), composition of a finite number of
punctual blow-ups, is a reduction of singularities of F if the strict transform n*F of
¥ verifies that

« each irreducible component of the exceptional divisor 77! (0) is either invariant
by 7*F or transversal to 7 F;

* all the singular points of 7% are simple and do not belong to a dicritical com-
ponent of the exceptional divisor.

The existence of a reduction of singularities for foliations in (C?2, 0) is a consequence
of Seidenberg’s Desingularization Theorem [73]. Moreover, there is a minimal mor-
phism 7 such that any other reduction of singularities of # factorizes through the
minimal one. If all the irreducible components of the exceptional divisor are invari-



6 Nuria Corral

ant by 7*F we say that the foliation F is non-dicritical; otherwise, ¥ is called a
dicritical foliation.

A separatrix C of ¥ is a germ of invariant irreducible curve, that is, if y :
(C,0) — (C2,0) is a parametrization of C, then y*w = 0 where w is a 1-form
defining . If the curve C is given by f(x,y) = 0, with f € C{x, y}, we have also
that C is a separatrix of ¥ if and only if

wANdf = fhdx Ndy (1.2)

where h € C{x, y}. We denote Sep(¥) the set of separatrices of . When ¥ is a
non-dicritical foliation, we will denote by S the curve of separatrices of ¥, that is,
S# = Usesep(s) S-

Observe that, if we have a foliation with a simple singularity given by the expres-
sion in (1.1), with Au # 0, then x = 0 and y = 0 are separatrices of the foliation. The
notion of separatrix can be extended considering also formal curves: in Section 1.3
we will also consider formal separatrices and S# may be a formal curve. If a foliation
has a saddle-node singularity, it has a convergent separatrix (called strong) and a
formal separatrix (called weak) that can be divergent.

In [9], C. Camacho and P. Sad proved the existence of at least one (convergent)
separatrix for any foliation in (Cz, 0). Note that, in dimension two, a foliation F is
dicritical if and only if # has infinitely many separatrices.

We have that the minimal reduction 7 of singularities of a foliation ¥ gives
a reduction of singularities of the curve of separatrices of # but in general the
converse is not true. In [8], C. Camacho, A. Lins Neto and P. Sad introduce the
notion of generalized curve foliations, a class of foliations for which the minimal
reduction of singularities of the curve of separatrices gives also the minimal reduction
of singularities of the foliation. More precisely, a non-dicritical foliation ¥ is called a
generalized curve foliation if there are not saddle-node singularities in the reduction
of singularities of # . Dicritical generalized curve foliations are also studied in [8].

We will use properties of generalized curve foliations to study polar curves and
jacobian curves of these type of foliations. But, in next section, we will also consider
a wide class of foliations, called second type foliations. Recall that a foliation ¥ is a
second type foliation if all the singularities of saddle-node type which appear in its
reduction of singularities are well oriented with respect to the exceptional divisor,
this means that the saddle-node singularities are not corners of the exceptional divisor
and that, for the trace type saddle-node singularities, the exceptional divisor is the
strong separatrix (see [62]). Hence formal separatrices can appear for second type
foliations.

Next result gives some properties of generalized curve and second type foliations:

Theorem 1.2.1 /8, 62] Let F be a non-dicritical foliation in (C?,0) and consider
Gy the hamiltonian foliation defined by df = 0, where f is a reduced equation of
the curve S of separatrices of F. Let 1 : M — (C?2,0) be the minimal reduction of
singularities of . Then we have that
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(i) m is also a reduction of singularities of S¢. Moreover, r is the minimal reduction
of singularities of S¢ if and only if ¥ is of second type;

(ii) vo(F) = vo(Gy), and equality holds if and only if ¥ is a second type foliation;

(iii) o (F) = po(Gy), where po(F) denotes de Milnor number of 7. Equality holds
if and only if F is a generalized curve foliation.

Recall that the Milnor number uy(F) is defined by

where (A, B)g denotes the intersection multiplicity of A and B at the origin.

We will denote G the space of non-dicritical generalized curve foliations in (C?, 0)
and by G¢ the generalized curve foliations such that for any foliation # € G¢ the
curve of separatrices of ¥ is exactly the curve C, thatis, C = S¢ = U S.

SeSep(F)
In order to introduce the notion of logarithmic model we need to define the

Camacho-Sad index. This index was introduced by C. Camacho and P. Sad in the
seminal article [9] in order to prove the existence of separatrices for any singular
foliation in (C2,0). We will see that Camacho-Sad indices play an important role in
the description of the topology both of the polar and jacobian curves of foliations
(see Sections 1.5 and 1.6).

Let F be a foliation in (C2,0) and assume that S = (y = 0) is a non-singular
invariant curve of . Hence, a 1-form defining ¥ can be written as ya(x, y)dx +
b(x,y)dy. The Camacho-Sad index of ¥ relative to S at the origin is given by

a(x,0)

Io(F,S) = —Resob(x, 0)

where Resg denote the residue at 0 of Zg’gg . A generalization of the Camacho-Sad

index of a foliation relative to a singular curve was given by A. Lins Neto in [59, p.
199] using expression (1.7). We give this generalization in Section 1.2.2.

Let ¥ be a foliation in (C?,0) defined by a 1-form w = 0 with w = A(x, y)dx +
B(x, y)dy. Consider the blow-up of the origin 7; : X; — (C2,0) and let E; =
711‘1 (0) be the exceptional divisor. If we denote v = vo(F), we can write A(x,y) =
sy Ai(x,y) and B(x,y) = };5, Bi(x,y) with A;, B; homogeneous polynomials
of degree i or zero, and (A,, B,) # (0,0). The exceptional divisor E| is invariant
by the strict transform of the foliation 77 provided that 7y is not dicritical. Note
that this is equivalent to assume that xA, (x, y) + yB, (x, y) # 0. In this case, we can
compute the Camacho-Sad index of the strict transform 77 # relative to E; at the
singular points of 77 and, by the properties of the Camacho-Sad index, we have
that ([9, Proposition 2.2])

> Ip(xF B = -1,

PeE,
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Recall that the singular points of n7¥ at E; are determined by the polynomial
xA, (x,y) + yB,(x,y) and that the tangent cone of F is the set of lines defined by

xA,(x,y)+yBy,(x,y) =0. (1.3)

This homogeneous polynomial can be factorized as xA,(x,y) + yB,(x,y) =
kTTi_, (@ix + B;iy)™ with k € C \ {0} and the lines a;x + B;y = 0 are in bijection
with the singular points of n’l‘T in E; (see also [10, Proposition 4.7]).

Remark 1.2.2 Note that all the Camacho-Sad indices Zp (n]F, E}), for any P € E|,
are determined by the jet j¥(w) = A, (x, y)dx + B, (x, y)dy.

Let (x1,y1) be coordinates in the first chart of the blow-up m; such that
m(x1,y1) = (x1,x1y1) and E; = (x; = 0). The strict transform of the foliation
m{ in this chart is given by w; = 0 where

w1 = (Ay(1,y1) +y1By (1, y1) +x1(- - ))dxy +x1(By (1, y1) +x1(- -+ ))dy;.

We can assume that all the singularities {P;}!_, of 7]F are in the first chart of
the blow-up and then they are given by P; = (0, d;) where A, (1,y) + yB,(1,y) =
kT1;_;(y = d;)™ with k € C \ {0}. Hence, the Camacho-Sad index Zp, (7}, E1)
is given by

B,(1,y) B,(1,y)

Ip,(X'F, E1) = —Resy_q, = Res,_g——2)
! TUA(1,y) +yBy(1,y) TR, (v = di)m

1.2.1 Logarithmic models

A particular case of generalized curve foliations are logarithmic foliations. Recall
that a foliation is logarithmic if it is given by

r dﬁ
fi fr;m =0 (14)
where f; € C{x,y} and A; € C, A; # 0. Note that the curves defined by f; = 0 are
separatrices of the logarithmic foliation defined by the 1-form above.

Logarithmic foliations are generalized curve foliations (see [70]) but they can be
dicritical: for instance the foliation given by x y(dTX - %) = 0. A logarithmic foliation
defined by a 1-form asin (1.4) is called resonantif 3};_, n;A; = 0 with n; non-negative
integers not all zero. Non-resonant logarithmic foliations are non-dicritical (see [70,
Proposition 2.0.20]) but the converse is not true: consider the logarithmic foliation
associatedto fi =y, or=y—x, fs=y—xandA; = 1,1, = —;—J +i,4A3 = —% —1.

We denote by £, ¢ the logarithmic foliation given by the 1-form in (1.4) where
f=fi---frand A= (44,...,4,) € C". Note that, if C is the curve given by f =0,
we have that £, s € G¢ if A avoids certain resonances.
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Remark 1.2.3 Note that the resonances that must be avoided in order to have that
L,y is anon-dicritical foliation depend on the reduction of singularities of the curve
C. Let us explain the type of resonances which appear.

Let 1 : X; — (C2,0) be the blow-up of the origin. Take coordinates (x,y) in
(C2,0) such that x = 0 is not in the tangent cone of C and denote m; = mq(C;) the
multiplicity at the origin of the curve C; with C; = (f; = 0) (see Section 1.4 for the
precise definition of these notions). Let (x1, y;) be coordinates in the first chart of the
blow-up such that 7y (x1,y1) = (x1,x1y1) and the exceptional divisor E| = 7r1_1(0)
is given by E1 = (x1 = 0). Then the strict transform of £, ; by n; is given by

R d S df;
xifio (Z/limi)xill+z/li7{ =0 (1.5)
i=1 i=1 t

where f;(x1,x1y1) = x" f;(x1,y1), that is, f; = 0 is an equation of the strict
transform of C; by my. From Expression (1.5) we get that, if >\’ A;m; # 0, then
Ey is an invariant curve of the strict transform of £, y by m; and hence 7| is
non-dicritical for the foliation £, ¢.

We say that kg, (La,r) = 2i_; Aim; is the residue of the logarithmic foliation
L4, 7 along the divisor Ey. In Expression (3.2) of [31] the explicit expression of the
residues along the divisors in the reduction of singularities of C are given when C
has non-singular irreducible components (the reader can refer to the works of E. Paul
concerning logarithmic foliations for more details, see for instance [66, 67]). Hence,
we obtain a finite number of resonances to be avoided by performing the blow-ups
needed to obtain a reduction of singularities of the curve C.

Let us give the notion of logarithmic model introduced in [25] (see also [24, 26]):

Definition 1.2.4 Given a generalized curve foliation ¥, we say that a logarithmic
foliation L is a logarithmic model of F if both foliations have the same curve of
separatrices and the Camacho-Sad indices of ¥ and £ coincide along the reduction
of singularities.

If we have a foliation 7 with a simple singularity at (C2, 0), the foliation is given by

a 1-form
(A4 )ydx —(u+---)xdy, Au#0, A/p¢Qxo. (1.6)

The quotient A/ is the Camacho-Sad index of the foliation with respect to y = 0 and
it also determines the coefficient of the linear part of the holonomy. A logarithmic
foliation in (C2, 0), having holonomy with the same linear part as 7, is given by

d. d
Xy (/lyx - #7)/) =0.

In this way, we can approach a germ of generalized curve foliation with a simple
singularity in (C2, 0) by a logarithmic foliation. In general, we have that

Theorem 1.2.5 /25, 26] Each non-dicritical generalized curve foliation F in (C2,0)
has a logarithmic model. Moreover, the logarithmic model of F is unique once a
reduced equation of the separatrices is fixed.
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Hence the logarithmic model of ¥ can be considered as a foliation which gives “the
linear part of the holonomy” of ¥ .

Remark 1.2.6 Consider a foliation with a simple singularity (which is not a saddle-
node) in (C2,0) given by a I1-form as in (1.6). The realization & € Diff(C, 0) of the
holonomy of the invariant curve y = 0 is the diffeomorphism

h(y) = X iHIy 1 y2e(y).

The holonomy of an invariant variety of a foliation is an interesting invariant of
the germ of singular foliation. For instance, a foliation F with a simple singularity
with A # 0 is linearizable if and only if the holonomy of an invariant variety is
linearizable (see [61, Theorem 2]). The reader can refer to [61, 23, 60] for more
details concerning the holonomy of an invariant variety of a foliation.

Moreover, Theorem 1.2.5 allows to associate to each non-dicritical generalized
curve ¥ an exponent vector A(F) = A where £, y is the logarithmic model of 7.
Note that A(¥) is unique as element in P&‘l.

The existence of logarithmic models for non-dicritical foliations, without saddle-
node singularities, of codimension one in (C", 0) has been proved in [13]. There are
some works studying problems related with the existence of logarithmic models for
dicritical foliations in (C2,0) ([11, 12]). The existence of logarithmic models in the
two dimensional real case has been proved in [34].

Although a generic polar curve P7 of a foliation # and the one P£ of its
logarithmic model £ are not equisingular in general (consider the foliations with
y> —x!'! = 0 as separatrix given in the introduction), the study of properties shared by
P7 and P < is essential to describe properties of 7 thanks to the properties shared
by the Newton polygons of ¥ and L (see [26, 28] and Section 1.5). Logarithmic
models are also crucial in the study of jacobian curves of foliations (see [31] and
Section 1.6).

