
that of a monopole antenna. The patch of this antenna is used to
match the impedance, therefore it has nothing to do with the
radiation pattern. The size of the ground plane is 15 cm 
 15
cm. The calculated and measured antenna gains in the xz plane
have 2.92 and 2.73 dBi, respectively. This slight discrepancy
can be attributed to the effects of the finite ground plane and
conductor loss. The gain of the proposed antenna is higher than
that of a similar-size antenna [3].

4. CONCLUSIONS

The proposed antenna has a small size and high gain that was
verified with measurement and simulation. As seen in Figure 2, the
resonant frequency of the present model can be reduced by 35%
compared to the conventional antenna. Impedance bandwidth
(VSWR � 2) and gain have 9.0% and 2.73 dBi, respectively.
Although the size of the proposed antenna is similar to that of a
chip antenna, the gain of the antenna is higher than that of a chip
antenna [4]. This has a useful application for the ISM band
(2.4–2.4835 GHz).
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ABSTRACT: This Letter introduces a novel impedance boundary con-
dition (IBC) for the matched termination of waveguide ports in finite-
difference–time-domain (FDTD) simulators. It is based on approximat-
ing the wave impedance by a rational function over the frequency band
of interest. To show the validity of the proposed IBC, the reflection
coefficient of a wideband matched 90° H-plane corner in rectangu-
lar waveguide is computed. The results obtained, which are less than
�45 dB over the whole waveguide band, are in good agreement with
those obtained by a commercial finite-element simulator. © 2002 Wiley
Periodicals, Inc. Microwave Opt Technol Lett 34: 151–155, 2002;
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1. INTRODUCTION

The finite-difference–time-domain (FDTD) method is a powerful
and flexible technique for the analysis of a great variety of elec-
tromagnetic problems. Applying the FDTD method to the compu-
tation of scattering parameters of microwave circuits requires an
adequate termination of the circuit ports. This usually means that
reflected waves should be eliminated by properly matching the
ports.

The accurate and efficient wideband matching of waveguide
ports is therefore an interesting topic that has received consider-
able attention over the last few years. The approaches available,
for the matched termination of waveguides in FDTD simulations

Figure 3 Radiation pattern at 2.44 GHz (solid: measurement, dotted:
simulation) (a) xz plane, (b) xy plane
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can be grouped into three main categories: the use of one-way
absorbing boundary conditions (one-way ABCs) [1, 2], perfect
matched layers [3, 4], and impedance boundary conditions (IBCs)
[5, 6].

The application of IBCs to the matching of waveguide ports
basically consists of terminating the waveguide by an impedance
with the same value as the wave impedance of the mode under
consideration. The wave impedance is then implemented, at the
waveguide terminal plane, by relating the appropriate transverse
field components.

Unfortunately, wave impedance is not a rational function of
frequency. Consequently, the exact relation between fields and
wave impedance can not be written as a differential equation in the
time domain. In spite of this, IBCs can still be implemented in
various exact or approximate, ways. Analytically exact IBCs have
been derived by expressing the impedance relation as a convolu-
tion product in the time domain [5]. This approach, however, leads
to computationally expensive global-in-time algorithms. Several
authors have tried to alleviate this drawback by procedures such as
windowing the convolved functions [6], or modeling boundary
conditions as digital filters [7]. These procedures, which are used
to obtain approximate but more efficient IBCs, have the common
characteristic that they are applied in the time domain.

This Letter presents a novel and efficient IBC based on approx-
imating the wave impedance by a rational function of the fre-
quency. This approximation is carried out in the frequency do-
main, which has the advantage of minimizing the approximation
error in the frequency band of interest. As a consequence, the
efficiency of the resulting IBC is greater than that obtained by
using approximation techniques carried out in the time domain.

To validate this IBC, the computation of the reflection coeffi-
cient of a wideband matched 90° H-plane corner in a rectangular
waveguide. As will be shown, this structure presents a reflection
coefficient of less than �45 dB over the whole waveguide band,
and therefore the good performance of the IBC used in this
example is of great importance. The results obtained have been
compared with those given by the HFSS commercial finite-ele-
ment simulator.

2. THEORY

Approximation of the Exact IBC. To illustrate the development of
the proposed IBC, a rectangular waveguide propagating the dom-
inant TE10 mode in the positive z direction will be considered. In
order to terminate the waveguide at the plane z � zmax, consider
the expression

Ey�s� � �Z��s�Hx�s�, (1)

which relates, in the Laplace domain, the transverse field compo-
nents through the wave impedance of the TE10 mode:

Z��s� �
	s

�s2 � ��/a�2 ,

where 	 is the intrinsic impedance and a is the waveguide width.
The first step consists of approximating, in the frequency band

of interest, the wave impedance by a second-order rational func-
tion

Z��s� �
a0 � a1s � a2s

2

1 � b1s � b2s
2 ,

where am and bm are real-value coefficients. Then (1) can be
approximated by

Ey�s� � �
a0 � a1s � a2s

2

1 � b1s � b2s
2 Hx�s�, (2)

which constitutes an approximated IBC expressed in the Laplace
domain.

