NEWTON ITERATION, CONDITIONNING AND ZERO
COUNTING

GREGORIO MALAJOVICH

1. INTRODUCTION

Mathematicians’ obsession with counting led to many interesting and
far-fetched problems. These lectures are structured around a seemingly
innocent counting problem:

Problem 1.1 (Real root counting). Given a system f = (fi,..., fu)
of real polynomial equations in n variables, count the number of real
solutions.

You can also find here a crash-course in Newton iteration. We will
state and analyse a Newton iteration based ‘inclusion-exclusion’ algo-
rithm to count roots of polynomials.

That algorithm was investigated in a sequence of three papers by
Felipe Cucker, Teresa Krick, Mario Wschebor and myself (Cucker et
al., 2008; 2009; 2012). Good numerical properties are proved in
the first paper. For instance, the algorithm it is tolerant to controlled
rounding error. Instead of covering such technicalities, I will present a
simplified version and focus on the main ideas.

The interest of Problem 1.1 lies in the fact that it is complete for
the complexity class #Pg over the BSS (Blum-Shub-Smale) compu-
tation model over R. See Blum et al. (1998) for the BSS model of
computation. The class #Pg was defined by Meer (2000) as the class
of all functions f : R® — {0,1}> U {oo} such that there exists a BSS

Date: July 13, 2012.

Lecture notes for the Santalé summer school on Recent Advances in Real Com-
plexity and Computation, held at the Palacio de la Magdalena, Santander, and
sponsored by the Universidad Internacional Menéndez Pelayo and the Universidad
de Cantéabria.

G.M. is partially supported by CNPq and CAPES (Brazil) and by the Math-
AmSud grant complexity.

(©2011 by Gregorio Malajovich applies to Sections 2 to 6. Those appeared
previously in Malajovich (2011). ©2012 by the author for the remaining sections.

1



2 GREGORIO MALAJOVICH

machine M working in polynomial time and a polynomial ¢ satisfying
f(y) = #{z € RIC=O) . M(y, z) is an accepting computation. }

We refeer to Biirgisser and Cucker (2006) for the proof of completness
and to Cucker et al. (2008) for references on the subject of counting
Z€eros.

Counting real polynomial roots in R™ can be reduced to counting
polynomial roots in S". Given a degree d polynomial f(xy,...,x,), its
homogenization is f2°m°(xg, ..., z,) = xdf(x1/%0, - .., Tn/T0).

FEzercise 1.1 (Beware of infinity). Find an homogeneous polynomial
g = g(y,u) of degree 2 in n + 2 variables such that

#{xER": fi(x)=---= fu(x) =0} = %#{(y,u) c gl
LRT(y) == £ (y) = gy, u) = 0}

Because of the exercise above, Problem 1.1 reduces to:

Problem 1.2 (Real root counting on S"). Given a system f =
(f1,..., fn) of real homogeneous polynomial equations in n + 1 vari-
ables, count the number of solutions in S™.

This course is organized as follows. We start by a review of alpha-
theory. This theory originated with a couple of theorems proved by
Steve Smale (1986) and improved subsequently by several authors. It
allows to guarantee (quantitatively) from the available data that New-
ton iterations will converge quadratically to the solution of a system of
equations.

Then I will speak about the inclusion-exclusion algorithm. It uses
crucially several results of alpha-theory.

The complexity of the inclusion-exclusion algorithm depends upon
a condition number. By endowing the input space with a probability
distribution, one can speak of the expected value of the condition num-
ber and of the expected running time. The final section is a review of
the complexity analysis performed in Cucker et al. (2009) and Cucker
et al. (2012).

A warning: these lectures are informal. The model of computation
is cloud computing. This means that we will allow for exponentially
many parallel processors (essentially, BSS machines) at no additional
cost. Moreover, we will be informal in the sense that we will assume
that square roots and operator norms can be computed exactly in finite
time. While this does not happen in the BSS model, those can be
approximated and all our algorithms can be made as rigorous BSS
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algorithms at the cost of a harder complexity analysis (Cucker et al.,
2008).