1.2.2 Camacho-Sad index relative to singular separatrices

We include here the generalization of the Camacho-Sad index of a foliation relative to
a singular separatrix. This definition uses the decomposition of the 1-form defining
the foliation given in Expression (1.7). This expression will be also used in the
definition of the GSV-index in Section 1.3.
Let C be a curve in (C?,0) with f = 0 a reduced equation of C and let ¥ be
a foliation in (C2,0) defined by a 1-form w. The curve C is a a separatrix of the
foliation ¥ if and only if there exist g, k € C{x, y}, with k and f relatively prime,
such that
gw = kdf + f0 (1.7)

where 6 is a holomorphic 1-form with either 6 A df # 0 or 8 = 0. The proof of the
characterization of C being a separatrix of # with expression (1.7) was given in [59,
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p. 198] when f is irreducible and in [74, Lemma 1.1] in the general case. Let us
explain the idea of the proof of this characterization. Note that if (1.7) holds, then

gwNdf = fONdf = fhidx Ndy

with h; # 0 if 6 # 0, and hence we have an expression as in (1.2) and f = 0
is a separatrix of . Conversely, assume that f = 0 is a separatrix of ¥ and
that Equation (1.2) holds. We can assume that (f = 0) # (x = 0) and we write
w = A(x,y)dx + B(x, y)dy. Let us show that, if we put g = g—£, k = B and 0 = hdx,
then (1.7) holds. We have that

7}
gw = 6—];(Adx + Bdy),

kdf + f6 = B (%dx + %dy) + fhdx.

Since AL — BSL = fh by (1.2), then gw = kdf + 0 as wanted.

Note that the decomposition given in (1.7) is not unique. A. Lins Neto generalized
in [59] (see also [5, 74]) the definition of Camacho-Sad index of a foliation ¥ relative
to a singular separatrix C using expression (1.7). With the notations above we have

that | |
I(F,C)=—-—— [ -6
0O =50 oc k

where dC = C N S3, with S3 is a small sphere centered at 0 € C? oriented as the
boundary of C N B% for a ball B such that S3 = dB% (see [5]). Let us give an
example.

Example 1.2.7 Consider a logarithmic foliation £, s given by the 1-form

dfi

,
o= fioe g Y4
&,

Note that if we take the separatrix C; = (fi = 0), we can write w, s as

wrr=A1fr - frdfi + 10

with 0 = fo--- fr (X5, /li%). Hence, if we compute the Camacho-Sad index of
L, 5 relative to C; we obtain

1 1 I w4 dfi
(L s, C =——./ T 0T _/ i
o(La,r,C1) 27i Sy, Mifa- fy 27”;/11 ac, fi

If y1 (¢) is a Puiseux parametrization of the curve Cj, then

(€.Con=ord(itn () = 5 [0~ [ A
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Hence, we conclude

r

A
Io(Lay.Cr) =- Z /Tl(Cl, Ci)o
=

which extends to logarithmic foliations the computations given in [59, p. 201] (see
also [70, p. 53]). This expression was also used in [34] to prove the existence of
logarithmic models in the real case.

1.3 Polar and jacobian intersection multiplicities

As we mention in the introduction, polar curves of foliations can also be used to
characterize properties of foliations. We recall here some results that can be found
in [14] for polar curves of foliations and we include new similar properties that can
be obtained for jacobian curves of foliations (see also [31, Appendix B]).

Let F be a singular foliation in (C2,0) and P7 be a generic polar curve of 7. If
¥ is a non-dicritical generalized curve foliation with C as curve of separatrices, we
proved (see [26, Proposition 3.7]) that the multiplicity of intersection (P 7, C)o can
be computed in terms of local invariants of the foliation ¥, that is,

(P, C)o = po(F) +vo(F).

If besides we use the properties of generalized curves foliations given in Theo-
rem 1.2.1, we get that (P7, C)g = uo(C) + vo(C) — 1. Moreover, let us explain that
the multiplicity of intersection of £7 and C can be used to characterize second type
foliations.

In this section, we will denote S# the formal curve whose irreducible components
are all invariant curves of a non-dicritical foliation . Hence, we have that

Proposition 1.3.1 [ /4, Proposition 2] Given a non-dicritical foliation F in (C2,0),
we have that
(P7. S50 < po(F) +vo(F)
and equality holds if and only if F is a second type foliation.
Let us recall the notion of C-polar excess A(F, C) introduced in [ 14, Definition 2]
(this notion was extended to the dicritical case in [43]). Let # be a singular foliation

in (C2,0) and C be a formal invariant curve of #. The C-polar excess Ay(F, C) is
given by

Ao(F,C) = (PT,C)o— (PY,C)o = (PT,C)o — 1o(C) = vo(C) + 1

where G is a generalized curve foliation with C = Sg. We have that (see [14,
Corollary 3])
Ao(F,C) =0
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for any non-dicritical foliation 7 in (C2,0) and any curve C C S#. Moreover, the
polar excess can be used to characterize generalized curve foliations

Corollary 1.3.2 [ 14, Corollary 4] A non-dicritical foliation F in (C?,0) is a gen-
eralized curve foliation if and only if

Ao(F, S¥) = 0.

In [5], M. Brunella described generalized curve foliations using GSV-index (in-
troduced by X. Gémez-Mont, J. Seade and A. Verjovsky in [45]). He proved
that GSV(¥,C) > 0 for any invariant curve C of a non-dicritical foliation
and GSV(F,S¢) = 0 if ¥ is a generalized curve foliation. In fact, property
GSV(¥F,S#) = 0 characterizes non-dicritical generalized curve foliations (see also
[22, Theorem 3.3]). Let us recall the definition of GSV-index and give the relationship
with the C-polar excess.

Let ¥ be a foliation in (C2, 0) defined by a 1-form w = 0 with w = A(x, y)dx +
B(x,y)dy and consider a separatrix C of the foliation ¥ with f = 0 a reduced
equation of C. In [45, Section 3], an algebraic definition of the GSV-index is given.
In the case of dimension two, with the notations above, we get that the GSV-index of
F with respect to C at the origin is given by

Cixy} .. (H)N(AB)
@.B.5) M (ra. B

where the parentheses represent ideals in the local ring C{x, y} generated by the
terms inside the parentheses. Moreover, in [45, Section 4], the authors showed that
the index is a topological invariant.

M. Brunella in [5] proved that the GSV-index can be calculated as follows. Let
C be a separatrix of a foliation # in (C2,0) and f = 0 a reduced equation of
C. If w is a 1-form defining 7, there exist g, k € C{x,y} such gw = kdf + f6
with 8 a holomorphic 1-form as explained in Section 1.2.2 and Equation (1.7). The
GSV-index of F with respect to C at the origin is given by

1 k
GSV(F.C) = 7 — /6C ‘%d (5)

where 4C = C N S3, with S3, is a small sphere centered at 0 € C? oriented as the
boundary of C N B% for a ball B4 such that 3. = 9B (see [5]). Note that if C is an
irreducible curve and y(#) is a Puiseux parametrization of C, we have that

GSVo(F, C) = dime

GSVo(F,C) = ord; ((k/g) o).

Example 1.3.3 [5, p. 538] Let us compute the GSV-index for the foliation ¥ given
by w = 0 with

w = yP*dx — x(1 + AyP)dy, p=1,1€C



14 Nuria Corral

(the formal normal form of a saddle-node singularity). If C; = (x = 0) and C; =
(y = 0) we have that

CSVo(T,C1)=p+1; CSV()(?:,CQ): 1.
The computation of the Camacho-Sad indices gives

—(+yP)

1o(F.C1) = —Resy=o S

4 In(F,Cr) =0.

Remark 1.3.4 Note that GSVy(F, C) can be negative (see [0, p. 24]). Consider the
dicritical foliation # given by w = 3ydx — 2xdy and the separatrix C = (f = 0)
with f = y> — x3. If we take g = 2y, k = —2x and @ = 6dx we obtain the expression
gw = kdf + f6 as in (1.7). If we consider y(r) = (#3,7%), then GSVo(F,C) =

ord, (_Q—Qy"(y(t))) = ordt(%gz) = —1. However, if we consider the separatrix S =

(x =0), then GSVy(F, S) = ord, (3¢) = 1.

In [5], M. Brunella introduces the notion of non-dicritical separatrices, that is,
separatrices whose reduction of singularities does not meet a dicritical component.
Remark that this notion is different to the one of isolated separatrices, which are the
separatrices of  whose strict transform by the reduction of singularities 7 of ¥ cut
the exceptional divisor 7~!(0) in a non-dicritical component (see [32, Remark 1]).
In [5, Proposition 6], it is proved that if C is a non-dicritical separatrix of ¥, then
GSVo(F,C) = 0. In particular, the GSV-index is non-negative for non-dicritical
foliations.

The GSV-index is not additive on the separatrices (see [5, p. 532]), that is, if C;
and C, are separatrices of ¥ and C = C; U C5, then

GSVo(F,CrUCr) =GSVo(F,Cr) + GSVo(F, C2) = 2(Cy, Ca)o. (1.8)

(note that the Camacho-Sad index has a similar behaviour [5, 74]).

In [14, Proposition 4] we prove that, if # is a non-dicritical foliation with S as
curve of separatrices and C C S is a curve union of convergent separatrices of ¥,
then we have that

GSVo(F,C) = Ao(F,C).

In particular, this formula gives a way to generalize the definition of the GSV-index
to formal invariant curves and also gives another interpretation of the non-negativity
of the GSV-index for non-dicritical foliations.

Now we will prove some new results which relate local invariants of the foliations
with jacobian curves. In the rest of the section, the foliations # and G may be
dicritical ones unless otherwise stated. Next lemma shows that a description of the
GSV-index can also be obtained if we consider jacobian curves of foliations. Note
that we recover the above result ([ 14, Proposition 4]) when the foliation # in next
lemma is non-singular.

Lemma 1.3.5 Consider an irreducible curve C = (f = 0) in (C2,0). Let G be
a foliation such that the irreducible components of C are separatrices of G and
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consider the hamiltonian foliation G given by df = 0. Then, for any foliation F in
(C2,0), we have that

GSVo(G,C) = (Ir.6-C)o — (TIF.6s> Clo-

Proof Assume that C is irreducible and let y(¢t) = (x(¢),y(t)) be a Puiseux
parametrization of C. The general case follows from Property (1.8) of GSV-index
and Lemma 1.3.6 below.

If ¥ is defined by w = 0 with w = Adx + Bdy and G is defined by n = 0 with
n = Pdx + Qdy, we have that

(J7.6-C)o = ord, (A(y(1))Q(y (1)) = B(y(1)) P(y(2))).
From Equation (1.7) applied to  we get that

p=%r+lp 0= 0
8 8

oo | =

I+

o |~

and hence

(J7,6-C)o = ord, (A(y (1)) fy (y(2)) = B(y(1)) fx (¥(1))) +ord, ((k/g) o ¥ (1))
= (Jr.6;»Clo+GSVo(G,C)

as wanted. O

Let us prove the following lemma which was used in the previous proof.

Lemma 1.3.6 Let G be a foliation in (C?,0). Consider C; = (fi = 0) and C5 =
(f> = 0) two irreducible separatrices of G. For any foliation F in (C?,0), we have
that

(J7,6,C1 U C2)o = (IF,g;> C1 U C2)o = (Tr,6. Ci)o — (Jr,g6,,- Ci)o
+(Jr.6, C2)o — (J7.6y,> C2)o — 2(C1, C2)o

where f = fif>.

Proof Since (J,g,Ci1 U C2)o = (J7.g. Ci1)o + (J7.g. C2)o, we only need to show
that

(J7.6,-C1 U C2)o = (Tr,g6,,» Co + (Jr.g;,- C2)o + 2(C1, C2)o.
If the foliation ¥ is defined by w = 0 with w = A(x, y)dx+ B(x, y)dy, then the curve
J¥.g, 1s given by

a1 a1 0f ofr\
fZ (AE - Ba) +f1 (AE - Ba) =0.

Thus, if y; (¢) is a Puiseux parametrization of the curve C;, we have that
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(Fr6,-Clo = ords (231 (1)) +ord, A(m(r))%—’;lwl(r)) - BOIN L n ()
= (C1,C2)o + (Jg,6,,- Ci)o-

A similar computation gives (j;qgf, Cy)o = (C1,Cr)o+ (j(ﬁgfz , C2)o and this ends
the proof. O

From Proposition B.1 in [31] we have that, if ¥ and G are two foliations (that can be
dicritical) in (C?, 0) without common separatrices and C is an irreducible separatrix
of G, then

(I7.6-Clo = o(G, C) +1(F,C)o (1.9)

where uo(G, C) denotes the Milnor number of G along C and 7o(¥, C)g is the
tangency order of ¥ with C. Note that, if ¥ is a non-singular foliation, the result
given in (1.9) generalizes Proposition 1 in [14] for a dicritical foliation G. Let us
recall the definition of the invariants which appear in Expression (1.9).

Let ¥ be a foliation in (C2, 0) defined by a 1-form w = 0 with w = A(x, y)dx +
B(x,y)dy. Let S be a formal curve at (C?,0) with a primitive parametrization
y : (C,0) — (C2,0) given by y(1) = (x(¢),y(¢)). If S is a separatrix of ¥, the
Milnor number uy(F, S) of F along S is given by

ord (B(y(1))) — ord, (x(£)) + 1, ifx(t) #0

Ho(F, §) = {ordt(A(y(t))) —ord, (y(1)) + 1, if y(1) # 0.

This number is also called multiplicity of the vector field v along S, see [8, p. 152-
153], where v is the vector field v = —B(x, y) % +A(x,y) a% also defines de foliation

F.

Example 1.3.7 Let F be a foliation in (C2,0) with a simple singularity given by a
1-form as in Equation (1.1) with Ay # 0. If S| = (x = 0) and S, = (y = 0) are the
two transversal separatrices of ¥, then

Ho(F,81) = po(F,S2) = 1.

Assume now that # has a saddle-node singularity in (C2, 0) given by w = yP*!dx —
x(1+AyP)dy, with p > 1, A € C, then

Ho(F,S1)=p+1, Ho(F,82) = 1.

If S is not a separatrix of ¥, the tangency order 1o(F, S) of F with S (at the origin)
is given by 79(F, S) = ord,(a(t)) where y*w = a(t)dt with a(t) = A(y(1))x(t) +
B(y(t))y(t) (see [8, p. 167] when the curve C is non-singular or [14] for the general
case).

