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Abstract

A Dirichlet stereohedron for a crystallographic group G is the Voronoi
region of any point with trivial stabiliser in the Voronoi diagram of its orbit.

We prove that Dirichlet stereohedra for three-dimensional crystallographic
groups containing reflections in three, two or one independent directions can-
not have more than eight, eighteen and fifteen facets respectively. We show
examples where the three bounds are attained.

As a tool for one of the cases, we study how many regions of a Dirichlet
tesselation in the plane can be intersected by each region of another Dirichlet
tesselation for the same group. We find out that the number is at most seven
for all planar crystallographic groups except, perhaps, those of type pgg.

Introduction

This paper deals with the combinatorial types of Dirichlet stereohedra in three
dimensions. More precisely, we find the exact maximum number of facets of three-
dimensional Dirichlet stereohedra corresponding to groups which contain reflections.

A discrete group of motionsin R%isa group of Euclidean isometries whose orbits
are discrete. If it contains d-independent translations then it is a crystallographic
group. Equivalently, a discrete group G is crystallographic if it admits a compact
fundamental domain. A fundamental domain for G is any closed connected region
with non empty interior and which covers R* by the action of G without gaps or
overlaps.

A special manner to find fundamental domains for a crystallographic group
is to compute the Voronoi diagram of the orbit of a point with trivial stabiliser.
The (closed) regions in the Voronoi diagram are fundamental domains and they
are called Dirichlet domains. In the theory of tessellations, a stereohedron is any
bounded convex polyhedron which tiles the space by the action of a crystallographic
group. Dirichlet domains are stereohedra and, hence, they are also called Dirichlet
stereohedra.

The study of the combinatorial types of stereohedra is related to Hilbert’s 18"
problem, “Building up the space with congruent polyhedra” (see [11], [15]). Although
Bieberbach (1910) and Reinhardt (1932) gave complete answers to the first two of
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Hilbert’s specific questions, other problems related to monohedral tessellations (i.e.
tessellations whose tiles are congruent, such as those which appear in Hilbert’s 18t
problem) remain open. An exhaustive account of them appeared in a survey article
by Grinbaum and Shephard [9]. In particular, they ask to determine the mazimum
number of (d — 1)-dimensional faces (i.e. facets)—or, at least, a “good” upper

bound—of convex polyhedral tiles of monohedral tessellations in R*. This problem,
for the case of stereohedral tessellations, is mentioned also in [18].

The only general result known concerning this is the fundamental theorem of
stereohedra proved by Delone in 1961 [6]. It says that a stereohedron associated

to a crystallographic group with a aspects in R? has at most 2¢(a + 1) — 2 facets.
Here, the number of aspects of a crystallographic group G is the index [G : G7] of
its translational subgroup Gr. In other words, the number of translational lattices
in which a generic orbit of G decomposes. As a corollary to our analysis of general
properties of stereohedra in Section 1 we provide a proof of Delone’s theorem for
the case of Dirichlet stereohedra (Theorem 1.8).

Starting with Fedorov, who studied some Dirichlet stereohedra with 14 facets
in 1899, there have been several attempts to find three-dimensional stereohedra
with “many” facets. F&ppl, Novacki and Smith discovered Dirichlet stereohedra
with 16, 18 and 20 facets, respectively, in 1916, 1935 and 1965 [7, 16, 19]. In 1972,
Koch [12] found Dirichlet stereohedra with 23 facets and later together with Fischer
[13] he produced some with 24 facets. With the data available at that time and
some heuristic arguments, in 1978 Brunner and Laves conjectured 26 to be an upper
bound for the number of facets of three-dimensional Dirichlet stereohedra and 3¢ —1
for the d-dimensional case.

This conjecture was found to be false two years later when Engel, with computer-
assisted techniques, found several families of Dirichlet stereohedra with facets from
17 to 38, for a cubic group with 24 aspects (see [8]). These are the stereohedra with
the maximum number of facets known so far, while Delone’s upper bound in three
dimensions is 390 since the maximum number of aspects of a three-dimensional
crystallographic group is 48. There is an agreement among the experts that the
maximum number of facets that a stereohedron can attain is closer to 38 than to
390 (see [8, page 214], [9, page 960], [18, page 50]).

Observe that in the constructions mentioned above only the particular case of
Dirichlet stereohedra (also known as plesiohedra) is considered even if, as observed
by Griinbaum and Shephard [9, page 965], “there seems to be no grounds to assume
that all stereohedra are combinatorially equivalent to plesiohedra (though no exam-
ple settling this question is known)”. The reason for this restriction is the absence of
practical methods for constructing non-Dirichlet stereohedra. As the same authors
state, “there seems to be no practical technique available which would be guaran-
teed to produce—if only carried out with sufficient perseverance—all combinatorial
types of stereohedra”. Algorithms for the same task restricted to Dirichlet stere-
ohedra are easy to design, since the existence of a particular combinatorial type
for a particular affine equivalence class of crystallographic groups is a quantifier
elimination problem over the reals. But the “perseverance” needed to accomplish
this task seems beyond the capabilities of present computers.

In this paper and the subsequent ones [2] and [3] we intend to find a more
realistic upper bound for the maximum number of facets of a three-dimensional
Dirichlet stereohedron. The results we have obtained so far are: For groups with
reflections, an optimal upper bound of 18 facets (this paper). For groups without
reflections, upper bounds of 102 for non-cubic groups and 162 for the cubic ones
(these can be found in [1]).

The method we use for studying Dirichlet stereohedra for a group G with re-
flections is based on the use of “reflection cells” of G, defined as the fundamental



domains of the reflection subgroup of G (or, equivalently, the regions in which the
reflection planes of G divide the space). Every stereohedron for G is contained in
a reflection cell (see Proposition 2.2). We first consider the number of facets that
a Dirichlet stereohedron can have inside and on the boundary of the reflection cell,
obtaining bounds of 16 and 6. Studying the dependence between the two types of
facets, we get a global bound of 18.

Actually, we study separately the cases of groups having reflections in three, two
or one independent directions (Sections 2.1 to 2.3). We get upper bounds of eight,
eighteen and fifteen facets respectively (Theorems 2.4, 2.7 and 2.12) and examples
where the three bounds are attained (Examples 2.5, 2.9 and 2.13). Summing up,
our main result is:

Theorem The exact mazximum number of facets of a three-dimensional Dirichlet
stereohedron corresponding to a group with reflections is 18.

When studying the case of reflections in only one direction in Section 2.3 we will
need to address the following problem: given two orbits GP and G@Q of the same
planar crystallographic group, how many regions of Vorgp(P) can intersect each
region of Vorgg(Q)? Section 3 is devoted to study this problem. We prove that the
number of regions is at most seven in all groups except perhaps those of type pgg,
and that there is an explicit example where seven is attained, for the group p2. For
pgg, we can only prove the bound of seven under the assumption that GP U GQ is
again an orbit of a crystallographic group, which is the case needed in Section 2.3.