Exercise 1.2. What would happen if you could design a true polynomial
time algorithm to solve Problem 1.27

Acknowledgements. I would like to thank Teresa Krick and Felipe Cucker
for pointing out some mistakes in a previous version.
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Part 1. Newton Iteration and Alpha theory
2. OUTLINE

Let f be a mapping between Banach spaces. Newton Iteration is
defined by

N(f,x) = x — Df(x) 'f(x)
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wherever Df(x) exists and is bounded. Its only possible fixed points
are those satisfying f(x) = 0. When f(x) = 0 and Df(x) is invertible,
we say that x is a nondegenerate zero of f.

It is well-known that Newton iteration is quadratically convergent
in a neighborhood of a nondegenerate zero (. Indeed, N(f,x) — ( =
DA (C)(x = ¢)* + -+

There are two main approaches to quantify how fast is quadratic
convergence. One of them, pioneered by Kantorovich (Kantorovich)
assumes that the mapping f has a bounded second derivative, and that
this bound is known.

The other approach, developed by Smale (1985, 1986) and described
here, assumes that the mapping f is analytic. Then we will be able to
estimate a neighborhood of quadratic convergence around a given zero
(Theorem 4.2) or to certify an ‘approximate root’ (Theorem 5.3) from
data that depends only on the value and derivatives of f at one point.

A more general exposition on this subject may be found in (Dedieu,
1997b), covering also overdetermined and undetermined polynomial
systems.

3. THE GAMMA INVARIANT

Through this chapter, [E and F are Banach spaces, D C E is open
and f : E — T is analytic.

This means that if xy € E is in the domain of E, then there is p > 0
with the property that the series

(1) f(x0) + Df(x0)(x — x0) + D?f(x0)(x — X0, X — Xg) + - - -

converges uniformly for ||x — xo|| < p, and its limit is equal to f(x)
(For more details about analytic functions between Banach spaces,

see (Nachbin, 1964; 1969)).
In order to abbreviate notations, we will write (1) as

£(x0) + Df (o) (x — x0) + 3 D Fx0)(x — x0)*

k>2

where the exponent k£ means that x—xg appears k times as an argument
to the preceding multi-linear operator.

The maximum of such p will be called the radius of convergence.
(It is co when the series (1) is globally convergent). This terminology
comes from one complex variable analysis. When E = C, the series
will converge for all x € B(xg,p) and diverge for all x &€ B(xg,p).
This is no more true in several complex variables, or Banach spaces

(Exercise 4.1).
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The norm of a k-linear operator in Banach Spaces (such as the k-th
derivative) is the operator norm, for instance

D" (x0)||zsr = sup ID*£(x0) (wy, .. ., ug) |-
[luillg=-=[luklle=1
As long as there is no ambiguity, we drop the subscripts of the norm.
Definition 3.1 (Smale’s v invariant). Let £ : D C E — F be an

analytic mapping between Banach spaces, and x € E. When Df(x) is
invertible, define

(qu(xO)—leﬂxwu ) =

1(£.%0) = sup -

k>2

Otherwise, set y(f,xq) = 00.

In the one variable setting, this can be compared to the radius of
convergence p of f'(x)/f'(x¢), that satisfies

(||f'(xo)_1f(k) ) o

p~ ' =limsup
k>2

k!
More generally,
Proposition 3.2. Let f : D CE — F be a C* map between Banach

spaces, and Xo € D such that v(f,x¢) < co. Then f is analytic in xg
if and only if, v(f,xo) is finite. The series

(2) F(xo) + Df(xo)(x—x0) + 3 2 DF ) (x — x0)"

is uniformly convergent for x € B(xq, p) for any p < 1/v(f,%g)).
Proof of Prop.3.2, if part. The series
1
Df(x0) 'f(x0) + (x = Xo) + Y EDf(Xo)_lef(Xo)(X — xo)"
k>2
is uniformly convergent in B(xg, p) where

1Df (x0) " D" (x0) | )i
k!

p b o< limsup(
k>2

< lmsupr(f,x0)'F
k>2
k—1
= lim v(f,xq) *

k—o00

= 7(f7 XO)
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Before proving the only if part of Proposition 3.2, we need to re-
late the norm of a multi-linear map to the norm of the corresponding
polynomial.