Example 1.3.8 Let F be the foliation given by w = (y3+y?—xy)dx—(2xy*+xy—x?)dy
(Suzuki’s example). Consider the curve S = (y —x = 0) which is not an invariant
curve of . A parametrization of S is given by y(t) = (¢,¢) and hence 79(F,S) =
ord; (=13) = 3.
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Let 1 : X; — (C2,0) be the blow-up of the origin and take (x;, y;) coordinates
in the first chart such that 7y (xy, y1) = (x1,x1y1). Then the strict transform 7] F of
F by m; is given by w; = 0 with

LI 1+2x1y?)d
w1 = x_3 = —(yl Xy +(y1— 1+ X1y1) v1)
1
in the first chart of the blow-up. Note that vo(F) = 2 and that 7 is a dicritical blow-
up for ¥. Hence, we can compute the tangency order of 7 with £y = 7r1_1(0)
at the point P € E; given by P = (0, 1) in coordinates (x;,y;) and we get that

p(m(F, Er) = 1.

Example 1.3.9 Consider a foliation ¥ in (C2,0) and let 71 : X; — (C2,0) be the
blow-up of the origin. Let n{# denote the strict transform by 7y of the foliation ¥
and E| = 711_1 (0) be the exceptional divisor. If the blow-up 7 is a dicritical blow-up
for F, then we have that (see [8, Lemma 3])

vo(F)=1= ) 1p(miF, En).

PeE,

In [71, Lemma 3.7], P. Rouillé prove that if  is a non-dicritical generalized curve
foliation and G is the hamiltonian foliation defined by df = 0 with S¢&= (f = 0),
then we have that

70(F,S) = 10(Gr.S) = (57 8o

for any irreducible curve S which is not a separatrix of 7. Moreover, the tangency
order can also be used to characterize second type foliations (see [14]):

Lemma 1.3.10 [ /4, Corollary 1] Consider a non-dicritical foliation F with S¢ =
(f =0) and let C be an irreducible curve which is not a separatrix of . Then

70(F,C) > To(gf,C) = (S, C)—1 (1.10)

and the equality holds if and only if ¥ is a second type foliation.

The difference 79(F, C) — 79(Gy, C) is determined explicitly, including the case
of dicritical foliations, in [7, Lemma 4.2].
Finally, as a consequence of Equation (1.9) and Lemma 1.3.5 we obtain

Corollary 1.3.11 Let C = (f = 0) be an irreducible curve in (C?,0), G be a foliation
such C is a separatrix of G and Gy be the hamiltonian foliation given by df = 0.
Then

GSVo(G,C) = uo(G,C) — uo(Gy, C).

Consequently, if G is non-dicritical and Sg = C irreducible, we have that G is a
generalized curve foliation if and only if 1o(G, C) = uo(Gy, C).

In [29], we have proved a particular case of the result above thanks to the properties
shared by the Newton polygons of non-dicritical generalized curve foliations with
the same curve of separatrices. More precisely, we prove the following result:
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Lemma 1.3.12 [29, Lemma 1] Consider a non-dicritical generalized curve foliation
F with C = (f = 0) as curve of separatrices and let Gy be the hamiltonian foliation
given by df = 0. Let 1 : (M, P) — (C2,0) be any morphism composition of a finite
number of punctual blow-ups, D = 171 (0) be the exceptional divisor and E be an
irreducible component of D with P € E. Then

/Jp(ﬂ'*?-, E) = ﬂp(ﬂ*gf,E)

1.4 Equisingularity data of a plane curve

Before explaining the results concerning the topological properties of polar and
jacobian curves of singular foliations in Sections 1.5 and 1.6, we need to explain
how to describe the equisingularity data of a plane curve.

The main classifications of complex analytic plane curve singularities are topo-
logical or analytic classifications. Two germs of plane curves C; and C; in (CZ,0)
are fopologically equivalent (resp. analytically equivalent) if and only if there exists
an homeomorphism ¢ : U — V (resp. analytic isomorphism) between open neigh-
bourhoods U and V of the origin, where the curves C; and C, are defined, such that
e(CyNU) = C; NV. From the works of Zariski, it is known that the topological
classification of curves is equivalent to the equisingular one: two plane curves are
equisingular if they have the same minimal reduction of singularities. In this section
we will describe topological invariants of a germ of plane curve in (C2,0). The
description of analytic invariants of plane curves is more intricate; we will consider
it in Section 1.7.

There are many equivalent ways of describing topological invariants associated
to a plane curve C in (C2,0). For instance, in [39, 40] the equisingularity data of
the curve C is described in terms of the Eggers diagram of the curve C, defined
in [36]. In [18, 3], the authors consider the Enriques diagram (introduced in [37])
which keeps records of the proximity relations among the centers of blowing-up
in the resolution of singularities of the curve. Since in the study of singularities of
foliations in (Cz, 0), the reduction of singularities is a key tool, we will describe the
equisingularity data of C in terms of the dual graph G (C) of the minimal reduction
of singularities of C (a more detailed description of the relationship between the
equisingularity data of C and the dual graph G(C) can be found in [28, 31]). To
deepen in the study of the invariants of the singularities of a plane curve and its
reduction of singularities, the reader can consult for instance [79, 4, 18, 78, 77] or
the recent survey [42] which gives an introduction to the use of toric and tropical
geometry in the analysis of plane curve singularities.
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1.4.1 Equisingularity data of an irreducible curve

Let us introduce some definitions concerning the description of the equisingularity
data of a germ of irreducible plane curve, which will be also called a branch (for
a more detailed description the reader can refer for instance to [18, 78, 47]). Let C
be a germ of irreducible curve in (C2,0) given by f = 0 with f € C{x, y}. We can
write f(x,y) = X5, fi(x,y) with f;(x, y) homogeneous polynomials or zero, and
fu(x,y) £ 0. We say that mo(C) = n is the multiplicity of the curve C at the origin.
The tangent cone of the curve is equal to the set of lines given by the linear factors
of f,(x,y) = 0. In the rest of the section we will assume that x = 0 is not tangent
to the curve (that is, x = 0 is not one of the lines in the tangent cone of C). The
Newton-Puiseux Theorem shows that there exists a convergent fractionary power

series
y) = apil
i>n

suchthat f(x, y(x)) = 0. We say that y(x) is a Puiseux series of C. Note that, if y(x) =
Disn a;x'/™ is a Puiseux series of C and & is an n-root of the unity, then Sisn Qi€ i/n
is also a Puiseux series of C. If we denote by y;(x) = y(x), y2(x), ..., y,(x) all the
Puiseux series of C obtained from y(x) by the action of each of the n-roots of the
unity as we have shown, we have that

FOuy) =utey) | Jo=vito)
i=1

where u(x, y) is a unit in C{x, y}.
Given a Puiseux series y(x) = };5, a;x"/" of an irreducible curve, we can
consider a parametrization y : (C,0) — (C2,0) given by y(¢) = (x(¢), y(¢)) with

i/n

x(t) =1"
ym:Zmﬂ

such that f(y(#)) = 0. Let us introduce some of the invariants that codify the
equisingularity data of the irreducible curve C.

The characteristic exponents of the curve C are defined as follows (see [82, Section
IL.3]):

Bo=n,
Br=min{i : a; #0, i £0 mod (n)}.

If 81 does not exists, the y(x) is a power series in x, and the curve C is non-singular
(this means that n = 1). Otherwise, let us consider e; = ged(n, B1) and define
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Br=min{i : a; #0, i #0 mod (e})},
ey = ng(el,ﬁQ).

We have that e; < e. We repeat the above procedure and we define

e = ged(ex—1, Br) = ged(Bo, B1, - - -5 Bi),
Brs1=min{i : a; #0, i #0 mod (ex)}.

Since the sequence eg =n > e > ey > --- > e; > --- is strictly decreasing, there
exists g such that e, = 1. The sequence of positive integers {Bo, 81, ...,B¢} are
called characteristic exponents of the curve C.

Note that 3; is the first exponent which appears in the series which does not belong
to the additive group generated by the precedent 3;. Hence the Puiseux series y(x)
can be written as

y(x) = Z a;x'’" +a,31xﬁ1/" + Z ax'’m +a52x52/" +- 4+

ie(n) ic(ey)
i<B Bi<i<p
+ Z aixm +a,3gxﬁg/” + Z aixm

icleg_1) i>Bg

Bg-1<i<Bg
where the coefficients ag,,i = 1,2,..., g, are non-zero. The parametrization can be
written as

x(1) =t"

V(1) = ant™ + apnt®™ + - - + gt + apg P + ap e, P+t ag g PR
+ap, P + ag, e, P+ v ag P+ ag e 1P+ ag 1Pet

+aﬁg+1l'35+1 +--

For 1 <i < g, we can also define the integers n; and m; as

e .
n; = ’_1, Bi =mie;  with ged(n;,m;) = 1.
€
We have that B
: m
mo(C)=n=m-ng, L=
n nj nj

The set {(m;, ni)}‘l.g: are called Puiseux pairs of the curve C. Note that data of the
Puiseux pairs is equivalent to the data of the characteristics exponents. Hence, we
can write

my my+l my+kg

Y(X) = anX + asyx® + -+ agx* + g X™ +ag e X "+ A ke X

mo+l mqg mg

My __mg__ __mg
niny-n niny-ne
+ag,x""2 +ag)ye,X """ + +ag, XM + -+ ag XS

mg+l

+ aﬁg+1xn|n2---11g 4+ ..
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The characteristic exponents determine the Puiseux pairs of an irreducible plane
curve and conversely. Moreover, two irreducible plane curves are equisingular if and
only if they have the same characteristic exponents (see [81, Theorem 2.1]).

Let C be an irreducible curve. The semigroup I'c of the curve C is the subset of
Z > given by

I'c ={(D,C)y : D isa germ of plane curve in (C2,0)}
= {ord; (g(y(1)) : g € C{x,y}}.

Since the intersection multiplicity is additive and O € I'c, the set I'c is a semigroup.
Moreover, there exists an integer ¢ > 0 such that any non-negative integer greater
than or equal to c is contained in I'c but ¢ — 1 ¢ I'c (see [82, Theorem 1.1]). The
number c is called the conductor of the semigroup I'c. In a more algebraic way, the
ideal (7€) is contained in the image of the morphism

yhclx,y} > C{r}
g P gly()

but °~! is not contained in the image of ’yﬂ (see [82, Proposition 1.2]). For instance,
if C is an irreducible curve with only one Puiseux pair {(m,n)}, the semigroup
of Cis given by I'c = {an+bm : a,b € Z5p} and the conductor is equal to
c=(nm-1)(m-1).

There exists a unique minimal finite set of integers {Bo, 1, . . ., B¢} which gen-
erates the semigroup I'c, that is, Tc = {toBo + 1181 + -+ + B¢ : 1; € Z5o} (see
[82, Theorem 3.9]). Moreover, the generators of the semigroup are determined from
the characteristic exponents as follows:

Bo=PBo=n,
,B_i:n,-_l,B_i_1+ﬁ,-—,Bi_1 fori:1,2,...,g

where we put ng = 1.

In particular, we obtain that two irreducible curves Cy and C, are topologically
equivalent if and only if I'c, =I'c,.

Note that if & is a curve such that (C, §)g = 3; for some 0 < i < g, then 6 is an
irreducible curve since, if § = §; U d,, we have

(C,8)0=(C,61)0+(C,02)0

with (C, 61)o, (C, 82)0 € T'c \ {0} in contradiction with the fact that {80, 1. . . ., Be}
is a minimal set of generators of I'c.

For any 1 < k < g, a curve Cy with mo(Cy) = nony---ng_1 = Bo/ex-1 and
(C,Cr)o = Bx (or equivalently the coincidence is given by C(C,Cx) = Bi/Bo.
see definition in Section 1.4.2 and Remark 1.4.3) is called a k-semiroot of C. The

minimal set of generators of the semigroup I'c, is the set {ef ?1 , ef—il, e, f ::1] } and

the characteristic exponents of Cy are given by {e'f—f], e’f—f], cees /e%} (see [69] or
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[33] for more properties of semiroots of an irreducible plane curve). A particular
set of semiroots of C is given by the characteristic approximate roots introduced by
Abhyankar and Moh in [1] (see also [46]).

Note that semiroots will also be useful to study analytic invariants of an irreducible
plane curve as we will explain in Section 1.7.

1.4.2 Equisingularity data of a curve with several branches

In general, if C is any reduced curve, we can write C = U;_, C; with C; irreducible
fori =1,...,r. Anirreducible curve C; of C will also be called a branch of C.

Two germs of plane curves C = U7_C;and D = Uj.lej in (C2,0) are equisingu-
lar if r = 5 and there exists a bijection ¥ : {C;}7_, — {D;}/_, with ¥(C;) = D; and
such that the curves C; and D; are equisingular branches and (C;, Cj)o = (D;, D)o
foralli,je{1,2,...,r}.

In the rest of the section we will consider a curve C = U;_,C; and, for each
irreducible component C; of C, we denote n* = my(C;) the multiplicity of C; at
the origin, {ﬂf), ’1 R Bi’i} the characteristic exponents of C; and {(m; né) f;l its
Puiseux pairs.

Let 7¢ : Xc — (C2,0) be the minimal reduction of singularities of C, that is,
¢ is a morphism composition of a finite sequence of punctual blow-ups such that
the strict transform of the curve C by m¢ is a non-singular curve which has normal
crossing with the exceptional divisor nEl (0). When C is an irreducible curve, the
idea of the proof of the existence of a reduction of singularities of a curve C is based
on the fact that, after a finite number of punctual blow-ups, the multiplicity of the
strict transform of C decreases and hence, a non-singular curve is obtained after
a finite number of punctual blow-ups. In general, it is necessary to do additional
blow-ups to assure that strict transform of the curve C has normal crossings with the
exceptional divisor (the details can be found for instance in [78, Theorem 3.3.1] for
the irreducible case and [78, Theorem 3.4.4] for the general case).