All throughout the paper we use the International Crystallographic notation for
planar and three-dimensional crystallographic groups; see e.g. [14].

1 Some general properties of Dirichlet stereohedra

For any discrete set of points S C Rd, the (open) Voronoi region corresponding to

a point P € S, denoted Vors(P), is the region of R* containing those points which
are closer to P than to any other point of S, i.e.

Vors(P) = {z € R? : d(z, P) < d(z,Q),¥Q € S\ {P}}.
The closure of Vorg(P) is a convex polyhedron and it can be described as
Vors(P) = {z € R? : d(z, P) < d(z,Q),YQ € S\ {P}}.

Two points P,QQ € S are called neighbours in the Voronoi diagram Vorg if
Vors(P) and Vors(Q) share a facet. Equivalently, if there exists a sphere C which
passes through P and @) and which does not contain any other point of S. Here are
some straightforward properties of Voronoi diagrams that we will use:

Lemma 1.1 Let S be a discrete set of points in R

(i) Let S be partitioned in two parts S and S (i.e S;NSe =0 and S = S1USs).
If P € Sy and Q € S are neighbours in Vors, then Vors, (P)N Vors,(Q) # 0.

(ii) If S" C S and P € S, then Vorg(P) C Vors:(P).
(iii) If A,B,C,D € S form a planar quadrilateral with vertices in that order, then:

/A+ /C <180° = A is not a neighbour of C in Vorg.



The Voronoi diagram of an orbit of a crystallographic group is called a Dirichlet
tessellation. Throughout the rest of this section G is a crystallographic group (of
arbitrary dimension d) and GP is the orbit of a point P with trivial stabiliser. We
are interested in the neighbours of P in Vorgp. Each such neighbour corresponds to
a facet of the Dirichlet stereohedron Vorgp(P). The following result implies that,
for any g € G, gP is a neighbour of P if and only if g1 P is also a neighbour.

Proposition 1.2 Letg € G. If f is the common facet of Vorgp(P) and Vorgp(gP),
then g~ f is the common facet of Vorgp(P) and Vorgp(g~'P). m|

Our methods for bounding the number of neighbours of P in Vorgp are based in
decomposing G P via parallel subspaces (lines or planes) and bounding the number
of neighbours in each of them separately.

Lemma 1.3 Let a be an affine subspace and let 8 # « be a translate of «a; let
So=GPNaand S =GPNB. Let my : R* — « denote the orthogonal projection
to o and let S!, := 7,(Sg). Let P € a and () € B be neighbours in Vorgp. Then,
Vors, (P) N Vors: (m,Q) # 0.

Proof: Observe that S and S, are disjoint. Hence, Vors,(Q) N Vors, (P) # 0 by
parts (i) and (ii) of Lemma 1.1.

Let V denote the linear subspace orthogonal to o and 8. Then Vors (P) =
(Vors, (P) Na) +V and Vors,(Q) = (Vors,(Q) N B) +V = Vors: (m,Q). This
finishes the proof. O

Lemma 1.4 Let G'p be a crystallographic group generated by d linearly independent

translations and P € R". Let G2 ={t? : t € Gr} be the subgroup of Gr generated
by translations of vectors double the vectors of Gr. Then the following equalities
hold:

{Q € R : Vorg, p(P)N Vorg,o(Q) # 0} =

P
Y (QeR: TEY ¢ Vorg, p(P) 0 Vors, (@) =
@ geRr’: P;Q € Vorg,p(P)} =

@ Vorgz p(P).

Proof: Let ip be the inversion with center P (i% equal the identity and P is the
unique fixed point of ip). Then ipGrP = GrP and therefore Vorg,p(P) =
ipVorg,p(P) = irte (tpg Vorg,p(P)), where tpg is the translation of vector PQ.
Since tpg Vorg,p(P) = Vorg,o(Q), we have Vorg, p(P) = irte Vorg,o(Q). If
the intersection Vorg, p(P)N Vorg,o(Q) is not empty, since it is convex, the point
# has to belong to it and we are done with (1).

For the equality (2), it suffices to prove that P'g—Q is in Vorgp(P) if and only
if P;‘—Q is in Vorgo(Q). This holds since d(#,P) < d(%,tP), Vi € Gr &
d(212 Q) <d(BE9L, —tQ), Yt € Gr & d(EE2,Q) < d(HE2,1Q), vt € Gr.

For (3), let @ be such that 32 € Vorg,p(P) & d(£39,P) < d(Z129,tP) &
d(P,Q) < d(Q,2tP), Vt € Gr < Q € Vorgz p(P). m]



Note that the Voronoi region Vorgz (P) is the dilation of factor 2 of the region

Vorg, (P) and therefore the open Voronoi region Vorgz (P) contains aft most 24
points of any orbit GQ of G. With this and Lemma 1.4 we have:

Lemma 1.5 Let G'p be a crystallographic group generated by d linearly independent

translations and let P,Q) € R?. Then Vorg, p(P) intersects at most 2¢ regions of
VUT‘GTQ. O

Corollary 1.6 Let G be a crystallographic group with a aspects in R?. Let GP
and GQ be two different orbits. Then, the Voronoi region Vorgp(P) intersects at
most 2%¢a Voronoi regions of Vorag- O

Proposition 1.7 Let G be a crystallographic group. Let a be an affine subspace of
R* of a certain dimension k. Let Gy be the subgroup of G which fizes all the affine
subspaces that are translates of a, i.e. Go = {g € G : g(ta) = ta, Y translation t}.
Suppose moreover that Gy is a crystallographic group, regarded as a group of motions
in a (i.e., that Gy contains k independent translations).

Let P € « be a point with trivial stabiliser under G and let 3 # « be a translate
of a. Then, P has at most 2%ag neighbours on 3 in the Voronoi diagram Vorgp,
where ag is the number of aspects of Gy.

Proof: Let w be the orthogonal projection to the subspace a. By Lemma 1.3, if
@ € § is a neighbour of P € a, then Vorg,p(P) intersects Vorg,q (Q'), where
Q' = 7, Q. For each aspect of Gy there are at most 2* points ) € § such that
Vorg,q (Q') intersects Vorg,p(P), by Lemma 1.5. a

Although we will not need this result, the properties we have mentioned so
far lead to a short proof of Delone’s fundamental theorem of stereohedra for the
particular case of Dirichlet stereohedra:

Theorem 1.8 (Delone) Let G be a crystallographic group in R? with a aspects.
Then, any Dirichlet stereohedron for the group G has at most 2¢(a + 1) — 2 facets.

Proof: Let P be a point with trivial stabiliser, let GP be its orbit and Vorgp(P)
the Dirichlet stereohedron we want to study. Let G be the translational subgroup
of G. We decompose GP = GyP, U---UGyP,, with P, = P. Then, Vorgp(P) C
Vorg,p(P) and Vorg,p(P) intersects at most 27 regions in each Vorg, p, (P;) for
i # 1, which implies that P has at most 2¢(a—1) neighbours contained in G P\GrP.