Lemma 3.3. Let k > 2. Let T :EF — F be k-linear and symmetric.
Let S:E — T, S(x) = T(x,X,...,X) be the corresponding polynomial.
Then,

|IT|| < e sup [[S(x)]|

[Ixl<1

Proof. The polarization formula for (real or complex) tensors is

b
1
Tl %) = 5 > a--aS <Z€zxz>

j=1,...k

It is easily derived by expanding the expression inside parentheses.
There will be 2Fk! terms of the form
€1 exT (X1, X, 5 Xp)

or its permutations. All other terms miss at least one variable (say x;).
They cancel by summing for ¢; = £1.
It follows that when ||x|| <1,

k
T(x1, - ,X5) < %m%txl IS (Zelxl)
]JL Lk =1
k,k:
< g sw (S|
©Ixl<t

The Lemma follows from using Stirling’s formula,
k! > V2rkkFe Fel/(12k+1)

We obtain:
1
T < —el2k+1> e® sup ||1S(x)]|.
Il < (—— sup S
Then we use the fact that k > 2, hence vV27wk > e. O

Proof of Prop.3.2, only if part. Assume that the series (2) converges
uniformly for ||x — xo|| < p. Without loss of generality assume that
E =F and Df(xq) = I.

We claim that

timsup sup. || DM (o) < 7
k>2 |lulj=1
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Indeed, assume that there is ¢ > 0 and infinitely many pairs (k;, u;)
with [|u;|| =1 and

H—D’“ (xo)u® |/ > p7H (1 +6).

In that case,

kg P ’ k
H—D f(x )(ﬁu) | >V1+6

infinitely many times, and hence (2) does not converge uniformly on

B(X()u p) :
Now, we can apply Lemma 3.3 to obtain:

1 1
lim sup ||EDkf(x0)||1/(k_1) < elimsup sup ||—D]"’f(xo)uk||ﬁ
k>2 !

k22 [ul=1
< elim p- (14+1/(k—1))
= epil
and therefore || D f(z)[|*/*~Y is bounded. O

Exercise 3.1. Show the polarization formula for Hermitian product:

Explain why this is different from the one in Lemma 3.3.

Exercise 3.2. If one drops the uniform convergence hypothesis in the
definition of analytic functions, what happens to Proposition 3.27

4. THE y-THEOREMS

The following concept provides a good abstraction of quadratic con-
vergence.

Definition 4.1 (Approximate zero of the first kind). Let f : D C E —
F be as above, with f(¢) = 0. An approximate zero of the first kind
associated to ( is a point xo € D, such that
(1) The sequence (x); defined inductively by x;41 = N(f,x;) is
well-defined (each x; belongs to the domain of f and Df(x;) is
invertible and bounded).
(2)

e — ¢l < 27 lxo — ¢]l.

The existence of approximate zeros of the first kind is not obvious,
and requires a theorem.
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5—

FIGURE 1. y = ¢(u)

Theorem 4.2 (Smale). Let £ : D CE — F be an analytic map between
Banach spaces. Let  be a non-degenerate zero of f. Assume that

37
B=5 (g’ 27(f76)> <P

FEvery xog € B is an approximate zero of the first kind associated to
C. The constant (3 —/T)/2 is the smallest with that property.