Example 1.4.1 Consider the curve C = (y>—x> = 0). The strict transform C(") = miC
of C by the blow-up of the origin 7; : X; — (C?,0) is the non-singular curve
y% — x1 = 0 given in coordinates (x1, y;) in the first chart of the blow-up. However,
the curve C(!) is tangent to the exceptional divisor Ey = 71 (0) at the origin P; of the
first chart. Hence, to obtain a reduction of singularities with normal crossings we need
to perform a new blow-up m, : X, — (Xj, P) with center at the point P;. Now the
strict transform C?) of C goes through the intersection point P, of the two divisors
Eiand E; = 7r2‘] (P1). Finally, we perform a new blow-up 73 : X3 — (X3, Py) with
center at P, and we get that ¢ = 7 o o3 is the minimal reduction of singularities
of C.



1 Jacobian and polar curves of singular foliations 23

E» E, E; B

We can construct a graph associated to the minimal reduction of singularities m¢
of C which also codifies the information concerning the equisingularity data of
the curve C. The dual graph G(C) is the graph whose vertices correspond to the
irreducible components E of the exceptional divisor 71'61 (0). Two vertices are joined
by an edge when the corresponding divisors intersect. Each irreducible component
C; of C is represented by an arrow attached to the vertex which corresponds to the
only component E of the exceptional divisor which intersects the strict transform of
C; by nc. The reader can refer to [39, Section 1.4.3] for a detailed description of the
construction of the dual graph of a curve from the equisingularity data given by the
characteristic exponents.

Now we introduce some notations concerning the dual graph and the equisingu-
larity data of the curve C (for more details the reader can refer to [28, Appendix A]
or [31, Section 2.3, Appendix A.1]). Given a vertex E of G(C), the valence of a
divisor E in the dual graph G (C) is equal to the number of arrows and edges attached
to E in G(C) (all the incoming and outgoing edges and arrows are counted). Denote
by E; the component of 71'61 (0) which appears after the blow-up of the origin. We
associate to E a number b defined by: bg + 1 is the valence of E if E # E and b,
is the valence of E.

A divisor E of G(C) is called a bifurcation divisor of G(C) if by > 2 and a
terminal divisor if bg = 0. A dead arc is a path which joins a bifurcation divisor
with a terminal divisor without going through other bifurcation divisors. We denote
B(C) the set of bifurcation divisors of G (C).

The geodesic of a divisor E is the path which joins the first divisor E| with the
divisor E. The geodesic of an irreducible component C; is the geodesic of the divisor
which meets the strict transform of the curve C;.

Example 1.4.2 Consider the curve C = C; U C; with C; = (y?> —x* = 0) and
C; = (y = 0). The minimal reduction of singularities ¢ of C is composed by three
punctual blow-ups 7¢c = 7y o w2 o 3. Let 7 : X; — (C2,0) be the blow-up of
the origin and E; = nl‘l (0). The strict transform 77C cuts E; in a point Py, which
correspond to the origin of the first chart of the blow-up. Let 7, : X, — (X, P;) be
the blow-up with center at Py and £ = 75 L(Py). Then the strict transform 3 (7;C)
cuts E; in two points P and P3. Note that, although the two irreducible components
of 75 (7} C) are non-singular curves, we need to blow-up with center at point P, to
have normal crossings with the exceptional divisor.
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Ey

The dual graph G(C) of the curve C is the following one

Es

Ey

We have that bg, = 1, bg, = 1 and bg, = 2. Hence, Ej3 is a bifurcation divisor of
G(O).

The morphism 7y o mp o 3 is also the minimal reduction of singularities of the
curve C; as shown in Example 1.4.1. In this case, the dual graph G(C) is given by

E:i

and we have that bg, = 1, bg, = 0 and bg, = 2. Then, Ej3 is a bifurcation divisor
and E» is a terminal divisor of G(Cy).

Given two irreducible curves y and &, the coincidence C (7, &) is defined as

Con&)= sup ord (67 (x) - y§ (1)}

I<i<mg(y)
1<j<smg (&)

mo(y)

where {y} (x)}7"", {yf (x)}j:ol(f) are the Puiseux series of y and & respectively.

Remark 1.4.3 (see [65, Proposition 2.4]) Note that the coincidence C(vy, &) deter-
mines the intersection multiplicity (y, £)¢ and viceversa since we have that

a o _ By a-P

C(y,¢é) = —— if, and only if, =
mo(y) mo(6) ny--ongoy o npeeeng

where {Bo,81,...,B¢} are the characteristic exponents of y and « is a rational
number with ﬁ_q s_ a < ,B_q+1 (Bg+1 = 00), {(mi,ni)}‘f:1 are the Puiseux pairs of y
(no = 1) and {By, By, - - -, B¢} is the minimal system of generators of the semigroup
Iy of y.
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Given an irreducible component E of ngl (0), a curvette y of E is a non-singular
curve transversal to E at a non-singular point of ﬂEl (0). The projection y = wc(¥)
is a germ of plane curve in (C2,0) and, by abuse of notation, we say that y is an
E-curvette. All the E-curvettes have the same multiplicity at the origin that will be
denoted by m(E) and we denote by v(E) the coincidence C(yE, yj) between two
different E-curvettes yg, vy which cut E in different points.

There is a partial order in the set of vertices of G(C) given by E < E’ if the
geodesic of E’ goes through E. Hence, if E < E’ we have that v(E) < v(E’).

Example 1.4.4 In any of the dual graphs given in Example 1.4.2, we have that
v(Ey) = 1,u(Ey) =2, u(E3) = 3 and m(Ey) = m(Ey) = 1, m(E3) = 2.

Given an irreducible component E of 7' (0), we denote by 7z : Xg — (C?,0)
the morphism reduction of n¢c to E (see [28, Appendix A]), that is, the morphism
which verifies that

* the morphism n¢ factorizes as 7c = g o nj, where g and 7, are composition
of punctual blow-ups;

* the divisor E is the strict transform by 7, of an irreducible component E;..q of
ﬂEI(O) and E,.q C Xg is the only component of ngl (0) with self-intersection
equal to —1.

More precisely, we have

c

’

Xe ZZE L xp —TEy (C2,0)

E — Ered

Remark 1.4.5 Let E be an irreducible component of nél (0). Note that, if g is a
curvette of E, then n%;(¥g) is a curvette of E,.q C Xg and we have that curve
YE = nc(VE) = ne(n;(¥E)) is an E-curvette, with yg a curve in (C2,0). It is clear
that m(E) = m(Eyea) = mo(ye) and v(E) = v(E;eq)-

We will denote by 77, C the strict transform of C by the morphism 7. The points
7 C N Eyeq are called infinitely near points of C in E.

Remark 1.4.6 The number of infinitely near points of 7, C in E,.q4 is equal to bg
when C is a curve with only non-singular irreducible components.

Consider any E-curvette yg of a divisor E of G(C). Let {B§,BE, ..., E(E)} be
the characteristic exponents of yg and {(mE,nf), (m¥,nk), ..., (mf(E),nf(E))}
be the Puiseux pairs of yg. Note that m(E) = mo(yg) = ,85. Ifo: M, — (C2,0)
is the minimal reduction of singularities of yg, then ng factorizes by o~. We have
two possibilities for the value v(E):



26 Nuria Corral

1. either E corresponds to the last divisor which appears in o and hence v(E) =
gE(E)/ﬂg. We say that E is a Puiseux divisor for C and we put ng = ng(g),
ke =g(E) -1,
2. or E appears in g performing g > 1 punctual blow-ups after o and we have that
v(E) = (ﬁgE<E) +q)/BE. We put ng = 1 and kg = g(E). In this case, if we also
have that E is a bifurcation divisor, we say that E is a contact divisor.

We define n, = m(E) /ng = nf . '”EE' Note that if E belongs to a dead arc whose
terminal divisor is F' we have that m(F) = n .

Example 1.4.7 Let us explain with some examples the two possibilities above. Con-
sider a curve C with characteristic exponents {4, 6,9} whose dual graph is given
by

tv:i E;
®— — O
E,

Ey
If y is an E3-curvette, then the minimal reduction of singularities of y coincides with
mE, and hence Ej3 is a Puiseux divisor for C. Note that m(E3) = 2 and v(E3) = %
However, if ¢ is an E4-curvette, then its minimal reduction of singularities is 7,
instead of 7, (that is, we are in case 2.). Hence E4 is not a Puiseux divisor for C.
Note that m(E4) =2, v(E4) = 2 and ¢ is a curve with one Puiseux pair {(3,2)}. The
bifurcation divisors of G(C) are E3 and Eg. The divisors E; and E5 are terminal
divisors with m(E;) = 1 and m(Es) = 2.
Consider now a curve C = C; U Cy where Cy and C; are two equisingular curves
with characteristic exponents {4, 6,9} and C(Cy, C;) = 3. Then the dual graph G(C)

is given by
E 3 E 4 E 6 E . (Avl
o L 2 —<
E 1 (VQ
) E;

The bifurcation divisors of G(C) are E3, E¢ and E7. The divisors E3 and E¢ are
Puiseux divisors for G(C) while E7 is a contact divisor.

1.4.3 Ramification

Let us explain some properties concerning the behaviour of a plane curve under a

ramification. For a detailed description the reader can refer to [26, 28, 31].
Consider a plane curve C = U;_,C; in (C2,0). If x = 0 is not tangent to C, the

ramification p : (C2,0) — (C2,0) given by p(u,v) = (u",v) is a C-transversal



1 Jacobian and polar curves of singular foliations 27

ramification. In order to have that C = p‘lC has only non-singular irreducible
components, we need that n = 0 mod (n',n%,...,n") where n’ = mo(C;). Each
curve C; = p~'C; has exactly n' irreducible components {c! }J |» Which are in
bijection with the Puiseux series of C;. Hence, the number of 1rredu01ble components
of C is equal to mo(C) = n' +---+n”. In [28] it is proved that the equisingularity
data of C can be recovered from the curve p~!C.

Working with the ramification of a curve allows to deal with the information
provided by the parametrizations of the curve as it was done in [55, 56, 57] where
the authors consider the free model. The relationship between these two approaches
is explained in [31, Section 7.1].

We are interested in the description of the relationship between the dual graphs
G(C) and G(C) of the minimal reduction of singularities of C and c respectively.
This relationship will be a very useful tool to prove the results in Sections 1.5 and
1.6.

Note that two consecutive vertices £, E’ of G(C) with E < E’ verify that
v(E’) = v(E)+1. This implies that G(C) is completely determined by the bifurcation
divisors, the order relations among them and the number of edges which leave from
each bifurcation divisor.

Let K; be the geodesic in G(C) of a branch C; of C and let K; be the sub- graph
of G(C) corresponding to the geodesws of the irreducible components {o7 An i, of

p~1C;. Let us explain how to construct K; from K;. Denote by B(K)) and B(K;) the
blfurcatlon vertices of K; and K; respectively. We say that a vertex E of B(K;) is
associated to a vertex E of B(K;) if v(E) = nu(E). Note that there can be other
bifurcation vertices in G(C) \ B(K;) with valuation equal to nv(E) but they are not
associated to E.
If E is the first bifurcation divisor of B(K;) and E’ is its consecutive vertex
in B(K;), then E has only one associated vertex E in B(K;) and there are two
possibilities for the number of edges which leave from it:

* If E is a Puiseux divisor for C; (that is, E is a Puiseux divisor of G(C) with
v(E) = %), then there are n edges which leave from E in K;; then E’ has n
associated vertices in B(K;):

¢ otherwise E is a contact divisor for C; and there is only one edge which leave
from E in K;; thus E’ has only one associated vertex in B(K;).

Recall that, if E is a Puiseux divisor for C, then E is a Puiseux divisor for at least one
irreducible component C; but it can be a contact divisor for all the other irreducible
components (see [31]). Consider now any vertex E of B(K;) and assume that we
have constructed the part of K; correspondmg to the vertices of K; with valuation
< v(E). Then there are ny = n1 nk vertices {E[}(, | associated to E and

e If E is a Puiseux divisor for C;, then there are n}(F 41 €dges which leave from each

vertex Eg in E
* If E is a contact divisor for C;, then there is only one edge which leaves from
each vertex Ep in K
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The dual graph G(g) is constructed by gluing the graphs K;. Thus we deduced that,
if E is a divisor of G (C) associated to a divisor E of G(C), then

bg, if E is a contact divisor for C;
(bg — Dng, if E is a Puiseux divisor for C which belongs
bg = to a dead arc;

(bg — )ng + 1, if E is a Puiseux divisor for C which does not
belong to a dead arc.

Note that all vertices in G(C) associated to a divisor E of G(C) have the same
valence. Observe also that there are non-bifurcation divisors of G (C) without asso-
ciated divisors in G (C).

Example 1.4.8 Let us consider the curve C = C; U C, with C; = (y? — x> = 0)
and C; = (y = 0) whose dual graph was given in Example 1.4.2. If we take the
ramification p(u, v) = (u?,v), the curve p~'C = C'is given by v(v —u?) (v+u’) = 0.
Next figure represents the dual graphs G(C) and G(C)

al
. P 4§(~
E, E; X

e

vlhere~E 1 and E3 are the associated divisors to E| and E3 respectively, and C~1 =
CluCi.
Other examples describing G (C) and G(5 ) can be found in [28, Example 2].

Given two divisors E¢ and EX associated to the same bifurcation divisor E
of G(C), there exists a bijection pr : E!,, — E¥ , which maps the points in
e, Cin Efe 4 to the points 7%, C; N E k ;4 (see [31, Appendix A.2]). Moreover, there
is a morphism PECE " Efed — E, .4, which is a ramification of order ng (see [28,
Lemma 8]), such that p i g 0 pex = pge - Note that the morphism pz¢  maps the
points in ﬂ*ﬂa N Efe o4 to the only point in 75, C; N Ey.q. We say that the infinitely
near points of C; in E¢, that is n%,a N Efe 4 are associated to the infinitely near
point 7, C; N Eyeq of C;in E.