Let G% be the subgroup of Gt consisting of translations of G doubled, as in
Lemma 1.4. No neighbour of P can be in G2.P and each neighbour in G7 P\ G%P
will be in the relative interior of a facet of Vorg: (P), by arguments similar to the

ones in the proof of Lemma 1.4. Since G2 has index 2¢ in G, the “density” of
points of G P \ G4 P in each region of Vorgs is 2% — 1 points per region. We are
interested in the points of G P\ G P which lie in the boundary of only two regions
of VoerT and the number of those is at most 2(2¢ — 1), as desired. a

2 Dirichlet stereohedra for groups with reflections

Let G be a crystallographic group with reflections in dimension d, let G, be the
subgroup of G generated by its reflections. Note that G, is not necessarily crystal-
lographic, since it might not contain d linearly independent translations.



Definition 2.1 A reflection cell of G is the minimal region of R? with all facets
lying in reflection hyperplanes. Equivalently, a reflection cell is a connected compo-
nent of the complement of the union of all the reflection hyperplanes of G.

The reflection cells are all congruent to one another and tile the space, since
they are Dirichlet domains of G,.. The reflection cells are bounded if and only if G
has reflections in d independent directions. Equivalently, if G, is crystallographic.
No point in a reflection plane of the group G can lie in an open Voronoi region of
Vorgp. Hence, Vorgp is a refinement of the tiling consisting of the reflection cells.
Moreover:

Proposition 2.2 Let R be a reflection cell for G and P € R. Let S = GPN R be
the set of points in the orbit GP of P inside R. Then,

Vorgp(P) = RN Vors(P).
Proof: Since GP D S we have Vorgp(P) C Vorg(P). In the same way

GP D G,P and R = Vorg, p(P) implies Vorgp(P) C R. Therefore Vorgp(P) C
Vors(P) N R.

Let € RN Vors(P) and suppose Q € GP \ S (see Figure 1 ). Since there
exists a reflection hyperplane | which separates z from @, it follows that there is
a point Q' € GP ( obtained from @ by reflection in ) with d(z,Q") < d(z, Q).
If dy = mingeap{d(z,Q)} we have that dy = minges{d(z,Q)} = d(z, P). Then,
d(z,P) < d(z,Q),VQ € GP = z € Vorgp(P). O
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Figure 1: Proposition 2.2

Given a point P in a reflection cell R we call external neighbours (resp. internal)
of P those neighbours of P which lie outside (resp. inside) R. By Proposition 2.2,
the common facet between Vorgp(P) and the region of an external neighbour is
part of a facet of R. Therefore P has at most as many external neighbours as the
number of facets of R. Proposition 2.2 says also that the internal neighbours of
P in Vorgp(P) are exactly the neighbours of P in Vorgpng whose corresponding
region intersects IR.

Among the 219 affine equivalence classes of three-dimensional crystallographic
groups, there are 100 with reflections. We will study separately the groups with
reflections in three, two and one independent directions. By this we mean, respec-
tively, that the normal vectors to the reflection planes span a 3, 2 or 1-dimensional
space respectively.

2.1 Groups with reflections in three directions

There are 28 classes of groups with reflections in three directions: 4 in the or-
thorhombic system, 7 in the tetragonal system, 4 in the hexagonal system, and 13
in the cubic system. Let G be one of them.



Proposition 2.3 Let P be a point with trivial stabiliser in G. Then, P has at most
6 external neighbours and at most & internal neighbours in Vorgp.

Proof: Every group generated by reflections is a direct product of groups whose
fundamental domains are simplexes (see [5, page 190]). Therefore the reflection cells
are products of simplices. The possibilities are a tetrahedron, a triangular prism
and a rectangular prism, so that the maximal number of facets of the reflection cell
is 6. The points of GP which are inside R are all at equal distance to the centroid
of R, since every isometry g € G has g(R) = R. Hence, the points of GP N R lie
on a sphere. Their Voronoi diagram induces a monohedral tiling of this sphere and
by Euler’s formula each region in such a tiling has at most five edges. Hence, the
number of internal neighbours of P is at most 5. a

Theorem 2.4 For any three-dimensional crystallographic group G with reflections
in three independent directions and any point P with trivial stabiliser, the Dirichlet
stereohedron Vorgp(P) has at most eight facets.

Proof: Recall from the previous proof that the points of GP inside R lie on a sphere,
centred at the centroid O of R. More precisely, they form an orbit of a finite discrete
group of motions which we call Go. Moreover, Go is a subgroup of the symmetry
group of the reflection cell R and it does not contain reflections. This implies that
the only possibilities for Go are (see [14, pages 124-130]):

1. A cyclic group consisting of rotations around a line. In this case P has only
two internal neighbours.

2. A dihedral group generated by a rotation of order m (m € {1,2,3,4,6})
around a line [ and either an inversion (if m is odd) or a rotation of order two
on a line perpendicular to ! (for m > 2). Let us call ‘vertical’ the direction
of I. If m = 2, P has at most three internal neighbours (since Go has four
elements). In any other case P has at most four internal neighbours: two in
the horizontal plane containing P and two in another horizontal plane.

For the external neighbours, observe that R has to be a prism over either a
square (and m = 2 or 4), a triangle (and m = 3) or a rectangle (and m = 2).
Vorgp(P) is contained in an angular sector of 360/m degrees around I, which
implies that it can be incident to at most two vertical facets of R in the cases
where m # 2 and at most three in case m = 2. This gives at most four
external neighbours for m # 2 and at most five for m = 2.

3. The group of direct symmetries of either a regular tetrahedron (12 elements)
or a regular cube (24 elements). In both cases R has to be a regular cube,
since a regular tetrahedron does not tile the space, and the group G contains
the rotations of order three on the four diagonals [, I, I3 and I4 of the cube.
Considering a particular diagonal I;, Vorgp(P) has to be contained in an
angular sector of 120 degrees at that diagonal. Such a sector intersects at
most four facets of the cube (see Figure 2). More precisely, for each diagonal
[; of the cube there are two facets of the cube sharing an edge which does not
meet [; and which do not produce facets of Vorgp(P). This implies that at
most three of the facets of the cube produce facets of Vorgp(P). Hence, P
has at most three external neighbours. a



Figure 2: An angular sector of 120 degrees at a diagonal of a cube

Example 2.5 A Dirichlet stereohedron with eight facets, for a group with three
independent reflections.