Before going further, we remind the reader of the following fact.
Lemma 4.3. Let d > 1 be integer, and let |t| < 1. Then,

el )t

k>0

Proof. Differentiate d — 1 times the two sides of the expression 1/(1 —
t)=1+41t+1t*>+---, and then divide both sides by d — 1! O

Lemma 4.4. The function ¥(u) = 1 — 4u + 2u? is decreasing and
non-negative in [0,1 —/2/2], and satisfies:
u

(3) W<1 foru €0, (5 —V17)/4)
(4) ﬁg% forue0,(3-7)/2] .

The proof of Lemma 4.4 is left to the reader (but see Figure 1).
Another useful result is:



NEWTON ITERATION, CONDITIONNING AND ZERO COUNTING 9

Lemma 4.5. Let A be a n X n matriz. Assume ||A —I||s < 1. Then
A has full rank and, for all vy,

lyl| lyl| .
1+ ||A =12 1—[|A=1I|

Proof. By hypothesis, ||Az| > 0 for all = # 0 so that A has full rank.
Let y = Azx. By triangular inequality,

[Az[| > [[z]| = [[(A = Dal| = (1 = (A= D)l2)[l]l.
Also by triangular inequality,
[Az[| < [lzf| + [[(A = D]l < (1 +[[(A = Dl2)l|]-

<A™yl <

The following Lemma will be needed:

Lemma 4.6. Assume that u = ||x — y||y(f,x) <1 —+/2/2. Then,
(1 —u)?

(u)
Proof. Expanding y — Df(x)"'Df(y) around x, we obtain:

IDE(y) " DE(x)|| <

DE() ' DE(y) = 1+ 3 ﬁDf(x)_lef(x)(y — )L

k>2
Rearranging terms and taking norms, Lemma 4.3 yields
1
(L =~lly —x)
By Lemma 4.5 we deduce that Df(x)~!Df(y) is invertible, and
1 (1 —w)?
1 - | DE(x)~'DE(y) — I %(u)

1Df(x) "' DE(y) — 1| <

5 — L.

(5) |IDf(y) "' DE(x)| <
O

Here is the method for proving Theorem 4.2 and similar ones: first
we study the convergence of Newton iteration applied to a ‘universal’
function. In this case, set

vt
11—t

hy(t) =t —yt2 =4 — ... =1t

(See figure 2).

The function h, has a zero at ¢ = 0, and y(h,,0) = . Then, we
compare the convergence of Newton iteration applied to an arbitrary
function to the convergence when applied to the universal function.
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v

FIGURE 2. y = h,(t)

Lemma 4.7. Assume that 0 < uy = vty < %ﬁ. Then the sequences

u
tiv1i = N(hy, t;) and vy = ¢(;)
are well-defined for all 1, lim;_,t; =0, and
|t;] _u < ( o >21_1‘
lto| w0 Y (uo)
Moreover,
M < 9-2'+1
lto] ~
for all i if and only if ug < 3’2\ﬁ.
Proof. We just compute
P(vt)
() = ——=
) (1 —~1)?
vt
th! (t) — hy(t) = ————
'y( ) V( ) (1 . ’Yt)z
t2
N<h’7at) = - 7

P(yt)
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When 1y < %ﬁ, (3) implies that the sequence u; is decreasing, and
by induction

u; = y|ti].
Moreover,

2 2 2
Uitr [ U Ug Ui Ug u;
uy (Uo) P(u;) = <u0> Y(ug) = (UO) '

By induction, ‘
hg )
Ug ¥ (uo)

This also implies that lim¢; = 0.
When furthermore ug < (3 — v/7)/2, uo/¥(ug) < 1/2 by (4) hence

u;/ug < 272 *1. For the converse, if ug > (3 —+/7)/2, then
it o

W N ¥ (uo)

>

N —

O

Before proceeding to the proof of Theorem 4.2, a remark is in order.

Both Newton iteration and v are invariant with respect to translation
and to linear changes of coordinates: let g(x) = Af(x — (), where A is
a continuous and invertible linear operator from F to [E. Then

N(g,x+¢) = N(f,x) + ¢ and (g, x + () = v(f, x).
Also, distances in E are invariant under translation.