In [31, Appendix A.3] we can found a description of the behaviour of logarithmic
foliations under ramifications.
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1.5 Topological properties of polar curves of foliations

In this section we will state the results concerning the topological properties of polar
curves of singular foliations that depend on the local invariants of the foliations. The
notations introduced in Section 1.4 will be useful to state the results concerning the
decomposition results of polar and jacobian curves of foliations.

Recall that if ¥ is a foliation in (Cz, 0) defined by a 1-form w = 0, with w =
A(x,y)dx + B(x, y)dy, a generic polar curve P” is given by

aA(x,y)+bB(x,y) =0

with [a : b] € ]P(lj.

One of the main tools used in the study of properties of polar curves is the Newton
polygon. Let us recall its definition. Let 7 be a foliation in (C2,0) defined by a 1-
form w = 0, with w = A(x, y)dx + B(x, y)dy, A, B € C{x, y}. The Newton polygon
N(F;x,y) = N(w;x,y) is defined as the Newton polygon of the ideal generated
by xA and yB. More precisely, N (7;x, y) is the convex envelop of A(w) + (Rs¢)?
where A(w) = {(i,j) : w;ij # 0} is the support of w and w = }; ; w;; with

wij = Aix Ty dx + Bix'y " dy. (1.11)

For a plane curve C defined by the reduced equation f = 0, we can write f =
Zij fijx"y’ and define the support A(f) = {(i,j) : f;; # 0}. Hence the Newton
polygon N (C;x,y) of the curve C is the convex envelop of A(f) + (Rso)?. Note
that N(C;x,y) = N(df;x,y). It is known that if ¥ is a generalized curve foliation
with C as curve of separatrices we have that

N(F;x,y) =N(C;x,y)

(see [70] or [71, Proposition 3.8]).

Since the knowledge of the Newton polygon is useful to describe the infinitely
near points of a curve (see [26]), we wonder if it is possible to determine the Newton
polygon of P7 in terms of the one of 7. As we will see, the Camacho-Sad indices
of ¥ have a great influence in that relationship. A first result in this direction is the
following

Lemma 1.5.1 /26, Proposition 3.5] Let F be a singular foliation in (C?,0) and
consider a side L of N(F; x, y) with slope =1 /uwithu € Qandu > 1. Ifi+uj =k
is the equation of the line which contains L, then

NPT x,y) c{i,j) : i+uj>k—u}

Note that the lemma above does not provide enough information to describe the
slopes of N(P7; x, y) as the following example shows.

Example 1.5.2 Consider the foliations #; defined by the 1-forms w; = 0,7 = 1,2,
with w; = (y? = 4xy? — 4x%y — xM)dx + (> + 2x%y + 2x3 — x*)dy and wy = (¥ -
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4x3y — 5x*)dx + (3y? + 2xy — x*)dy. Both foliations are generalized curve foliations
with curve of separatrices C given by (y+x)(y —x?)(y+x2) = 0 (this can be checked
using Theorem 1.2.1 or from the description of their reduction of singularities given
below). Hence 77 and > have the same Newton polygon. However, N'(P71) and
N (P72) are different as it is shown in the figure below:

N(PFz)

The black points denote points in A(w;) while the points marked with o are points in the
support of P7%i.

In fact, the reader can check that the foliations 7 and ¥, are non-dicritical
logarithmic foliations with f; = (y+x), o = (y=x?), 5 = (y+x2),A(F1) = (1, 1,-1)
and A1(%) = (1,1, 1). From the Newton polygons of P71 and P72 we can deduce
that the curve P71 is an irreducible curve with one Puiseux pair {(3,2)} while P7>
have two non-singular irreducible components. If 7y : M; — (C2,0) is the blow-up
of the origin, there are two infinitely near points P, P, of C in E. Assume that P,
is the infinitely near point of the curve y + x = 0. Hence, the curve P71 is tangent
to the exceptional divisor E| = nl‘l (0) at the point P, and P71 does not satisfy the
statement of Theorem 1.5.6 below.

The reduction of singularities of #; and %, coincides with the one of C given by

C1

]

E1l E> Q3

The computation of the Camacho-Sad indices for a logarithmic foliation L, ; gives
(see the proof of [26, Proposition 4.4]) :

A . _ ++A3

IPI (‘c/l»f’ El) = _/11+/l;+/l3 > IQI ('E/l’f’ Ez) - _/11+]2(/122+/l%3) ’
~ L. _ P

Io,(Lay. E2) = — 33ty Lo, (Lar: E2) = 3y

where, by abuse of notation, we put L, r to refer to the strict transform of the
foliation by the corresponding morphism. Hence, for the foliations 7 and 7, we get

Ip (F1,E1) =-1; Ip,(F1,E1) =-1; Io,(F1,E1) =~-1; 1o, (F1,E1) =1;

Ip, (F2,E1) = _%; IQ1(7:2’E1) = _%; IQ2(7:2’E1) = _%; IQ3(7:2’E1) = _%'
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In order have a more detailed description of N (PT; X, y), we have to control the
“contribution” to the Newton polygon of ¥ of the coefficients A and B of the 1-form
w = Adx + Bdy defining ¥. More precisely, a point (i, j) € A(w) is said to be a
contribution of B if B;; # 0 in the expression (1.11). We have the following results
that can be found in [26]

Proposition 1.5.3 [26, Proposition 3.4] Let F be a generalized curve foliation in
(C2,0) and take a side L of the Newton polygon N (F) with slope =1/p, p € N. If L
has no contribution of B in his highest vertex, then there is a corner in the reduction
of singularities of ¥ with Camacho-Sad index equal to —1.

Example 1.5.4 In Example 1.5.2, the side L, of N () does not have contribution
of B and hence ¥ has Camacho-Sad index equal to —1 at the corner Q5.

If £ is a logarithmic foliation with non-singular separatrices, we can explicitly
compute the Camacho-Sad indices at all the infinitely near points in the reduction
of singularities in terms of the exponent vector (L) and conclude that, if £ is
non-resonant, then there is no Camacho-Sad index equal to —1 in any corner of
the reduction of singularities of £ (see [26, Proposition 4.4]). This result implies
the contribution of B in the highest vertex of all the sides of N (). We deduce
that, if ¥ is a non-dicritical generalized curve such that its logarithmic model is
non-resonant and such that the irreducible components of its curve of separatrices
are non-singular, we have

(x) if N(Fix,y) has s sides with slopes —1/p;, p; € N, j=1,...,sand p; < py <
-+ < ps,then the first s — 1 sides of N(P7; x, y) are obtained from the ones of N(F; x, y)
by a vertical translation of one unit and the others sides have slope > —1/ps.

Behaviour of the Newton polygon of ¥ and 7 when they verify property ().

Remark 1.5.5 Note that if Gy is the hamiltonian foliation given by df = 0 and
C = (f = 0), we have the following property:

If the Newton polygon N'(Gy; x,y) has s sides Ly, Ly, ..., Ly with L, contained in the
line given by i+ ayj = ky with @y € Q, @y > 1, then the first s — I sides of N(PY;x,y) =
N(PC: x, y) are obtained from the ones of N(Gy; x,y) by a vertical translation of one
unit and the other sides are contained in the region { (i, j) : i+ asj > ks — a5 }.

This property can be deduce from the fact that the hamiltonian foliation G is a
non-resonant logarithmic foliation, or directly from the expression of the 1-form
defining Gy. In fact, since Gy is defined by df = 0, then the coeflicients of the
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1-form that defines G are A = % and B = %. Hence, if (i, j) € A(f) with j > 1,

then (i,j — 1) € A(%), and thus each side L of N(Gy;x,y) has contribution of B
in its highest vertex and we get that

if (/) € A(df) = A(f) with j 2 1, then  (i,j-1) € A(%) c A (L + b3},

for generic a, b (see the proof of [26, Proposition 3.5] for more details).

In particular, hamiltonian foliations always satisfy property (x) when its curve
of separatrices has non-singular irreducible components (and hence all the slopes of
the Newton polygon are of the type —1/p with p € N).

Property (%) is key to prove the decomposition result for generic polar curves of
foliations. The strategy is to prove first the decomposition theorem for foliations
whose curve of separatrices has non-singular irreducible components and then study
the general case considering a ramification p : (C2,0) — (C2,0) of the type
p(u,v) = (u",v) such that the curve of separatrices p~!C of p*F has non-singular
irreducible components.

1.5.1 The case of non-singular separatrices

Let us consider first the case of a foliation F in (C2,0) such that its curve of
separatrices C has only non-singular irreducible components. We have that

Theorem 1.5.6 [26, Theorem 6.1] Let ¥ be a non-dicritical generalized curve fo-
liation in (C?,0) with non-resonant logarithmic model. Assume that all the irre-
ducible components of the curve C of separatrices of ¥ are non-singular curves.
Let w : (N, P) — (C2,0) be a finite sequence of punctual blow-ups such that P is
an infinitely near point of C, then

mp(n*SDT) =mp(n*C) -1,

where n*P7, 7*C denote the strict transforms of P, C by n. Moreover, the curve
n*P7 is transversal to the exceptional divisor n~'(0) at P.

Consider 7¢ : Xc¢ — (C2,0) the minimal reduction of singularities of C. Given
a component E of the divisor ﬂal (0), we consider the morphism 7z : X — (C2,0)
reduction of 7¢ to E and we write 7¢c = g o ﬂ%. In the conditions of Theorem 1.5.6,
given a bifurcation divisor E of G(C), we define the curve PF as the union of the
branches & of 7 such that

o nENnLC =0;

o if E' <E,thennyéNni(E") = 0.

Thus, if B(C) is the set of bifurcation vertices of G(C), there is a unique decompo-
sition P7 = Ugep(c)PE such that
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dl.mo(PE) = bp - 1;

d2. nEPE NapC=0;

d3.if E’ < E, then n*EPE Nrg(E") =0;
d4.if E’ > E, then n*E,PE nEe;,, =0.
In particular, if £ is not a bifurcation divisor, then 7P N Eyeq = n;C N Eyeqy.
Consequently, properties d1-d4 above imply the following ones stated in terms of
the coincidences and the data in G(C).

Corollary 1.5.7 [26, Corollaire 6.2] Let ¥ be a non-dicritical generalized curve
foliation in (C?,0) with non-resonant logarithmic model. Let C = U'_,Ci be the
curve of separatrices of ¥ and assume that all the irreducible components C; of
C are non-singular curves. If P” is a generic polar curve of F, there is a unique
decomposition pF = UEGB(C)PE of such that

1. mo(PF) =bg - 1;
2. for each irreducible component & of PE, we have that

(i) C(Ci, &) = v(E) if E belongs to the geodesic of C;;
(ii) C(Cj, &) = C(Cj, C;) if E belongs to the geodesic of C; but not to the one of
Cj.

1.5.2 General case

Let us consider now the general case. Let C be the curve of separatrices of the
foliation . Assume that x = 0 is not in the tangent cone of C. Then the morphism
p 1 (C%,0) — (C2,0) given by p(u,v) = (u",v) is a ramification transverse
to C (see Section 1.4.3). If n = my(C), then all the irreducible components of
p~!C are non-singular curves. Note that, if 7 is a non-dicritical generalized curve
foliation with C as curve of separatrices, then p*¥ is also a non-dicritical generalized
curve foliation with p~!C as curve of separatrices. Moreover, logarithmic models of
foliations also behave well under ramifications (see [26, Section 7]).

In general, the curve p~'P7 is not equisingular to the curve P# 7 it is enough
to consider the foliation # given by d(y® — x'') = 0 and p(u,v) = (u3,v). The
curve p~'P% = {~11au’® + 3bv? = 0} has two non-singular branches y/, y> with
coincidence equal to C(y1,7y2) = 15 while the curve PP 7 = {~11au’? + bv? = 0}
has also two non-singular branches J1, 6, but with coincidence C ~((5 1,02) = 16.

However, we can prove the following result. Let us denote C = p~1C and let
e Xg o (C2,0) be the minimal reduction of singularities of C, then

Lemma 1.5.8 /28, Lemma 6] Let F € Gc¢ with non-resonant logarithmic model.
For each irreducible component E of 7%1 (0) with v(E) > n, we have that

ﬂ*g(pilp(r) N Ered = 7T*E~7)p*7jm Ered~

Moreover, mp(n%(p_lpr)) = mp(n%ﬁm’vf)for each P € n%(p_ISDT) N Eyea.
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Since PP satisfies Theorem 1.5.6, the previous proposition allows to prove next
result

Theorem 1.5.9 [26, Proposition 7.6] Let ¥ be a non-dicritical generalized curve
Joliation with non-resonant logarithmic model and C as curve of separatrices. Con-
sider any ramification p : (C2,0) — (C2,0) transverse to C such that p~'C has
non-singular irreducible components. If 1 : (N,P) — (C?,0) is a sequence of
punctual blow-ups such that P is an infinitely near point of p~'C, then

mp(x*(p™'PT)) =mp(x"(p~'C)) - 1
and the curve w*(p~'P7) is transversal to the exceptional divisor n~'(0) at P.
As we have already explained in Section 1.5.1, the result above allows to give a

decomposition ~

o lpT = U PE

EeB(C)
as the one described in Corollary 1.5.7, where C= p~'C. Thanks to the relationship
between the dual graphs G(C) and G(C) (see Section 1.4.3 and [28, Appendix B]),
we get a decomposition
pT= ) PF
E€B(C)

where p~!PE = Ulﬂfl PE' with {E/ }?fl the divisors of G(C) associated to E in
G(g). Hence, we recover the usual statement of the decomposition result for a
generic polar curve:

Theorem 1.5.10 (Decomposition theorem [25],[26, Theorem 5.1]) Let F be a non-
dicritical generalized curve foliation with non-resonant logarithmic model and C as
curve of separatrices. Let B(C) be the set of bifurcation divisors of G(C). Then a
generic polar curve P” has a decomposition

P7 = PE
EeB(C)
such that
DI my(PF) = npng(bg — 1), if E dO?S not belong to a dead arc;
npng(bg — 1) — ng, otherwise.