Discretization of the Approximated IBC. Now discrete-time ver-
sion of (2) that would be consistent with the conventional FDTD
equations must be derived to solve the fields in the interior of the
waveguide. The strategy followed to attain this goal consists of
first applying the Mobius transformation

s �
2

�t

1 � Z�1

1 � Z�1 , (3)

to transform (2) into the Z-transform domain as

Ey�Z� � �
c0 � c1Z

�1 � c2Z
�2

1 � d1Z
�1 � d2Z

�2 Hx�Z�,

where the coefficients cm and dm are related to am and bm, and to
the time step �t. This equation is then written in difference form
by simply considering the relationship Z�mF(Z) 7 Fn�m, which
leads to

Ey
n	1�rEy� � �

m�1

2

dmEy
n�m	1�rEy� � � �

m�0

2

cmHx
n�m	1�rEy�, (4)

where field quantities are evaluated at an arbitrary Ey node of the
waveguide port. This node, which is shown in Figure 1, is denoted
as

rEy � i �xx̂ � kmax �zẑ � �i, kmax�.

To reduce memory requirements, (4) is rewritten as an equiv-
alent set of first-order difference equations. This can easily be done

Figure 1 FDTD cell in the neighborhood of a waveguide port
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by using digital filtering techniques such as the transpose direct
method II [8], which leads to

Ey
n	1/ 2�rEy� � W1

n�1/ 2�rEy� � c0Hx
n	1/ 2�rEy�,

W1
n	1/ 2�rEy� � W2

n�1/ 2�rEy� � d1Ey
n	1/ 2�rEy� � c1Hx

n	1/ 2�rEy�,

W2
n	1/ 2�rEy� � �c2Hx

n	1/ 2�rEy� � d2Ey
n	1/ 2�rEy�, (5)

where W1 and W2 are auxiliary variables.
The discretization procedure described in this section has been

successfully employed in other areas of FDTD research, for ex-
ample, in the incorporation of dispersive media into FDTD simu-
lators [9].

Synchronization with the Conventional FDTD Scheme. Notice
that in the set of equations (5), Ey is evaluated at time instants t �
(n 	 1/ 2) �t and Hx at spatial points zmax � kmax �z. As a
consequence, these equations can not be directly implemented
because, as is shown in Figure 1, the conventional FDTD scheme
evaluates Ey at time instants t � n �t and Hx at spatial points z �
(k 	 1/ 2) �z. To overcome this problem, the average in time is
used to evaluate Ey

n	1/ 2(rEy
) as

Ey
n	1/ 2�rEy� �

1

2
�Ey

n�rEy� � Ey
n	1�rEy��, (6)

and the average in space to evaluate Hx
n	1/ 2(rEy

) as

Hx
n	1/ 2�rEy� �

1

2 �Hx
n	1/ 2�rEy �

�z

2
ẑ� � Hx

n	1/ 2�rEy �
�z

2
ẑ��. (7)

This approach, however, introduces the field Hx
n	1/ 2(rEy

	 (�z/
2) ẑ), which is defined at a spatial position that is outside of the
problem region, as is also illustrated in Figure 1. A new equation
must then be added to compensate for this new unknown. For this
purpose the Ampère-Maxwell equation discretized according to
the conventional FDTD scheme is used:

Ey
n	1�rEy� � Ey

n�rEy� �
�t

�z�
�Hx

n	1/ 2�rEy �
�z

2
ẑ�

� Hx
n	1/ 2�rEy �

�z

2
ẑ�� �

�t

�x�
�Hz

n	1/ 2�rEy �
�x

2
x̂�

� Hz
n	1/ 2�rEy �

�x

2
x̂��. (8)

Now solving equations (5)–(8) for the fields that are more ad-
vanced in time leads to