Proof of Th.4.2. Assume without loss of generality that ¢ = 0 and
Df(() = 1. Set v = v(f,x), up = ||x0||, and let h, and the sequence
(u;) be as in Lemma 4.7.

We will bound

(6) [IN(E,x)[| = ||[x — DEx) () || < [ DE(x) 7 [[£(x) — DEGo)x].

The Taylor expansions of f and Df around 0 are respectively:

and

(7) DE(x) =T+ ;Dkf(o)xk‘l.

Combining the two equations, above, we obtain:

f(x) — Df(x)x = ) %D’“f(o)xk.

k>2
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Using Lemma 4.3 with d = 2, the rightmost term in (6) is bounded
above by

b g — I
® 1660 - DRG] < Y0k = Dl = 2 s

Combining Lemma 4.6 and (8) in (6), we deduce that

piledly
IN(f, )| <
P (ylx])
By induction, u; < 7¥||x;|. When uo < (3 — +/7)/2, we obtain as in
Lemma 4.7 that

il _ i

27241'
%ol ~ uo ~
We have seen in Lemma 4.7 that the bound above fails for ¢ = 1
when ug > (3 —/7)/2. O

Notice that in the proof above,

i Ug

im = .

isoo h(uy)

Therefore, convergence is actually faster than predicted by the defi-
nition of approximate zero. We proved actually a sharper result:

Theorem 4.8. Letf : D CE — F be an analytic map between Banach
spaces. Let ¢ be a non-degenerate zero of £. Let ug < (5 —/17)/4.

Assume that
B=8B (c &) CD
y(£,Q)) ©

If xg € B, then the sequences

Xit1 = N(f, Xi) and Ujr1 =

are well-defined for all i, and
1% — || < Ui ( U )—21+1'
[0 = Cll — uo ¥(uo)

Table 1 and Figure 3 show how fast w;/ug decreases in terms of wg
and 1.

To conclude this section, we need to address an important issue
for numerical computations. Whenever dealing with digital comput-
ers, it is convenient to perform calculations in floating point format.
This means that each real number is stored as a mantissa (an integer,
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/32 1/16 110 1/8 3=
4.810 3.599 2.632 2.870 1.000
14.614 11.169 8491 6.997 3.900
34.229  26.339 20.302 16.988 10.229
73.458  56.679 43.926 36.977 22.954
151.917 117.358 91.175 76.954 48.406
TABLE 1. Values of —logs(u;/ug) in function of ug and .

QU s W N~

263 |

231
7 K

2
%3

FIGURE 3. Values of logs(u;/up) in function of ug for
i=1,... .4

typically no more than 224 or 2°3) times an exponent. (The [EEE-754
standard for computer arithmetics (The Institute of Electrical and Elec-
tronics Engineers Inc, 2008) is taught at elementary numerical analysis
courses, see for instance (Higham, 2002, Ch.2)).

By using floating point numbers, a huge gain of speed is obtained
with regard to exact representation of, say, algebraic numbers. How-
ever, computations are inexact (by a typical factor of 2724 or 27%3).
Therefore, we need to consider ineract Newton iteration. An obvious
modification of the proof of Theorem 4.2 gives us the following state-
ment:

Theorem 4.9. Letf : D CE — F be an analytic map between Banach
spaces. Let ¢ be a non-degenerate zero of £. Let

V14

0§25§U0§2—720.129---
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Assume that

(1)

(2) xo € B, and the sequence x; satisfies
HXi—l-l - N(f,XJ”’Y(f, C) < 0

(3) The sequence w; is defined inductively by
2
-

i1 = —— +0.