D2. For each irreducible component & of PE, we have that
i) C(Ci,¢) =v(E) Iif E belongs to the geodesic of C;;
ii) C(Cg,&) = C(Ck, Cy) if E belongs to the geodesic of C; but not to the one of
Cy.

The result above generalizes the decomposition theorem given by E. Garcia-Barroso
in [39, 40] for a generic polar curve of a plane curve with several irreducible
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components (see also [55]). Note that the above description does not determine
completely the topological type of 7 as it is showed in next example.

Example 1.5.11 ([28, Example 1]). Consider the foliations ¥; given by w; = 0 where

wl = d(ys _xll)v
wr = 11(=x"" + y2x%)dx + 5(y* = x7y)dy,
w3 = 11(=x" + yx®)dx + 5(y* — x%)dy.

The curve C = (y° —x!! = 0) is the only separatrix of each 7;. In fact, if we consider
y(1) = (£, 1'1), we have that y*w; = 0. Moreover, the computation of Milnor number
gives uo(7;) =40 = uo(C) fori = 1,2, 3, hence by Theorem 1.2.1, the foliations F;
are non-dicritical generalized curve foliations in G¢.

The generic polar curves P71, £72 and P73 are not equisingular:

e P71 have two branches 7y, y», each of them with characteristic exponents {2, 5}
and coincidence C(yy,y2) = %

e P72 has two irreducible components 01, 02. One branch ¢; has characteristic
exponents {3,7} and the branch §, is a non-singular curve. The coincidence
between both branches is given by C (61, 2) = %

e P75 is an irreducible curve with characteristic exponents {4,9}.

In these examples, the minimal reduction of singularities of C gives also a reduction
of singularities of a generic polar curve as shows next figure.

G(CuPH) G(C UPF2) G(C U PF)

The grey arrows correspond to the branches of a generic polar curve. The black arrow
represents the curve C.

Note that, in general, the minimal reduction of singularities of ¥ is not a reduction
of singularities of £7, although we can deduce some properties of n*CPT. For
instance, if C is an irreducible curve, from the properties of the decomposition of
P7, we get that, given a bifurcation divisor E of G(C), the curve n*EPE does not
intersect E, .4 since mo(PF) < m(E). The branches of PF go through the divisors
in the dead arc corresponding to E as shown in the previous example. In [40, Section

5.1], for the generic polar curve P€ of a plane curve C, E. Garcia Barroso gives a
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description of some the properties of the branches of the curves P¥ which appear in
the decomposition theorem in terms of the Eggers diagram of the curve C.

However, we are able to determine completely the topological type of a generic
polar curve of a foliation # provided we impose conditions over the equisingularity
type of the curve C of separatrices of ¥ and we assume that the exponents vector
A(F) belongs to a Zariski open set Uc C Pé‘l which depends on the analytic type
of the curve C (a detailed description of the set U¢ can be found in [28]: in Section 4
when the curve C has non-singular irreducible components, and in Section 6 for the
general case). Foliations ¥ with A(F) € Uc are called Zariski-general foliations.
We say that a curve C has a kind equisingularity type if for each dead arc of G(C)
with bifurcation divisor E and terminal divisor F' we have that m(E) = 2m(F), that
is, ng = 2 for any bifurcation divisor E of G(C) which belongs to a dear arc. We
can state now the result which describes the equisingularity type of 7 in terms of
the dual graph G(C):

Theorem 1.5.12 [28, Proposition 5] Let C be a curve with kind equisingularity
type and consider a Zariski-general foliation ¥. Then the minimal reduction of
singularities nc of C is also a reduction of singularities of P¥ U C. Moreover,
the irreducible components of P7 intersect an irreducible component E of the
exceptional divisor nEl (0) as follows:

e ifE is a bifurcation divisor of G(C), the number of branches of P” that intersect
E is equal to b — 2 if E belongs to a dead arc and to bg — 1 otherwise;

o i E is a terminal divisor of a dead arc of G(C), there is exactly one branch of
P7 that intersects E;

e otherwise, no branches of P intersect E.

In the conditions of theorem above, we can obtain the dual graph G(C U P7) from
G(C). We only need to add the arrows corresponding to the branches of 7 as
shown in next example (see [27]).

G(O) G(C U PF)

The black arrows represents the branches of C. The grey arrows correspond to the branches
of a generic polar curve.

In particular, a complete description of the characteristic exponents of the
branches of 7 can be given in terms of the equisingularity data of C as follows

Lemma 1.5.13 /28, Lemma 4] Let C be a curve with kind equisingularity type and
consider a Zariski-general foliation F. Let PT = U B(C) PE be the decomposition
of P7 given in Theorem 1.5.10. Then, for each E € B(C), we have that
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(i) if E is a contact divisor, then the curve PF has b —1 irreducible components. Each
irreducible component ¢ of PE has characteristic exponents {vg , vf ey VEE}
given by

vE =mo(&) =ng, v =ngBin'  for (=12, kg,

where C; is any irreducible component of C such that E belongs to its geodesic,

(ii) if E is a Puiseux divisor which belongs to a dead arc, the curve PE has one
irreducible component &y with characteristic exponents {vgo, vlfo, cees vfz_ } given
by

vofO =mo(&) = ng, vfo :QEﬁi,/ni for £=1,2,... kg,

and bg — 2 irreducible com;on;nts such that each branch & of PE, & # &, has

characteristic exponents {v0 SV aeees v]i, Vliﬂ} given by
£ oo
vy =mo(§) = ngng, vf =ngnef,/n' Jor €=1,2,... kg +1,

where C; is any irreducible component of C such that E belongs to its geodesic
and v(E) = i, 1By

(iii) if E is a bifurcation divisor which does not belong to a dead arc, then P
has bg — 1 irreducible comfpongents. Each irreducible component & of PY with

characteristic exponents {vy, vy, ..., va, v]fE .1} &iven by
v‘f—m(f)—nn vf—nnﬂi/ni for £=1,2 kg +1
0_ 0 Y E>s [__EE[ - 94y s VE ’

where C; is any irreducible component of C such that E belongs to its geodesic
and v(E) = ,B;CEH/,BB.

Note that hamiltonian foliations df = 0 have vector of exponents A = 1 and it can
happen that 1 ¢ Uc. For instance, if we consider f(x, y) = y(y—x?) (2y—(1+V3i)x?),
then a generic polar curve %/ is an irreducible curve with a Puiseux pair (5, 2) (see
[27] for other examples).

Nevertheless, E. Casas-Alvero proved that it is possible to determine the equisin-
gularity type of generic polar curves of a plane curve C provided that the curve C is
generic in its equisingularity class (see [16] and [18, Section 6.6], for the irreducible
case and [17] for the general case). Recently, some papers also deal with the study
of the equisingularity type of generic polar curves of irreducible plane curves (see
[53, 50, 51, 52, 54]).

Moreover, with the hypothesis of Theorem 1.5.12, it is possible to describe the
minimal resolution of singularities o : X — (C?2,0) of the polar pencil {aA + bB =
0 : a,b € C} of F, that is, o is a morphism which gives a partial reduction
of singularities of the polar foliation defined by d(A/B) = 0 in the sense that the
minimal reduction of singularities 7 : X — (C?2,0) of the polar foliation factorizes
asm = oot where 7 : X — X is a finite sequence of non-dicritical punctual
blow-ups (see [30, Theorem 1]).
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1.6 Topological properties of jacobian curves of foliations

The aim of this section is to describe properties of the equisingularity type of the
jacobian curve Jz, g of two singular foliations ¥ and G in terms of invariants of the
foliations. A first remark is that any curve i(x,y) = O can be the jacobian curve of
two non-singular foliations: it is enough to consider the foliations given by dx = 0
and dx + h(x, y)dy = 0.

Let ¥ and G be two singular foliations defined by the 1-forms w = A(x, y)dx +
B(x,y)dy and n = P(x,y)dy + Q(x, y)dy respectively. The jacobian curve Jz,g is
the curve of contact of both foliations w A i = 0, that is, the curve J#, ¢ is given by
J(x,y) = 0 where
A(x,y) B(x,y)

P(x,y) Q(x,y) |’

Note that if ¥ and G have a common separatrix, then this invariant curve is a branch
of the jacobian curve J# g. Hence, from now on, we will assume that ¥ and G have
no common separatrix.

The topology of the jacobian curve J# g depends on “how similar” are the
foliations ¥ and G in terms of its singularities and Camacho-Sad indices at the
common singularities. Let us illustrate this fact explaining the behaviour of the
multiplicity mo(Jr,g)-

The first topological invariant of J# s that we can consider is the multiplic-
ity mo(J¥,g). Note that mo(J7,g) = vo(F) + vo(G). In particular, mo(Jr,g) >
vo(F) +vo(&) implies that the jets 77 (w) and j*(9) () are proportional since,
if we write J(x, y) = Xrsvy (54 (g) Je (X, ¥) with J, homogeneous polynomials of
degree ¢ or zero, we have that

J(x,y) =

oo (P4 (6) (X, Y) = Ay () (X, ) O (6) (%, ¥) = Byy(7) (X, ¥) Pyy () (X, ¥)

where j77) (w) = A, (7 (x, y)dx+B, (57 (x, y)dy and j*'9) (i) = P, () (x, y)dx+
Oyy(g) (x,y)dy. Consequently the condition mo(J#,g) > vo(F) + vo(G) also im-
plies that the tangent cones of the foliations ¥ and G are equal (see Equation (1.3)).
Hence, if we consider the blow-up 7y : X| — ((Cz, 0) of the origin, both foliations
have the same singularities in E; = 77! (0) and same Camacho-Sad indices (by Re-
mark 1.2.2 and Example 1.6.8) at these singularities provided that 7| is non-dicritical
(see Section 1.2). For this reason, if we want that the multiplicity of jacobian curve
J7,g is minimal we need that ¥ and G have different Camacho-Sad index at any
singular point in the exceptional divisor E| obtained after one blow-up (see [31,
Lemma 2.3]). This condition implies that the divisor E; is a non-collinear divisor
following the notations in [31] (see also Definition 1.6.1 below). These are the type
of conditions that we need to impose over ¥ and G in order to be able to describe
some properties of the topology type of J#, . Let us introduce some notations to
state the result which gives such description (Theorem 1.6.12 below).

Consider two singular foliations ¥ and G in (C?2, 0) that are non-dicritical gene-
ralized curve foliations. Let C and D be the curves of separatrices of ¥ and G
respectively and assume that C and D have no common branches. As in the study
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of polar curves of foliations, ramifications and logarithmic models will play a key
role in the study of jacobian curves. The strategy used in [31] is to study first the
case of ¥ and G having separatrices with non-singular irreducible components and
the general case is reduced to this one using a ramification. Moreover, logarithmic
models will allow to control the influence of Camacho-Sad indices in the behaviour
of jacobian curves.

1.6.1 The case of non-singular separatrices

Let C and D be two plane curves in (C2, 0) without common branches and assume
that the curve Z = CUD has only non-singular irreducible components. Consider two
foliations ¥ € G¢ and G € Gp. Let 1 : Xz — (C2,0) be the minimal reduction
of singularities of Z. Note that Z gives a common reduction of singularities of the
foliations ¥ and G.

We will use the notations introduced in Section 1.4 concerning the dual graph
G(Z) of Z. Let E be an irreducible component of ﬂ%l (0) an denote by ng : Xp —
(C?,0) the morphism reduction of 7 to E. Denote b = bg the number associated
to each divisor E of G(Z) and let {RT",RY, ..., REE} be the infinitely near points

of Zin E, thatis, 7, Z N Eyeq = {RE, RZE, e, RgE} (see Remark 1.4.6). We denote
Ap(RE) = ALS (RF) = I (13,6, Erea) = Ixe (3T, Erea)

where Txe (G, Ereq) is the Camacho-Sad index of 77, G relative to E,.4 at the

point R[E (whose definition was given in Section 1.2). Let us introduce some defini-
tions which will be essential in the rest of the section (see [31, Section 4] for more
details).

Definition 1.6.1 [31, Definition 4.2] An infinitely near point Rf of Z is a collinear
point for the foliations ¥ and G in E if Ag (Rt‘,E ) = 0; otherwise Rf is a non-collinear
point.

A divisor E is collinear (for the foliations ¥ and &) if AE(RE) = 0 for all
¢ =1,2,...,bg; otherwise E is a non-collinear divisor. A divisor E is purely
non-collinear if AE(RE) #0forall £ € {1,2,...,bg}.

The set of collinear points (resp. non-collinear points) of E will be denoted by Col(E)
(resp. NCol(E)). Note that Col(E) UNCol(E) = {RE, RZE, cee RgE }.In[31, Section
4.1], it is explained the behaviour of collinear and non-collinear infinitely near points
by blow-up.

Remark 1.6.2 The definitions above coincide with the notions given by Kuo and

Parusinski in [56, 57] in the case of curves (see [31, Section 7.1]).

Let E be an irreducible component of nEI(O) with v(E) = p. We can take
coordinates (x,y) in (C2,0) and (xp,yp) in the first chart of E,.4 such that
neg(Xp,yp) = (xp,xf,’yp) and E,.q = (x, = 0). The coordinates (x, y) are called
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coordinates in (C?,0) adapted to E (see [31, Remark 4.1]). In these coordinates, the
infinitely near points of C in E,.4 are given by Rf = (0, cf), t=1,2,...,bg. We
define the rational function Mg(z) = M;‘;g (z) associated to the divisor E (for the
foliations ¥ and G by

b AE(RE)
Mi(2) = ) —.
=1 ¢

We have that

e if E is a non-collinear divisor, then Mg(z) # 0;
o if L, ¢, L, ¢ are the logarithmic models of ¥, G respectively, then

ATO(RE) = Ag 55 (RE):  MP9(2) = Mg ().