Ey
n	1�rEy� �

c0 �z�/�t � 1

c0 �z�/�t � 1
Ey

n�rEy� �
2

c0 �z�/�t � 1

� �W1
n�1/ 2�rEy� � c0Hx

n	1/ 2�rEy �
�z

2
ẑ��

�
�z c0/�x

c0 �z�/�t � 1 �Hz
n	1/ 2�rEy �

�x

2
x̂� � Hz

n	1/ 2�rEy �
�x

2
x̂��,

Ey
n	1/ 2�rEy� �

1

2
�Ey

n�rEy� � Ey
n	1�rEy��,

Hx
n	1/ 2�rEy �

�z

2
ẑ�

�
2

c0
�W1

n�1/ 2�rEy� � Ey
n	1/ 2�rEy�� � Hx

n	1/ 2�rEy �
�z

2
ẑ�,

Hx
n	1/ 2�rEy� �

1

2 �Hx
n	1/ 2�rEy �

�z

2
ẑ� � Hx

n	1/ 2�rEy �
�z

2
ẑ��,

W1
n	1/ 2�rEy� � W2

n�1/ 2�rEy� � d1Ey
n	1/ 2�rEy� � c1Hx

n	1/ 2�rEy�,

W2
n	1/ 2�rEy� � �c2Hx

n	1/ 2�rEy� � d2Ey
n	1/ 2�rEy�.

This set of equations is now ready to be directly implemented in an
FDTD simulator. This IBC has a number of interesting properties:
It is a formulation that preserves the second-order accuracy of the
conventional FDTD scheme; it is properly synchronized in space
and time (to be consistent with the conventional FDTD scheme);
and it requires only three additional storage variables, W1(i, kmax),
W2(i, kmax), and Hx(i, kmax 	 1/2), per each Ey node located at
the port.

3. VALIDATION

To validate the IBC presented in the previous section, the scatter-
ing parameters of a 90° H-plane corner in WR75 waveguide have
been computed. In order to obtain good matching over the whole
frequency band (10–15 GHz), the corner has been modified as
shown in Figure 2. As will be shown, this arrangement provides a
reflection coefficient of less than �45 dB over the entire frequency
band.

To minimize numerical errors other than those due to the
absorbing boundary conditions, the structure under analysis has
been discretized by a very fine FDTD mesh of �x � �z � � �

Figure 2 Wideband matched 90° H-plane corner in rectangular
waveguide. Distances are given in the text
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a/198. The other distances shown in Figure 2 are l1 � 72�, l2 �
140�, and l3 � 30�.

Figure 3 shows the modulus of the scattering parameter S11

computed by the FDTD method with both ports of the structure
terminated by the IBC presented in the above section. In order to
check the accuracy of these results, the data obtained by means of
the HFSS commercial simulator are also plotted. Apart from a
slight frequency shift, it can be seen that the results computed by
the two methods are in good agreement.

The use of absorbing boundary conditions that are not suffi-
ciently accurate in FDTD simulations may have a large impact on
the numerical results obtained. To illustrate this idea we have
recomputed the modulus of the scattering parameter S11 by the
FDTD method. All the parameters, except the boundary conditions
at the waveguide ports, have been held the same as in the previous
FDTD simulation. It this case, both ports of the structure shown in
Figure 2 have been terminated by a second-order one-way ABC in
which phase speeds have been taken to be equal to the speed of
light in free space (this condition is equivalent to a second-order
ABC given in [10]). Figure 4 compares the results obtained for this
second FDTD simulation with those provided by HFSS. In can be
observed that, in this case, the FDTD results are so distorted that
they are definitely not useful.

Finally, to illustrate more precisely the performance of the
proposed IBC the modulus of the reflection coefficient provided by
this boundary condition when it is used to terminate a waveguide
port has been computed. The parameters of the FDTD discretiza-
tion are the same as in the simulations described previously. The
results obtained are depicted in Figure 5, which shows that the
reflection coefficient is below �70 dB over the whole frequency
band. For the sake of comparison, Figure 5 also shows the reflec-
tion coefficient provided by the one-way ABC used to obtain the
results shown in Figure 4. It can be seen that the performance of
this boundary condition is very poor, which explains the bad
results of Figure 4.

4. CONCLUSION

This Letter has introduced an IBC for the matched termination of
waveguides. To develop this IBC, first the wave impedance is
approximated, in the frequency band of interest, by a second-order
rational function of the frequency. The resulting approximated
impedance is then used to relate the appropriate electric and
magnetic field components at the waveguide ports. The discreti-
zation of the IBC obtained in this way follows a procedure that
combines the application of the Mobius transformation with the
averaging of the electric and magnetic fields in time and space,
respectively. This averaging is required to properly synchro-
nize—in space and time—the IBC with the conventional FDTD
scheme, while maintaining at the same time the second-order
nature of the scheme.

To illustrate the validity of the IBC proposed, the computation
of the reflection coefficient presented by a wideband matched 90°
H-plane corner in rectangular waveguide was considered. The
results obtained are in good agreement with those provided by
HFSS. It has also been shown how the use of insufficiently
accurate boundary conditions may have a dramatic impact on the
results obtained.
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