T ) "

Then the sequences u; and x; are well-defined for all i, x; € D, and

% — (| < W < max (2—2i+172£) ‘

%0 —C|| = wo

Uo
Proof. By hypothesis,
U 0
— + —<1
Y(ug)  uo
so the sequence u; is decreasing and positive. For short, let ¢ = 2~ <

P(uo) —
1/4. By induction,

2 2
Yit1 < Yo (&) + i < 1 (&) + i
Uo P(ui) \uo Uo 4\ ug Uo
Assume that u;/ug < 272+ 1Ip that case,

<072 1 T < max (2_2 +1+1,2—> .
Ug Ug Uo

Assume now that 27241, /ug < 26 /uo. In that case,

Uil < i (i + 1) < 2—5 = max (2_2H1+1,2i> .

Ug ~ Up 4UO T U Uo

From now on we use the assumptions, notations and estimates of the
proof of Theorem 4.2. Combining (5) and (8) in (6), we obtain again
that I

~v]|x
IN(f,x)[ < —— "
d(vlxl)
This time, this means that
ol &

X1y <O+ [N, x)|[|[y <0+ ————.

By induction that ||x; — (||v(f, () < u; and we are done. O
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FEzercise 4.1. Consider the following series, defined in C?:

Compute its radius of convergence. What is its domain of absolute
convergence ?

Ezercise 4.2. The objective of this exercise is to produce a non-optimal
algorithm to approximate /y. In order to do that, consider the map-
ping f(z) = 2° —y.
(1) Compute (f,x).
(2) Show that for 1 <y < 4, xy = 1/2 4 y/2 is an approximate
zero of the first kind for z, associated to y.
(3) Write down an algorithm to approximate ,/y up to relative
accuracy 2793,

Exercise 4.3. Let f be an analytic map between Banach spaces, and
assume that ¢ is a non-degenerate zero of f.

(1) Write down the Taylor series of Df(¢)™! (f(x) — £(¢)).
(2) Show that if f(x) = 0, then

Y(E Qllx = ¢l = 1/2.
This shows that two non-degenerate zeros cannot be at a distance less

than 1/2v(f, {). (Results of this type appeared in (Dedieu, 1997a), but
some of them were known before (Malajovich, 1993, Th.16)).

5. ESTIMATES FROM DATA AT A POINT

Theorem 4.2 guarantees quadratic convergence in a neighborhood of
a known zero (. In practical situations, ¢ is not known. A major result
in alpha-theory is the criterion to detect an approximate zero with just
local information. We need to slightly modify the definition.

Definition 5.1 (Approximate zero of the second kind). Let f : D C
E — F be as above. An approximate zero of the first kind associated
to ¢ € D, £(¢) =0, is a point xg € D, such that
(1) The sequence (x); defined inductively by x;41 = N(f,x;) is
well-defined (each x; belongs to the domain of f and Df(x;) is
invertible and bounded).
(2) |
i1 — x| < 27 lxy — %ol
(3) lim; 00 x; = C.

For detecting approximate zeros of the second kind, we need:
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Definition 5.2 (Smale’s § and « invariants).
BE, %) = | DE)E(x)|| and a(£,x) = B(E,x)7(f, ).

The B invariant can be interpreted as the size of the Newton step

N(f,x) — x.
Theorem 5.3 (Smale). Letf: D CE — F be an analytic map between

Banach spaces. Let
13 -3V17
T4

(0% (7))

Define
14+ a—+v1—6a+ a? 1—3a—+v1—6a+a?
= and ry = )
4o 4o
Let xg € D be such that a(f,x¢) < a and assume furthermore that
B(Xo, Toﬁ(f,Xo)) Q D. Then,
(1) x¢ is an approzimate zero of the second kind, associated to some
zero C € D of £.
(2) Moreover, ||xq — C|| < roB(f,x0).
(3) Let x; = N(f,xq). Then ||x1 — C|| < m8(f,x0).
The constant oy s the largest possible with those properties.

To

This theorem appeared in (Smale, 1986). The value for ag was found
by Wang Xinghua (Wang Xinghua, 1993). Numerically,

oy = 0.157,670, 780, 786, 754, 587, 633, 942, 608, 019 - - -

Other useful numerical bounds, under the hypotheses of the theorem,
are:

ro < 1.390, 388,203 - - and r; < 0.390, 388,203 - - .