Let{q1,...,qs; } bethesetof zeros of Mg (z). Wedenoteby M(E) = {Q¥,..., 05}
the set of points in E,.4 given by QL‘,E = (0, g¢) in coordinates (xp,yp). If tor is the
multiplicity of g, as a zero of Mg(z), we put t(E) = Z;’il toE the degree of the
numerator of the rational function Mg (z). We putzp = 0 for any P € E \ M(E).
Note that M (E) can be an empty set (see example in [57, p. 584]). Moreover, if E is
a non-collinear divisor, we have ([31, Lemma 4.6])

(i) NCol(E)NM(E) =0
(i) fNCol(E) > 1 +1(E).
(iii) if 3} RE eNCol(E) Ag(R}) # 0, then the equality in (ii) holds.

Consider a non-collinear divisor £ and a point P € E,.4, we put

tp, if P e M(E)
7e(P) =4 —1, if P € NCol(E)
0, otherwise.

Then ¥ pcg,., Te(P) = t(E) — §NCol(E) is a negative integer which coincides with
the degree of the rational function Mg (z).

If E is a non-collinear divisor with v(E) = p and (x, y) are adapted coordinates
to E, the weighted initial form In, (J;x, y), where J(x, y) = 0 is an equation of the
jacobian curve J#, g, can be determined from the weighted initial forms In, (w) and
In,, () of the 1-forms defining ¥ and &G respectively (see [31, Lema 4.13]). This is
a key property to determine the points 73, J7,g N Ereq.

Hence, with the notations stated in this section, we can determine the infinitely
near points of the jacobian curve in a non-collinear divisor. More precisely, if we
denote by E, d the points in the first chart of E,.4 (that is, all the points of E, .4
except the corner one), we have

Theorem 1.6.3 /31, Theorem 5.2] Let ¥ and G be two non-dicritical generalized
curve foliations with ¥ € G¢ and G € Gp. Assume that Z = C U D has non-
singular irreducible components. Let E be a non-collinear divisor of ﬂil (0). Given
any P € E;‘e & We have that
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mp(npJr.g) = mp(npC) + mp(npD) + T (P).

In particular, if P € E7, , withmp(n,J7.g) > O, then P is either an infinitely near
point of Z or a point in M (E).

To prove this result, we first prove it for logarithmic foliations and the general case
for ¥ € G¢ and G € Gp is consequence of the facts ([31, Lemma 4.16])

15 J7.6 VErea =T Jra s L, O Ered

and
mp(npJr.g) = mp(npJr, . L,,) ateach P € 195 6 N Ereds

when E is a non-collinear divisor and L, ¢, L, ¢ are the logarithmic models of ¥,
G respectively.

Consider now two consecutive bifurcation divisors E and E’ in G(Z), this means
that there exists a chain of consecutive divisors

E0=E<E1<---Ek_1<Ek=E/

with bg, =1for£=1,...,k — 1 and the morphism ng» = 7g o o with o : Xgr —
(XE, P) a composition of k punctual blow-ups

Ok-1

(Xg, P) <5 (Xg,, Pr) <& - &2 (X, Pr1) <& Xpr. (1.12)

When E and E’ are two consecutive bifurcation divisors as above, we say that E’
arises from E at P and we denote E <p E’. Next result shows that, if ¢ is a branch
of the jacobian curve J#,g going through a non-collinear point P in a bifurcation
divisor, then ¢ goes also through the points Py, P, .. ., Pr_; of the sequence (1.12),
that is, the divisor E’ is in the geodesic of the branches of J# ¢ going through P in
E,cq. More precisely, we have

Corollary 1.6.4 [31, Corollary 5.4] Let E and E’ be two consecutive bifurcation
divisors in G(Z) with E<pE’. If P € NCol(E), we have that

mp(xpJrg) = ), mo(xyIre):

Q€FE’

red

In particular, there is no irreducible component 6 of Jg,g such that ny, 6 is attached
to some intermediate component E;, 1 <i < k-1, inthe chain E < E; < --- <
Er_1 < E’. Moreover, we have

1+ Z to = §NCOl(E"), (1.13)
QeM(E’)

and hence E’ is a non-collinear divisor.

From the previous result, we get that there is no irreducible component ¢ of Jz g
such that
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v(E) < C(6,vE) <v(E")

where yg- is a E’-curvette.

Let us now explain the behaviour of the branches of the jacobian curve going
through a collinear point. We need to introduce the notion of cover of a divisor at a
point.

Definition 1.6.5 [31, Definition 5.6] Let E be a bifurcation divisor of G(Z) and take
a collinear point P of E. A set of non-collinear bifurcation divisors {Eq, ..., E,} is
a (non-collinear) cover of E at P if:

(i) E is in the geodesic of each Ey;
(i) if {E¢, ..., Ef( ¢y} i the set of all bifurcation divisors in the geodesic of E¢ with

E<PEf<...<Ef([)<E(

then either r(£) = 0 or else each E¢ is collinear;

(iii) if Z; is an irreducible component of Z with npZ; N Ereq = {P}, then there
exists a divisor E, in the cover such that n*E[ Z;NEg # 0, that is, there is a divisor
E¢ in the cover which is in the geodesic of Z;.

Note that, given a collinear point P in a divisor E, there is a unique cover of E at P.
To find it we take an irreducible component Z; of Z with n. Z¢ N E,eq = {P}. Let E’
be the first bifurcation divisor after E in the geodesic of Z; (necessarily E <p E’).
If E’ is a non-collinear divisor, then E’ is one of the divisors of the cover of E at P.
Otherwise, we repeat the process (see [31] for more details). Then we have

Theorem 1.6.6 [31, Theorem 5.7] Consider a non-collinear bifurcation divisor E
of G(Z) and a collinear point P of E. Let {E\, . .., E,} be a cover of E at P. Then

u

mp(xpJrg) = Y > mo(ny,Jrg) =tp+ » (§NCol(Er) - t(Er)).

(=1 Q€E¢ rea =1

Consequently, there is a curve Jg composed by irreducible components of Jr,g
such that, if § is a branch ofJE,

i ﬂzémEred = {P}
o C(6,vE,) <u(E¢) fort=1,...,u, where yg, is any Ep-curvette.

Moreover, we have that

mo(J5) = tp+ ) (ANCOl(E¢) ~ 1(Er)).
t=1

The results in this section allow to give a decomposition of the jacobian curve Jr g
in the sense of the decomposition theorem for polar curves. Given any bifurcation
divisor E € B(Z) which is a non-collinear divisor for ¥ and G, we define JZ, as the
union of the branches ¢ of J#, g such that
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e npéNnapZ =0;
o if E' <E, thenn é N (E") =0;
e ifE' > E, thenﬂ*E,fﬁE' =0.

red —
For a non-collinear bifurcation divisor E, we denote J¥ = Upecoi(g)J5 (withJE = 0
if Col(E) = 0).
Given a non-collinear bifurcation divisor E of G(Z), we denote

t"(E) = Z to,
QeM (E)\Col(E)

that is, the number of zeros of Mg(z) (counting with multiplicities) which do not
correspond to collinear points. The previous results allow to give a decomposition
of J#,g as follows:

Theorem 1.6.7 [31, Theorem 5.8] Consider ¥ € G¢ and G € Gp such that Z =
CUD is a curve with only non-singular irreducible components. Let By (Z) be the set
of non-collinear bifurcation divisors of G(Z). Then there is a unique decomposition
Jr.g =" U (Ugeny(z2)JF) where JE = JE U JE with the following properties

(1) mo(JE.) = t*(E). In particular, mo(JE.) < $NCol(E) =1 < bg — 1;

(2) ﬂ*EJ,ﬁ. NapZ=0;

(3) if E' < E, then ﬂ*EJfC Nnp(E") =0;

(4)ifE’ > E, then 7}, JE. N E!, = 0;

(5) if 6 is a branch of JE, then 76 N Ereq is a point in Col(E);

(6) mo(JE) = Spec ) (tp+ Zy'y (ANCOl(EF) ~1(EL))) where {ET, ... EL. , }
is a cover of E at P.

Moreover, if E is a purely non-collinear divisor with ZR[EGNCOI(E) Ag(R}) # 0,
then
Ey_ Ey_
mo(J™) =mo(J,.) = bg — 1. (1.14)

Note that, in the decomposition above, there is a certain control of the topology of
the irreducible components of J# ¢ in terms of the data of the foliations ¥ and G
when the component of J7,g is attached either to a non-collinear divisor or to a
chain of collinear divisors which are between two non-collinear bifurcation divisors.
The irreducible components corresponding to J* are the one attached to “isolated”
collinear divisors for which no control is possible.

Let us give some examples where we describe different possibilities of decompo-
sition of the jacobian curve although the curves of separatrices of the foliations are
fixed.

Example 1.6.8 Consider the curves C = C; UC, U C3 and D = Dy U D, U D3 with
C=(f=0)and D = (g = 0) where

f=0-2)(-x*+x37)(y +x7 +x7),

g=(+2)(y -2 =) (y+2* = ).

The reduction of singularities of the curve C U D is given by
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C1 C2

D2

C3

The jacobian curve Jg, g, has three branches given by

x=0

jgf,gg: y=x2+ax5/2+-~

y=—x>+bx" ...

If we consider the logarithmic foliation £, s given by

df;

—=0
fi

3
Nfafs Z/li
i=1

with Ay =i, 42 = 1 = 2i, A3 = 2+, we get that the jacobian curve Jr, , g, has five
branches given by

x=0
y:a(x2+...
jf:/l,f"gg: y:ﬁx2+...

y=xt+y 4.

y=—x2+6x3+~~~

Let us compute the Camacho-Sad indices of the foliations above. Consider the blow-
up of the origin 7y : X; — (C2,0) with E; = 77'(0) and put {P,} = r{C N E; =
HTD N E;. Then Ipl (ﬂigf, El) = Ipl (ﬂ’{gg,El) = ]pl (ﬂTLﬂ,f,El) =-1.

In particular, this implies all the foliations Gr, G, L1, ¢ have the same tangent
cone and that the divisor E is a collinear divisor for G and G, (and also for £, ¢
and G,). Moreover, note that vo(Gr) = vo(Gg) = vo(La.r) = 2 but mo(Jg,.6,) =
mo(Jr, 5.6¢) = 5-

Take now 7, : X, — (X1, P1) the blow-up with center at Py and put o = 7y o 75.
Denote sz the infinitely near point of C; in E», Rf > the infinitely near point of
D in E; and sz = P, the point where the branches C, and D, intersect E; and

sz = P3 the point where the branches C3 and D3 meet E,. For the logarithmic
foliation L, we have that (see [26, Proposition 4.4])
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. =4 i
IRlEz (3 La s E2) = = s = ~6°

Ik, (05 La s, E2) = 0;
2

. & 1-2i.
Isz(O'Z-C/I,f,E2) T T 2(+a3) T 6
o S S I |
]'sz(O'z.L,l,f,E2) T TET oy B 2

Taking into account that hamiltonian foliations are logarithmic foliations with expo-
nent vector equal to A(Gr) = A(Gg) = (1, 1, 1), similar computations give that

IREZ (O';Qf,Ez) = IRE2 (O';Qf,Ez) = .[REZ (O';Qf,Ez) = —%; IREZ (O';Qf,Ez) =0;
1 3 4 2

]REZ (O-Z*Qg,EZ) = 0; ]REZ (O-;gg7E2) = IREZ (O-;gngz) = IREZ (O-;gg’Ez) = _%'
1 2 3 4

Consider now the blow-up 73 : X3 — (X», P») with center at P, and let R? (resp.
Rf3) be the point where C, (resp. D, intersects E3). Put 03 = 0, o 73, then

% _ A __1-=2i. * —0-

IRIE3(0'3£A,f,E3)——m——7,—2;, IR2E3(O—3'£/I’f’E3)_O’

IRfa(%*Qf,Es) =-1 fRzEa(0'§§f,E3) =0;
T (3G, E3) = 0; T2 (03Gg, E3) = 7.

Finally, if 74 : X4 — (X3, P3) is the blow-up with center at P3, the point RF“ (resp.
Rf“) is intersection of C3 (resp. D3) with E4 and we put o4 = 03 o 74, then

. _ ! _ 2+, x _0:

IR1E4(0-4£’1’f’E4) =~ ATRL = & IR2E4 (04 Ly Eq) =0;

Lpe(03Gy Ea) = L Tpei (93G5, E4) = 0;
Lgri (04Gg. Ea) = 0; Lpri (04Gg. Ea) = -

For the foliations Gy and G, we have that E is a collinear divisor, E3, E3, Ey4
are non-collinear bifurcation divisors. In the divisor E», the points sz and Rf 2
are non-collinear points while sz and sz are collinear points. The points

Rf*, Rf%Rf“, Rf“ are non-collinear. Let us compute the rational function asso-
ciated to the non-collinear divisors for G and G,. We have that

o1 2
—2 6z+2 3(2-4)
1111 2
Tz+1 Tz-1  7(2-1)

1
MEZ(Z) = gz

Mg, (2) = Mg, (z) =

Hence M(E;) = M(E3) = M(E4) = 0 and then in the decomposition of Jg, g,
we have that J&2 = Jfg = JE = (. We have that J65.6, = U JE2 where



46 Nuria Corral

J* = (x = 0) and J2 is the union of the other two branches. Note that mq(J5?) =
ENCol(E3) + fNCol(E,) = 4 as shown in (6) of Theorem 1.6.7.