Consider the group I %%% generated by the reflections on the six facets of a
square prism and the eight direct symmetries of the prism. Its reflection cell is
the square prism and it has eight points of each generic orbit inside the reflection
cell, forming the vertices of a square antiprism with bases parallel to those of the
prism. In part (a) of Figure 3 the reflection cell is projected to a square and the
vertices of the two square bases of the antiprism are drawn as black and white points
respectively. The point P is labelled 1 and the others 2,...,8. Let us call vertical
the direction of the prism and upper the plane containing P. Suppose first that
the reflection cell is very long in height. Then P has seven neighbours: the four
vertices adjacent to it in the skeleton of the antiprism (two in each square, labelled
2, 3, 7 and 8 in the figure) its reflection on the top facet of the reflection cell and
its reflections on the two vertical facets of the reflection cell closer to P. See part
(b) of Figure 3.
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Figure 3: A Dirichlet stereohedron with 8 facets for a group with three independent
reflections

Let O be the center of both the reflection cell and the antiprism with vertices
in the orbit. Let v (resp. v’ and v") be the end-point of the edge 128 (resp. 123
and 178) in the boundary of the reflection cell. Clearly, the edges 123, 128 and
178 are all incident to O. This implies that v is the lowest point in the region of
P. If we decrease the height of the reflection cell by moving its two square bases
simultaneously towards the center, the first combinatorial change in the Voronoi
region of P will occur when the bottom reflection plane cuts off the vertex v and
the top reflection plane traverses the vertices v’ and v”. The change in v’ and v”
does not affect the number of neighbours of P, but the change in v increases the
number by one, since the bottom reflection plane creates now a facet in the Voronoi
region. This is shown in part (c) of Figure 3, where the region 1 is still a neighbour



of the regions 2, 3, 7 and 8 and it has four facets on the boundary of the prism.

2.2 Groups with reflections in two directions

There are 40 groups with reflections in two directions: 10 in the orthorhombic
system, 19 in the tetragonal system, 6 in the trigonal system and 5 in the hexagonal
system. Let G be one of them and let R be one of its reflection cells. Let a be a
plane perpendicular to all the reflection planes. The projection of R on the plane «
is a bounded reflection cell of a two-dimensional crystallographic group, i.e. one of
the five triangles or quadrilaterals shown in Figure 4. R is an infinite prism having
as “base”one of the five polygons.

Figure 4: Bounded planar reflection cells

The points inside the prism R form a finite family of 1-dimensional lattices in
the direction orthogonal to «, and the number of these lattices cannot exceed the
number of symmetries of the planar projected reflection cell, since every element
of GG sending P to a point inside R fixes R. The maximum number of possible 1-
dimensional lattices is shown by black dots in each case in Figure 4. The extremal
case is that of a square, in which there are eight such dots.

Proposition 2.6 Given a group G with reflections in two independent directions,
any point P with trivial stabiliser has at most most 16 internal neighbours and at
most four external neighbours in Vorgp.

Proof: Since R has at most four facets, P has at most four external neighbours. By
Proposition 1.7, P has at most two internal neighbours in each of the 1-dimensional
lattices of GP inside R, hence it has at most 16 internal neighbours. a

Theorem 2.7 For any three-dimensional crystallographic group G with reflections
in two independent directions and any point P with trivial stabiliser, the Dirichlet
stereohedron Vorgp(P) has at most eighteen facets.

Proof: We only need to deal with the case where the number of 1-dimensional
lattices inside R is exactly eight, i.e. the case represented on the right-most picture
of Figure 4. We will prove that one of the following two things occurs: either P
has no neighbour in the 1-dimensional lattice containing it (in which case it has at
most 14 internal neighbours) or P has at most two external neighbours.

Figure 5: P has at most 16 neighbours



To prove this, suppose that P is a neighbour of one of the points in its 1-
dimensional lattice. Hence, by Proposition 1.2 it is a neighbour of two points in
that lattice. If we look at the Delaunay triangulation of G P, this implies that the
line orthogonal to o and containing P consists of Delaunay edges. By the action
of the symmetry group, the same occurs with all the other lines orthogonal to «
containing points of GP. The end of the proof is illustrated in Figure 5. The points
P;3 and Py, reflected images of P by the two facets of R further away from P, cannot
be neighbours of P since this would produce Delaunay edges crossing two of the
lines orthogonal to a. a

For our next example we need the following result:

Lemma 2.8 Let g be the screw rotation of order 8 around the vertical axis x =
y = 0, with translation of length 1, i.e. g(x,y,2) = (”’—\;iy, I\E’,z%— 1). Let {g) be the
(infinite cyclic) group generated by g. Then, any point P not in the axis of g has
sizteen neighbours in Vorgp(P).

Proof: Without loss of generality we can assume P = (a,0,0), with a > 0.

Let us denote P; = g*(P) for every i € Z. We will prove that P (= P) is a
neighbour of the sixteen points P; with ¢ € {—8,...,8},i # 0. It is clear that P is
always a neighbour of P; since P and P; are equidistant to (0,0, 1/2) and closer to
it than any other P;. The same argument works for P_;.

Consider now the following quadruples of points: {P_o, P_1, Py, Py}, {P_3, P_»,
P, P3}, {P_4,P_5,P3,P;}. By symmetry, the centres of spheres passing through
them lie all in the X-axis. Their coordinates are:

-3 -5 -7
01—<\/§a,0,0>, OZ_(\/EQ7O7O> and O3—<(2_\/§)a,0,0>.
For each quadruple, let us check that every P; not in the quadruple is fur-

ther from the sphere center than the ones in the quadruple. We only need to
check this for the points Py = (a,0,0), Pi = (a/V2,a/v2,1), P» = (0,a,2),
Py = (—a/Vv2,a/v/?2,3) and P, = (—a,0,4). The ones with i € {—4, -3, -2, —1}
are obtained by a rotation around the line y = z = 0 in which the three centres lie,
and the rest of P;’s are clearly further from that line. We have:

d(Po,01)* —d(P1,01)* =3v2 -4 d(P,0:1)* = d(P2,0:)”

d(P3,0:)? — d(Py,01)? = 2 d(Py,0:)? —d(Py,0,)% = 12 — 32
d(Py,02)* —d(Ps,02)? =52 -4 d(Py,02)* — d(Py,02)* =2
d(Py,05)? = d(Ps, 05)? d(Py, 02)? — d(Py, 05)% = 12 — 52
d(Py, 05)? — d(Py, 03)% = WL2=L - d(Py, 03)? — d(P, 05) = 2242210
d(Ps,05)? — d(Py, 03)* = 22710 d(Py, 03)? = d(Py, 03)*

This implies that each pair of points in the same quadruple are neighbours in
Vorgp(P). By symmetry, if P; and P; are neighbours, then P;_; is a neighbour of
Py. This finishes the proof. a

Example 2.9 A Dirichlet stereohedron with 18 facets, for a group with two inde-
pendent reflections.

Let G be a group of type I 4’7133 whose reflection cell is an infinite orthogonal
prism over a square and generated by the following isometries:

1. Reflections on the four planes containing facets of the infinite prism. Assume
without loss of generality that these planes are given by the equations z = k,
x=—k,y=Fkand y = —Fk for a certain k > 0.
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2. A screw rotation p of order four around the axis of the prism. We assume
without loss of generality that p sends (z,y,2) — (—y,z,z + 2).

3. A rotation o of order two on a horizontal axis and which fixes the prism.
Without loss of generality we take this axis to be y = z = 0, so that the
rotation is (z,y, z) — (x, —y, —2).