The proof of Theorem 5.3 follows from the same method as the one
for Theorem 4.2. We first define the ‘worst’ real function with respect
to Newton iteration. Let us fix 8, > 0. Define
2

t
hm@):ﬁ—t+1ivt:5—t+7ﬂ+y%f+~n
We assume for the time being that o = vy < 3 —2v/2 = 0.1715- - -
This guarantees that hg, has two distinct zeros ¢; = % and (o =

% with of course A = (1 4 «)? — 8a. An useful expression is the

product formula
(z —G)(z—¢)

© b () = 25—
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FIGURE 4. y = hg,(t).

From (9), hg, has also a pole at y~!. We have always 0 < (; < (3 <
-1
vy

The function hg, is, among the functions with A'(0) = —1 and
B(h,0) < 8 and v(h,0) < =, the one that has the first zero (; fur-
thest away from the origin.

Proposition 5.4. Let 3,7 > 0, with a = vy < 3 —2v2. let hg~ be as
above. Define recursively ty =0 and t; 11 = N(hgy,t;). then

1_q2i—1
10 ti=G—"b
with
:C1_1+Oé—\/z dq_(1—7<1C2_1—04—\/Z

= andq= = :
G l+a+VA G—70¢ 1-a+VA
Proof. By differentiating (9), one obtains

1 1 1
hs. (t) = hp, (1) (t — + — + o _t>

and hence the Newton operator is

N(hﬁ’ht) =1-
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A tedious calculation shows that N(hg,,t) is a rational function of
degree 2. Hence, it is defined by 5 coefficients, or by 5 values.

In order to solve the recurrence for t;, we change coordinates using
a fractional linear transformation. As the Newton operator will have
two attracting fixed points (¢; and (,), we will map those points to 0
and oo respectively. For convenience, we will map £y = 0 into yo = 1.
Therefore, we set

_ Gt = GiGo 10, — —C1G2y + C1C2
Gt — GG and 57 (y) —GQ1y + G

Let us look at the sequence y; = S(¢;). By construction yo = 1, and
subsequent values are given by the recurrence

yier = S(N(hgy, S (11)))-

It is an exercise to check that

S(t)

(11) Yie1 = QU5
Therefore we have y; = ¢* ', and equation (10) holds. O

Proposition 5.5. Under the conditions of Proposition 5.4, 0 is an
approzimate zero of the second kind for hg., if and only if

13 - 3v1
azmg%ﬁ,

Proof. Using the closed form for ¢;, we get:
1 — q2i+1—1 1 — q2i—1

tl+1 - t’L - 2i+1_1q -

1—ng 1 —ng?1
2i_1 (1 - 77)(1 - qzz) _
(1—ng*" 1) (1 —ng*1)

In the particular case i = 0,

Hence
with }
(I—n)(—ng)(1-q")
(1 =)L —ng>" 1) (1 —ng>~")
Thus, Cy = 1. The reader shall verify in Exercise 5.1 that C; is a
non-increasing sequence. Its limit is non-zero.

C; =
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From the above, it is clear that 0 is an approximate zero of the
second kind if and only if ¢ < 1/2. Now, if we clear denominators and
rearrange terms in (1 + a — VA)/(1 4+ o+ vA) = 1/2, we obtain the
second degree polynomial

20% —13a+2 = 0.