For the foliations L, r and G, we have that E is a collinear divisor, E», E3, E4
are purely non-collinear bifurcation divisors since all the infinitely near points of
CUD in these divisors are non-collinear points. Let us compute the rational function
associated to the non-collinear divisors for £, r and G,. We have that

i 1 1 1 1 1-2 1 1 2+ 1
ME*Z)—gz_—z‘aH—z*(‘g* 5 )z_—ﬁ(“*—)—

C(1=D)Z2+3( -1z +10i+2
- 6(z2-4)(2 - 1) ’
1-2i 1 1 1 —12iz+16i— 14
T-2iz+1 Tz-1 7(7-2i)(2-1)
2+i 1 I 1 6@G+1)z—-2(4i+11)
8+iz+1 7Tz—-1  7(7+i)(2-1)

ME3 (Z) =

Mg, (z) =

Now we have that the decomposition of the jacobian curve is given by Jr, ;. g, =
J*uJE g JEs U JE with J* = (x = 0), the curve JE2 is the union of the branches
y=ax*+--- and y = Bx2+... and J2 and JE* are non-singular curves which
correspond to the other two branches of J¢, ,,g, -

1.6.2 Jacobian curve: general case

The strategy to prove the decomposition result of J7 ¢ in the general case is to
consider a ramification such that p*F and p*G are foliations which satisfy the
hypothesis of the previous section. First, let us study the relationship between the
curves Jr.g = p ' Jr.g and Jpr 5 prg-

Consider ¥ and G two foliations in (C2, 0) given by w = 0 and 5 = 0 respectively,
with

w = A(x,y)dx + B(x, y)dy; n=P(x,y)dx+Q(x,y)dy.

If p : (C%,0) — (C2,0) is a ramification given in coordinates by p(u,v) = (1", v),

then the foliations p*¥F and p*G are given by p*w = 0 and p*n = 0 respectively,
where

prw=AW", v)nu"" du + B(u",v)dv; p'n =P, v)nu"'du+ Qu", v)dv.

Then the curve Ji g is defined by J(x,y) = 0, with J(x,y) = A(x,y)0(x,y) —
B(x,y)P(x,y), and consequently, the curve Jr g = p‘lj(ﬁg is given by J(u",v) =
0 while the curve J, 7+ g is given by nu" ' J(u",v) = 0.

Assume that ¥ € G¢ and G € Gp with C = U/_|C; and D = U;:IDj two
plane curves in (C2, 0) that can have singular branches. Denote Z =CUD and take
p 1 (C2,0) — (C2,0) a Z-transversal ramification such that Z = p~'Z has non-
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singular irreducible components. Let us study the relationship between the infinitely
near points of J#, g and J,+F,,+g Which appear when we consider the reduction of

singularities of the curve Z.

Lemma 1.6.9 [3], Lemma 6.1] Let n5 : X5 — (C2,0) be the minimal reduction
of singularities of Z. Take E an irreducible component of R%I(O) and consider

g Xg— (C2,0) the morphism reduction of n5 to E. Then we have that
75976 NEreq = 75T 7 6 N Efeqs

where E:ed denote the points in the first chart of Eyeq. Moreover, for each P €
* o ~>k
ﬂgjﬁg nE:,, . we have

mp(n=J7.6) = mp(nzTp 707 6)-

In particular, if we consider a non-collinear divisor E of n%l (0) for the foliations
p*F and p*G, the curve J,: g satisfies Theorem 1.6.3 with respect to the curve
Z = p~'Z. Thus, the previous lemma implies the following result

Corollary 1.6.10 /31, Corollary 6.2] Take E an irreducible component of 71'%1(0)

*

which is a non-collinear divisor for the foliations p*¥ and p*G. Givenany P € E7, ,

we have that
mp(nJr.g) = mp(nsC) + mp(nD) +75(P).

In particular, if P € Ejed with mp(ﬂ%jf,g) > 0, then P is an infinitely near point
of Z or a point in M(E).

The relationship among the bifurcation divisors of G(Z) and the ones of G(Z), the
infinitely near points of Z and Z and the Camacho-Sad indices of ¥, G and the
ones of p*F, p*G allows to give the following definition (see Section 1.4.3 and [31,
Appendix A.2 and A3])

Definition 1.6.11 A bifurcation divisor E of G(Z) is collinear (resp. non-collinear)
for the foliations ¥ and G when any of its associated divisors E" is collinear (resp.
non-collinear) for the foliations p*# and p*G.

An infinitely near point RE of Z in E, . is a collinear point (resp. non-collinear
point) for the foliations # and G if for any associated divisor E® and any infinitely
near point RE' of p~'Z in EX_, associated to R, the point R’ is collinear (resp.
non-collinear) for the foliations p*¥ and p*G.

By Corollary 1.6.10, we get a decomposition of 57-" g as the one given in Theo-
rem 1.6.7. Thus we can write

o Tk E
Ir.e =" VU (Ugepy /")
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with JE = JE U JE.
In order to obtain the decomposition result for J# g, given a non-collinear bifur-
cation divisor E of G(Z), we define J¥ = JE. U JE to be the curve with

np g
-17E _ EC, -14E _ E¢
P Jnc_UJnc’ 1Y ‘]c _U‘]c 4
=1 =1

where {Ef }?:EI are the divisors of G(Z) associated to E and J* to be such that

o=l = J*. Hence, the decomposition theorem for the jacobian curve can be stated
as follows

Theorem 1.6.12 [31, Theorem 6.4] Consider two generalized curve foliations F €
Gc and G € Gp and denote Z = CU D. Let us write Z = UIT:ISZi with Z; irreducible
and denote by Bn(Z) the set of non-collinear bifurcation divisors of G(Z). Then
there is a decomposition

Jr.6 =" U (Ugepy(2)")

with JE = JE. U JE such that

. E npng(bp — 1), if E does not belong to a dead arc;
(D) mo(Jne) < {QEVLE(bE — 1) — ng, otherwise.

(ii) For each irreducible component § of JE. we have that

— C(6,Z;) = v(E) if E belongs to the geodesic of Z;;
- C(8,Z)) = C(Z;,Z;) if E belongs to the geodesic of Z; but not to the one of
zZ;.

(iii) For each irreducible component & of JE, there exists an irreducible component
Z; of Z such that E belongs to its geodesic and

C(d,Z;) > v(E).

Moreover, if E’ is the first non-collinear bifurcation divisor in the geodesic of Z;
after E, then
C(6,7Z;) <v(E").

In particular, this theorem implies the results of T.-C. Kuo and A. Parusinki for the
jacobian curve of two plane curves (see [56, 57]) or the result of E. Garcia Barroso
and J. GwoZdziewicz (see [41, Theorem 1]) about the jacobian curve of a plane curve
and its characteristic approximate roots. In [72, 38], the authors proved a particular
case of Theorem 1.6.12 when # has only an irreducible separatrix C = (f = 0) and
G is a hamiltonian foliation associated to a characteristic approximate root of C. In
[31, Section 7], we explain in a detailed way how to recover all these results from
Theorem 1.6.12.
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1.7 Analytic invariants of irreducible plane curves

The study of the analytic classification of plane curves in a systematic way started
with the work of O. Zariski in [82] although some previous works were published
before (see [20] for references about the subject). The complete classification for the
irreducible case was first given by A. Hefez and M. Hernandes in [48] (see also [49]
for a more detailed description of the results concerning the analytic classification
of irreducible plane branches). There are two types of invariants which appear in the
classification given in [48, 49]: discrete invariants provided by the set of differential
values of the curve and continuous invariants given by some coefficients in a Puiseux
parametrization of the curve.

As we mention in the introduction, given a plane curve C, the topological type
of a generic polar curve P = PC of C depends on the analytic type of C. We have
showed that, if C is irreducible, the set of quotient polars Q(C) can be computed in
terms of the equisingularity data of C and that the set Q(C) U {m(P)} determines
the topological type of C, where mo(#) is the multiplicity of a generic polar curve
of C. Moreover, let us see that there are some analytic invariants of the curve C that
can easily be obtained from a generic polar curve.

If {Bo,B1,...,Be} are the characteristic exponents of the curve C, by Merle’s
decomposition theorem, we know that the number of irreducible components § (%)
of P verifies that g < §(P) < my(C) — 1 = By — 1 but §(P) depends on the analytic
type of C. Moreover, if we write P = Uleyi the decomposition of # into irreducible

(7i,C)o

components, the set of polar quotients Q(C) = { ci=1,...,0 } is equal to

i . mo (yi)
{Bl, % s nl_f‘_gfl 1 } where {B0,B1, . .., B} is the minimal system of generators
-
of the semigroup I'c of C (see Section 1.4). Moreover, if we denote by #; the number
(vj:Co _ B ;
of branches y; such that W = s then the vector (1,12, ...,1g) is also an

analytic invariant of the curve C.

By the results of P. Rouillé (see [71, Corollary 4.5]) and Lemma 1.3.10, we have
that if C is an irreducible curve, ¥ € G¢ and P7 is a generic polar curve of 7, the
set of polar quotients Q () for the foliation # can be computed as

C,¢;
Q(F) = { ( (fg,))o : &; is an irreducible component of P(’t}
mol¢&;
F,&) +1
= {% : &; is an irreducible component of PT}
mo(&j

where 7o(F, &) denotes the tangency order of  with £ (see page 16) and the set

Q(F) is also equal to {81, %, e nl-éf; 1 } Hence, we can associate to # a vector
.

H(F) = (7, tZT ey tZ,E) where tl.T is the number of branches &; of P7 such that

Toinf’(z);] = nl__é — - Note that #(¥) is not determined by C, it depends on the

foliation: if we consider the foliations in Example 1.5.11, we have that tIT‘ = tlf2 =2

but tIT3 = 1. Consequently #(F) is an analytic invariant of the foliation ¥ .
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As we mentioned before, one of the main ingredients in the analytic classification
of plane curves is the set of values of differentials (see [82, 48, 49]). Let C be a germ
of irreducible plane curve in (C2,0) and let y(7) = (x(¢), y(¢)) be a parametrization
of the curve C. The set of differential values A¢ of the curve C is given by

Ac = {ord; (Y'w) + 1 : w e Q'},

where Q! is the C{x, y}-module of 1-forms in (C?,0).

Note that if 7 is the foliation defined by w = 0 and C is not a separatrix of 7,
then ord, (y*w) coincides with the tangency order 7o(¥, C) defined in Section 1.3.
Moreover, if ¥ is non-dicritical and Gy is the hamiltonian foliation defined by
df =0, where f is a reduced equation of the curve S of separatrices of 7, then we
have that

70(F,C) ZTo(gf,C) =(S#C) -1 (1.15)

and the equality holds if and only if ¥ is a non-dicritical second type foliation (see
Lemma 1.3.10 and [14, Corollary 1]).

In particular, if we consider 1-forms w which define non-dicritical second type
foliations, the values ord, (y*w) + 1 allow to recover the values of the semigroup I'c
of the curve. Thus, if we want to describe the set Ac \ I'c, we have to study the
values ord, (¢*w) + 1 for 1-forms such that the foliation defined by w = 0 is either
dicritical or it is not a second type foliation.

Note that given & € C{x,y} and a 1-form w, we have that ord,(y*(hw)) =
ord, (h(y(t))) +ord, (y*w), then we obtain Ac +'c C Ac: this property means that
the set of differential values Ac is a I'c-semimodule.

If C is a curve with only one Puiseux pair {(m, n)} (we will refer to this type of
curves as cusps) there exists a unique sequence of increasing non-negative integer
numbers (n,m, Ay,...,As), called a basis of Ac, with A¢c = Ule(/li + I'c) and

A ¢ Ulfll (1; +T¢) ([15, Proposition 6.2]). In [35], C. Delorme gives a description
of the structure of the semimodule of differential values when C is a cusp. In [15,
Appendices B and C], some of the results of Delorme concerning the structure of
Ac are proved with a different approach.

As well properties of the foliations defined by the 1-forms w; with ord, (y*w;)+1 =
A; are described in [15] for cusps. In particular, the bifurcation divisor E of G(C)
is dicritical for these foliations defined by w; = 0. For any free point P € E, let
C}, be the invariant curve of w; = 0 corresponding to the dicritical component and
passing through P. Then C}, is also an irreducible curve with only one Puiseux

pair {(m,n)} and semimodule of differentials values given by U{:_II (A4; +T¢) ([15,
Theorem 8.8]). If P is the infinitely near point of C in E, the curves C ;,C are called
analytic semiroots of the cusp C.

There are two recent papers by E. Casas-Alvero addressing the study of the
continuous analytic invariants in the classification of irreducible plane curves with
only one Puiseux pair. In [20], E. Casas-Alvero presents some results determining
which coefficients of the Puiseux series of the Puiseux parametrization affect the

analytic type of an irreducible plane curve with only one Puiseux pair; he uses
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the Newton polygon of the curve C in order to determine which coefficients of the
equation of C are “relevant” for the analytic classification of the curve. In [21],
the author tries to go deeper in the relationship between polar curves and analytic
classification of irreducible curves with only one Puiseux pair showing that the
topological type of generic polars and base points of polar curves provide only
partial information on the analytic type of the curve, and that generalized polars
contain more information.

Another recent paper [33] presents a method to construct dicritical foliations at
the bifurcation divisors of the reduction of singularities of an irreducible curve C
using the semiroots of the curve C. Moreover, the authors describe the relationship
between the 1-forms defining these foliations and the semimodule of differential
values Ac. It is also shown (Proposition 4.9) how to compute the Zariski invariant
A of Ac, that is, 2 = min(A¢ \ I'¢c) — n, considering dicritical foliations in the
first triple point of the resolution dual graph of C (this proposition extends a result
proved by O. Gémez-Martinez [44] for cusps). Recall that the Zariski invariant is an
analytic invariant introduced by O. Zariski in [80].

We would like to mention as well the paper [2] where the authors study the
relationship between analytic invariants, as the set of differential values A¢ and the
Tjurina number 7(C) of a plane irreducible curve C, and the corresponding analytic
invariants of its semiroots. In particular, they show how to determine part of Ac
from the sets of differential values Ac, of its semiroots Cy.
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