For any base point P in the reflection cell, the points in GPNR are the point ) =
o P obtained by the order-2 rotation and the points p'P and p'Q (i € Z) obtained
by the screw rotation. We take as base point P = (acos(w/8), asin(n/8),1/2) for
a certain @ > 0. Then o(P) = (acos(—n/8),asin(—n/8), —1/2), which is the same
point obtained by applying to P the inverse of the screw rotation g of Lemma 2.8.
This implies that GP N R is exactly the orbit (g)P which appears in Lemma 2.8
(we are using that g2 = p). The Lemma implies that taking k sufficiently large,
the Dirichlet region of P will have 16 facets in the interior of the prism. In order
to obtain a concrete example, it is sufficient that k& be such that the three sphere
centres Op, O2 and Ogs in the proof of Lemma 2.8 are inside the reflection cell. Le.,

it is sufficient that
7 N 11.95

2-v2)a a

Moreover, we can easily prove that the Dirichlet region has at least two external
facets: Since all the Dirichlet regions inside the prism are equivalent, all of them
have the same number of external facets. If all of them have only one external facet,
then there have to be some vertical facets in the Voronoi diagram inside R. But
this would imply that there are points in GP N R with the same height, which is
not the case: there is exactly one point in GPN RN {z = m + 1/2} for each integer
m € 2.

k>

2.3 Groups with reflections in one direction

There are 32 classes of three-dimensional crystallographic groups with reflections
in one direction: 5 in the monoclinic system, 16 in the orthorhombic system, 6 in
the tetragonal system and 5 in the hexagonal system. Let G be any one of them,
let R be a reflection cell of G and let P be a point in R and with trivial stabiliser.
The reflection cell R is an infinite strip determined by 2 parallel reflection planes
which we assume horizontal and at heights 1 and -1 (see Figure 6). Therefore the
maximal number of external neighbours is at most 2.

2 o _______
2h
1
h P !
hommee e R h=0-- P - - ___ R
-1
h2 o ___ -1
-2 o _______
@ (b)

Figure 6: Reflection planes for groups with reflections in 1 direction (a) h # 0. (b)
h=0

Let h be the height of the horizontal plane which contains the point P € R. Since
every element of G brings horizontal planes to horizontal planes, all the points of
the orbit GP lie on planes at distance 1— h from some reflection plane. Then, inside
R we have points of GP only on the planes h and —h. If h =0, h and —h is the
same plane (see Figure 6).
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Let Go = {9 € G : g(a) = @,V horizontal plane a} (Go is the subgroup of
G which contains the “horizontal motions”). We study the number of internal
neighbours of P separately among points of GP on the planes h and —h (if h = 0,
the second is not necessary).

Lemma 2.10 P € h has at most 6 neighbours on the plane h.

Proof: Let G, = {g € G : g(h) = h}, then GP N h = Gy(P).

If @ € hisaneighbour of P € hin the three-dimensional Delaunay triangulation
there exists a sphere S passing through P and ) with no point from the orbit GP
of P in its interior. The circle S N A in the plane h passes through P and @ and
has no interior point from GP Nh , therefore @ is a neighbour of P also in the two-
dimensional Dirichlet tessellation of Go P in the plane h. The maximum number of
neighbours of a point in a two-dimensional stereohedral tessellation is 6. |

Lemma 2.11 P € h has at most seven neighbours on the plane —h.

Proof: Suppose h # 0; otherwise the statement follows from Lemma 2.10.

Observe that GP N h = GoP and, for any @) € GP N (—h), GP N (—h) = GoQ.
By Lemma 1.3, we can bound the number of neighbours of P in the plane —h by
the number of regions of Vorg,p(Q) intersected by Vorg,p(P), either considered
as three-dimensional Voronoi diagrams or as two-dimensional Voronoi diagrams on
the same plane. Moreover, Go P U G¢@, when projected to the horizontal plane at
height 0, form an orbit of the subgroup of G which fixes this plane. By Theorem
3.1 of the next section, Vorg,p(P) intersects at most seven regions of Vorgop(Q).
O

Adding up the bounds for internal and external neighbours we conclude that:

Theorem 2.12 For any three-dimensional crystallographic group G with reflections
in only one independent direction and for any point P with trivial stabiliser, the
Dirichlet stereohedron Vorgp(P) has at most fifteen facets. a

Example 2.13 A Dirichlet stereohedron with 15 facets, for a group with only one
independent reflection.

Let Gg be a two dimensional crystallographic group of type p2 generated by
rotations of order two on the four vertices (0,0), (0,1), (1,0) and (1,1) of a square.
The dashed region in Figure 7 is the Dirichlet region of the point (1/2,¢€) for a
certain € € (%, 1), whose orbit is represented by black dots. The Voronoi diagram
of the orbit of (e,1/2) (white dots) is also shown. The small ovals in the Figure
represent rotation centres of order two. The Dirichlet region of one tessellation
intersects seven regions of the other, and the two orbits together form an orbit of a
group cmm.

Let now G be a three-dimensional crystallographic group of type P % 22 having

cc
G as its subgroup of horizontal translations and generated by Gy together with

e the reflections in parallel horizontal planes z = k and z = —k and

e the rotation of order two on the axis x = y = 0, which fixes one of the
reflection cells exchanging its two boundary planes.

)9
of the two orbits GoP and Goé considered in the proof of Lemma 2.11. If the two
reflection planes bounding R are sufficiently far, then P has exactly six neighbours
on the plane h, seven on the plane —h and one facet in the top reflection plane. If
we move closer the two reflection planes, the first combinatorial change occurs when
the bottom reflection plane crosses the lowest vertex of Vorgp(P), which increases
by one the number of neighbours, in a way similar to Example 2.5.

Let P = (%,e,h) and Q = (e, %, —h). Figure 7 can be regarded as the projection

12



Figure 7: The Dirichlet intersection number of a group p2 is at least seven

3 How two two-dimensional Dirichlet tessellations
of the same group intersect

The proof of Lemma, 2.11 relied on the answer to the following question: Given two
different orbits GP and GQ of the same two-dimensional crystallographic group G,
how many regions of the Dirichlet tessellation Vorgg can each region of Vorgp
intersect? We will call this number the Dirichlet intersection number of the group
G.

In this section we prove that the Dirichlet intersection number of every planar
crystallographic group is bounded above by seven, except perhaps for the groups of
type pgg. For pgg we have to make the extra assumption that the union GP U GQ
is again an orbit of a crystallographic group, which is the case that we needed in
Lemma 2.11. The following statement summarises our results:

Theorem 3.1 Let G be a planar crystallographic group and let GP and GQ be two
orbits of points with trivial stabiliser. Then, the number of Dirichlet regions of one
of the orbits intersected by each Dirichlet region of the other orbit is bounded above
by:

e one, for groups of types pmm, p3ml, pdm and pbm.
e two, for groups of types cm, cmm, p3lm and pdg.

e four, for groups of types pl, p3, p4, p6, pmg and pm.
e seven, for the groups p2 and pg.

e seven, for the group pgg, if GP U GQ is again an orbit of a two-dimensional
crystallographic group.

The bounds are tight in all cases except perhaps for pg and pgg.

Proof: The groups of types p2, p3, p4, p6, pg and pgg require an elaborate proof,
and will be dealt with in Sections 3.1 to 3.4. For the other eleven classes of planar
crystallographic groups, we have:

e Lemma 1.5 directly implies that the number is at most four for any group pl,
with one aspect. Independently of the metric parameters of the group, if the
base points P and @ for the two orbits are chosen sufficiently generic, then
the Voronoi region Vorgp(P) will intersect exactly four regions of Vorgg.
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e Proposition 2.2 implies that the Dirichlet tessellation for a group generated by
reflections does not depend on the chosen orbit, so the Dirichlet intersection
number for the groups p6m, pdm, p3m1 and pmm equals one.

e For the other groups which contain reflections in two independent directions
(p31m, pdg and cmm), all the points of the orbit inside a reflection cell R
must have the same distance to the centroid of R (every motion sending R to
itself fixes the centroid). Hence, RN GP and RN G(Q are orbits of the same
finite discrete group and, clearly, a region in one Voronoi diagram intersects
two regions in the other, except in degenerate cases where the two Dirichlet
tessellations coincide.

e For the three groups which contain reflections in only one direction (cm, pm
and pmg), the part of GP (or of GQ) inside R consists of one (for ecm) or
two (for pm and pmg) 1-dimensional translational lattices, placed in lines
parallel to the reflection lines. Using Lemmas 1.3 and 1.5 we conclude that
each region of Vorgp can intersect only the regions of at most two points in
each 1-dimensional lattice. Hence the Dirichlet intersection number is at most
two for em and at most four for pm and pmg. It is easy to check that both
bounds are tight. a

Observe that the groups pg and p2 have only two aspects, so Corollary 1.6
already implies that their Dirichlet intersection number is at most eight.

Remark 3.2 We conjecture that the Dirichlet intersection number of pgg is at
most seven, too. In Section 3.3 we prove it to be at most eleven. Applying the
methods used there in a more sophisticated way we can show that it is at most
nine, but we do not include a proof of this.

The number seven equals the maximum number of facets of a two dimensional
Dirichlet stereohedron plus one. It is an interesting possibility that the Dirichlet in-
tersection number of any crystallographic group in any dimension might be bounded
above by the maximum number of facets of a Dirichlet stereohedron for that group
plus one.

3.1 Groups of type p3, p4 and p6

Proposition 3.3 If G € {p3,p4,p6} and GP, GQ are orbits of G, then Vorgp(P)
intersects at most 4 regions of Vorgg.

Proof: For any of these three groups, the action of G tiles R? into two classes of
triangles with vertices in rotation centres of the group, as shown in Figure 8. We
call them “black” and “white”, respectively. Any black triangle is adjacent to three
white ones and vice-versa. The union of any pair of adjacent black-white triangles
is a fundamental domain for the group.

Without loss of generality we suppose P in a black triangle C; C>C3. Considering
the bisectors between P and the points of GP obtained from P by the rotations
at C1, C2 and C5 we conclude that the Voronoi region of P is contained in the
union of C1C5C5 and its three adjacent white triangles. If ) is in a white triangle,
this argument shows that Vorgp(P) intersects only the three regions of Vorgg
corresponding to points in the triangles adjacent to C;C>C3. Hence, in the sequel
we will assume without loss of generality that P and @ lie both in the same black
triangle C1C,Cs.

In this case, our previous argument implies that Vorgp(P) can intersect only
the following regions in Vorgg: the region of @) and the five (in ps and pg) or six
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Figure 8: The groups p3, p4 and p6 tile the plane into “black” and “white” triangles

(in p3) regions corresponding to points of G in the black triangles at distance two
from C,C3C5. These are the triangles contained in the thick polygons of Figure 8.
We will prove now that only three from the six or five black triangles other than
C1C,C3 produce regions which intersect Vorgp(P), for each fixed P and Q. For
this observe that the structure of the Dirichlet tessellation Vorgp for any point P in
the interior of C;C>C} is as follows: each region consists of a full black triangle and
part of its three adjacent white triangles, in such a way that a unique new vertex
of the tessellation, apart form the rotation centres, appears in the interior of any
white triangle. See Figure 3.1, where this is shown for the group p4.

Figure 9: The Dirichlet intersection number of p4 is four

Of course, the decompositions of the white triangles into three sub-triangles
are all equivalent by the action of the group. In a generic situation (and we only
need to consider this case since degeneracies can only decrease the number of regions
intersected) exactly one of the new vertices of Vorgp will be contained in Vorg(Q).
Say that it is the vertex in the white triangle incident to the edge C;C5, as in Figure
9. Then Vorgp(P) does not intersect any Voronoi region of Vorgg other than
Vorao(Q) in that white triangle. With similar arguments, in the other two white
triangles Vorgp(P) intersects respectively one and two regions of Vorge other than

VorgQ(Q). |

Actually, using the conventions of “black” and “white” triangles the proof of the
previous lemma says:

Corollary 3.4 If G € {p3,p4,p6} and GP, GQ are orbits of G, such that Q and
P do not belong to a triangle of the same colour, then Vorgp(P) intersects three
regions of Vorgg. If they belong to triangles of the same colour and they are suffi-
ciently generic, then Vorgp(P) intersects four regions of Vorgq. O
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3.2 Groups of type p2

Let G be a group of type p2, i.e. generated by two translations of vectors which
we denote a and b and a rotation of order two. The order-two rotation centres
of G form an affine two-dimensional lattice and the translation vectors are exactly
twice the differences between rotation centres. The plane can be naturally tiled
with congruent triangles with vertices in the rotation centres and without obtuse
angles. There is a unique way of doing this, unless the translation vectors a and b
are orthogonal, in which case we choose one of the two possibilities. Any of these
triangles, together with its three adjacent ones, forms a fundamental domain for G.
One is shown in Figure 10.

Figure 10: A fundamental domain for G = p2

We divide each of the triangles into three “ortho-regions” labelled A, B and C
by drawing the altitudes from the vertices to the orthocentre (see again Figure 10).
For symmetry reasons we will rather speak of rhombi of types A, B or C, where a
rhombus is the union of two adjacent ortho-regions labelled with the same letter.

For any choice of the point P in a certain rhombus labelled A, the region
Vorgp(P) is contained in the shaded region of Figure 11(a). We call this the
extended Dirichlet region associated to the rhombus A. To prove this assertion, the
rest of the plane has been is divided into pieces associated to certain points in the
orbit GP, displayed in the Figure. It is easy to check that the piece containing a
certain point P’ € GP consists of points which are closer to P than to P’ for any
choice of P in the rhombus. The way to verify this is to consider the bisector of P
and P’, for varying P (taking into account in each case the isometry sending P to
P’). Part (b) of the same Figure shows the extended Dirichlet region of a rhombus
labelled B.

Figure 11: Extended Dirichlet regions for the rhombi A and B

Of course, we can consider the extended Dirichlet region for any other rhombus
of type A, B or C. In order to bound the number of regions of Vorg intersected by
Vorgp(P) we will use the obvious fact that if Vorgp(P) N Vorgo(Q') # 0 then the
extended Dirichlet regions of the rhombi containing P and @' overlap. Without loss
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of generality we suppose that P lies in a rhombus labelled A and we will consider
the cases of @) lying in a rhombus A or B separately. The case of a rhombus C
would be analogous to B.

[4, 4]

There are thirteen rhombi of type A whose extended Dirichlet region intersects a
given one also of type A. The easiest way to see that this is true is observe that the
initial extended Dirichlet region is contained in the union of a parallelogram with
its vertices in rotation centres and the four parallelograms adjacent to it. Hence,
the rhombi we are interested in are contained in the “Aztec diamond” formed by
these five parallelograms and the eight ones adjacent to them. This is shown in
Figure 12.

Vi
NS
STy
NI

Figure 12: Possible intersecting extended Dirichlet regions in the case [A,A]

Now, these thirteen rhombi belong to two orbits by the action of G, one with
nine rhombi (shaded in Figure 12) and the other with only four. Hence, we only
need to deal with the case where G@ lies in the first orbit of rhombi. In this case,
without loss of generality we suppose that P and @ lie in the same rhombus, which
we denote Ap.

The other eight shadowed rhombi are the ones obtained by the four rotations
on the vertices of the parallelogram containing Ap and the four translates 7,(Ap),
T—a(Ap), (Ap) and 7_y(Ap). We claim that only one of 7,(Ap) and 7_,(Ap) can
contain a point of GQ) whose region intersects Vorgp(P) (and the same for b). This
reduces the number of possible intersecting regions from nine to seven, as desired.

To prove the claim, observe that the bisectors of P and 7, P and of P and 7—aP
form a strip of width |a| which contains Vorgp(P). In the same way, the bisectors
of () and 7,@Q and of ) and 7—a() forms a strip parallel to and of the same width
as the previous one, separating Vorgq(7,Q) and Vorgg(7—,Q). Hence, only one of
these two regions can intersect the strip containing Vorgp(P).

[4, B]

There are fourteen rhombi of type B whose extended Dirichlet region intersects a
given one of type A, as shown in Figure 13. Again, they divide into two orbits by
the action of G, each having seven elements. Hence, only seven rhombi can contain
points of the same orbit GQ.

3.3 Groups of type pgg

Let G be a group of type pgg, i.e. generated by two orthogonal glide reflections 7,
and 73, so that 72 := 7, and 77 := 7, are two orthogonal translations of vectors a
and b. G contains rotations of order two whose centres form a rectangular grid, and
any of the primitive rectangles in this grid (whose sides equal half the translation
vectors a and b) is a fundamental domain. See Figure 14. The two medial axes
of the rectangle are the axes of two glide-reflections generating G. We will call
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Figure 13: Possible intersecting extended Dirichlet regions in the case [A,B]

fundamental subdomains of G the four sub-rectangles in which the two medial axes
divide a fundamental domain.

Figure 14: A fundamental domain for G = pgg

Let GP and G@Q be two orbits of G. Without loss of generality we assume
that P and @ lie in the same fundamental domain D¢ and call A the fundamental
subdomain containing P. Let us call B, C and D the other three fundamental
subdomains in D¢, in a circular order (see again Figure 14).

In the same way as we did for p2, we compute an extended Voronoi region for the
fundamental subdomain A, i.e. aregion containing the Voronoi region Vorgp(P) for
every point P € A. The region obtained is the shaded one in Figure 15. Asin Figure
11(a), the rest of the plane is divided into pieces containing each a distinguished
element of GP so that for any choice of the point P € A the piece of a point P’
contains only points closer to P’ than to P.

I
Jd_o_1e_p_t_Jq__ve_p_tr_J__1°e_L
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| bl | bl |
d_o_1e_p_1t_Jq__e_p_tr_J__1°e_L
| | o | | o |

Figure 15: Extended Dirichlet region for A

We can consider the extended Dirichlet region for any other fundamental sub-
domain in the plane. We call influence region of the subdomain A the union of all
the subdomains whose extended Dirichlet region intersects the extended Dirichlet
region of A. Clearly, any point Q' € GQ such that Vorgg(Q') N Vorgp(P) # 0 will
lie in the influence region.
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To compute the influence region, first observe that it must be contained in the
“Aztec diamond” consisting of D¢, the four fundamental domains adjacent to D¢,
and the eight fundamental domains other than Dg adjacent to these four. Then,
compute the extended Dirichlet region of the thirteen shaded subdomains of Figure
16 (i.e., apply to the extended Dirichlet region of A the appropriate transformation
of G) and check that they do not intersect the extended Dirichlet region of A.

| | | |
dB_I_alc !t D _alc !t plB_I_AlL
c ! pgep ! c ' plp.l c ' D
_A_:_B _C_A_:_B_D__:_C_ A_:_B_
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A C_+JD_B_,_A_C_+JD_B_§:_
esbnd e L oadc o pdr o alc
JA_I_B ClA_I_BLD A_I_BL
D | coa=t=edn | cla DI C
dB_I_alc ! D alc ' plB_1_Al
c ' plp ' A B c ' D
I I I

Figure 16: Influence region of A

The influence region of A contains twelve fundamental subdomains of type A,
eleven of type C' and eight of types B and D. Actually, using the same argument
as in the proof of the case [4, A] in Section 3.2 the number of subdomains of type
A can be reduced to eleven (only two of the four subdomains obtained from A
by translation can produce intersecting regions). This immediately shows that the
Dirichlet intersection number of G is at most eleven. With more sophisticated
arguments we can decrease this to nine, but we will not do it here.

From now on we will concentrate in the case when GP U GQ is an orbit of a
crystallographic group, as needed in Section 2.3.

Lemma 3.5 Let G be planar crystallographic group of type pgg and P a point with
trivial stabiliser, in a certain rectangular fundamental domain Dg. Let Q € Dg
be such that the union GP U GQ is an orbit of another crystallographic group H.
Then, the element of H sending P to Q) is an involutive symmetry of Dg.

Proof: Let g be the element of H with gP = Q). If P = () then g is the identity and
there is nothing to prove. Suppose P # Q.

Once we prove that g is a symmetry of the rectangle Dg, the fact that g is an
involution is easy: let ¢’ € H such that ¢'Q) = P. Applying the lemma with P and
@ exchanged, we conclude that ¢’ is a symmetry of Dg too. Now, if g # ¢', then
H contains two non-trivial elements which fix Dg and the index of G in H would
be at least three, which is false. Hence, g = ¢’ and g?P = P. Since P has trivial
stabiliser in G, g? is the identity.

Let us now prove that g is a symmetry of Dg. We have the following two
possibilities: either H has exactly the same rotations of order two as G, in which
case it is clear that g is a symmetry of D¢ since it preserves the rectangular grid,
or g sends the rectangular grid of rotation centres of G' to another grid. We assume
this is the case. Observe that, then, H is the group generated by G and any of the
new rotations.

Any of the two grids of rotation centres is invariant under the rotations of the
other one. There are only three ways in which this can occur: (a) the second grid
has rotation centres in the center of the rectangles of the first, (b) the second grid
has rotation centres in the midpoints of vertical edges of the rectangles of the first
grid and (c) the same with horizontal edges.
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In the three cases H contains a non-trivial symmetry of the rectangle D¢g. In
case (a), the rotation of order two at the centre of the rectangle D¢. In case (b), the
reflection at the vertical axis of D¢ and in case (c) the reflection at the horizontal
axis. In the last two cases the reflection in question is obtained as a composition of
a rotation of order two in H and a glide reflection of G.

This symmetry of Dg sends P to an element of GQ in D¢, i.e. to Q. a

There are six possible involutions of D¢, displayed in Figure 17: the identity, the
rotation of order two at the centre of the rectangle, the reflections on the horizontal
and vertical axes of the rectangle and, if the rectangle is a square, (i.e. if |a| = |b|)
the reflections on the two diagonals of the square. We name these cases [A, A],
[4,C], [4, B], [A, D], [A, A'] and [A, C'] respectively, and study them separately.

[AA] [AC] [AD] [AB]
: @A : 'A : o A B o : o A
lcer | | tebp ]
[AA] [AC]

Figure 17: The six possible involutions of D¢

[4, 4]

Vorgp(P) intersects only one region of the Voronoi diagram Vorgg, since P = Q.
[4, B] and [4, D] |

We just need to discard one of the eight fundamental subdomains of types B and
D in the influence region of Figure 16. We do this with type B, since type D is
analogous.

Let P be our base point in the subdomain A of our fundamental domain Dg and
let @ be the reflected on the vertical axes, lying in the subdomain of type B. Let
P'" and @' denote the points of GP and GQ in the fundamental domain adjacent
to the subdomains B and C of D¢ (the one next to the central one on the left, in
Figure 16). We have P' — P = Q' — @) so that the bisectors of P and P' and of @
and Q' are parallel. Moreover, the first one is closer to P than the second one, and
hence these two bisectors separate the regions Vorgp(P) and Vorgg(Q').

[1.c1]

In the case [A, C], we want to prove that among the 11 fundamental subdomains
of type C inside the influence region there are at most seven whose Voronoi regions
intersect Vorgp(P). In Figure 18 we show the parts of the orbits GP and GQ
which lie inside the influence region, with black and white points, respectively. We
will prove that the regions corresponding to the points labelled 2', 4', 5" and 6' in
Figure 18 (where P = 0 and @ = 0') do not intersect Vorgp(P).

Observe first that the bisector bi(0,1) is parallel to bi(1',2") and with bi(0,1)
closer to 0 and bi(1’,2") closer to 2'. Thus, the Voronoi region of 2 can not intersect
the one of 0. In the same way we eliminate the point 4’ using the bisectors bi(0, 3)
and bi(3',4").

In order to show that the Voronoi region of 5’ in Vorgg does not intersect the
one of 0 in Vorgp, we will concentrate on the eight points 0, 0', 1, 1, 3, 3', 5 and
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Figure 18: The case [A4, C]

5', displayed in Figure 19. The Voronoi diagram of the four points 0, 1, 3 and 5 is
shown with solid lines. The Voronoi diagram has to be combinatorially as shown in
the figure since 0 and 5 are equidistant to the centre of the figure and closer than
3 and 1. The Voronoi diagram of 0’, 1’, 3’ and 5’ is shown in dashed lines, and
obtained from the other one by a reflection in either a vertical or a horizontal line.
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Figure 19: The case [4, C]. Vorgg(5') does not intersect Vorgp(0)

Let v" be the unique vertex of the region of 5’ (incident to the regions of 1’ and
3'). By symmetry, v’ is on the same vertical line r as the vertex v, between the
regions of 0, 3 and 5 and on the same horizontal line [ as the vertex v; between the
regions of 0, 1 and 5. Then, the region Vorg 13 5)(0) is contained in one of the
quadrants determined by [ and r while Voryy 13 51(5') is contained in the union
of the other three quadrants. Hence, the two regions do not intersect, and, by part
(ii) of Lemma 1.1, the corresponding regions in Vorgp and Vorgg do not intersect
either.

The same reasoning as for 5', applied taking 6’ as base point, implies that the
regions of 0 and 6’ do not intersect.
|[4, 4] and [4,C"]
The remaining cases [4, A'] and [A4, C’] only make sense if the fundamental domain
is a square, i.e. if the two orthogonal translation vectors a and b of our group
have the same length. In this case we compute an extended Dirichlet region again,
except that we now divide the fundamental domain into eight congruent triangles
instead of four rectangles, as shown in Figure 20. The extended Dirichlet region
for the triangle A is shown in the left, and the associated influence region on the
right. There are only six triangles of each of the types A" and C' inside the influence
region of A. Hence, the number of regions of Vorgg which overlap Vorgp(P) is at
most six. a
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Figure 20: For |a| = ||, (a): extended Dirichlet region for A (b): Influence region
for A

3.4 Groups of type pg

Let G be a planar crystallographic group of type pg, i.e generated by two orthogonal
translations of vectors a and b and a family of glide reflections with translation of
vector £ on lines parallel to a and distant |2| to one another. Any translation of
the rectangle a x % with two sides on glide-reflection axes is a fundamental domain
for G.

Let P be any point and let s denote the segment parallel to b containing P and
joining the closest glide-reflection axes (we assume that P is not on a reflection axis).
Using the methods of the previous sections we can easily construct an extended

Dirichlet region for the segment s, which is shown in part (a) of Figure 21.

. . o o ""

Figure 21: Extended Dirichlet region and influence region for the group pg

Similarly, we construct the influence region of s, defined as the union of all
the segments parallel to b and joining two consecutive glide-reflection axes whose
extended Dirichlet region intersects the one of s. This is shown in part (b) of
Figure 21. The influence region is contained in the union of eight Dirichlet domains
of pg: two in between the same glide-reflection axes as P and s, two in each of
the two adjacent strips between reflection axes and one more in each of the next
two strips. In principle this produces a Dirichlet intersection number of eight, but
we can reduce it to seven using the same argument as in the case [A, A] of the
group p2: for any point @, the Voronoi region Vorgg(Q) is contained between
the bisectors bi(Q, Q) and bi(Q, 7, 1Q), which form a band of width |g| parallel
to a. In particular, only one of the two regions Vorgq(m,Q) and Vorgo(m, 'Q)
can intersect Vorgp(P). This reduces to one the two possible intersecting regions
produced by the two fundamental domains in the strips farther from s.
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