This has solutions (134+/17)/2. When 0 < a < ay = (13—/17)/2,
the polynomial values are positive and hence ¢ < 1/2. U

Proof of Th.5.3. Let = S(f,%x¢) and v = y(f,x¢). Let hg, and the
sequence t; be as in Proposition 5.4. By construction, ||x; —xo| =8 =
t; — tp. We use the following notations:

Those will be compared to
Bi = 5(hﬁ'yati)) and 7; = ”Y(hﬁwti))-
Induction hypothesis: (; < BZ and for all [ > 2,

R (t;
IDf (i)~ D' ()| < = ,BV( !
hig, (i)

The initial case when ¢ = 0 holds by construction. So let us assume
that the hypothesis holds for i. We will estimate
(12) Bip1 < ||DE(xiv1) 7 DE(x) | DE () ™ (i) |
and
| D (xi) ' D*E (41|
k! '

By construction, f(x;)+ Df(x;)(x;+1—x;) = 0. The Taylor expansion
of f at x; is therefore

(13) s < | DEGxsn)  DE))

I e

k>2

Passing to norms,

@‘2%
L=

| Df (x;) ™' (xi11)]] <

The same argument shows that

_hﬁv(tiﬂ) _ 5(h67>ti)27(h6'y>ti)
R, (1) 1 —(hgy,ti)
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From Lemma 4.6,

-1 < (1 - 51’%’)2
| Df(xi1) " DE(xy)[| < TR

Also, computing directly,
Mg, (tis1) (1 - B7)”

(14 et w(BA)

We established that
B2vi(1 = Bivi) _ B2l — Bi) i
< — = Bit1-
(Bivi) V(Bi%i)
Now the second part of the induction hypothesis:

Bit1 <

_ 1 Df X; _le'Hf X; ) (X, —X; k
DEGe)  D'E(xin) = Y 1 (x:) . (+ l>< )

k>0

Passing to norms and invoking the induction hypothesis,

hi ™ (6:) 3}

—17l By v/

| DE(x;) " D (xi41) || < Z_W
k>0 By\"t

and then using Lemma 4.6 and (14),
5 A (k+1) A
V(BY) 1o khiy (t:)
A direct computation similar to (14) shows that
K+l 5 K+ (4 \
hE) (1 B g~ RS ()5
K, (tiv)  @(B%) 1z R, ()

and since the right-hand-terms of the last two equations are equal, the
second part of the induction hypothesis proceeds. Dividing by [!, taking
[ — 1-th roots and maximizing over all [, we deduce that v; < 4;.

| DE (xi41) " D' (x141) || <

Proposition 5.5 then implies that x( is an approximate zero.
The second and third statement follow respectively from
[0 =Cll <Bo+ B+ =G

and

|1 —=¢|| <Br+Bot---=C — 0.
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/32 1/16 110 1/8 1337
4.854 3.683 2.744 2.189 1.357
14.472  10.865 7.945 6.227  3.767
33.700  25.195 18.220 14.41 7.874
72.157 53.854  38.767 29.648 15.881
149.71  111.173  79.861 60.864 31.881
6 | 302.899 225.811 162.49 123.295 63.881
TABLE 2. Values of —logs(||x; — ¢||/5) in function of «
and 7.

Ol W N~

The same issues as in Theorem 4.2 arise. First of all, we actually
proved a sharper statement. Namely,

Theorem 5.6. Letf : D CE — F be an analytic map between Banach
spaces. Let

a<3-2V2.
Define
_1—i-oz—\/m—|—oz2
r= a )

Let xg € D be such that o(f,x9) < « and assume furthermore that
B(xg,rB(f,x0)) € D. Then, the sequence x;+1 = N(f,x;) is well de-
fined, and there is a zero ( € D of £ such that

i_ 1 -1
Ix; = ¢l < ¢° lmrﬂ(fﬂm).

form and q as in Proposition 5.4.

Table 2 and Figure 5 show how fast ||x; — (||/5 decreases in terms
of a and 1.

The final issue is robustness. There is no obvious modification of the
proof of Theorem 5.3 to provide a nice statement, so we will rely on

Theorem 4.9 indeed.

Theorem 5.7. Letf : D CE — F be an analytic map between Banach
spaces. Let §, a and u0 satisfy

ro v 14

0<20 <uy= <2 - —

(1 —ra)y(ra) 2

. Assume that

. — _ 2
with r = ey —fata

(1)
B = B (x¢,2rp(f,x¢)) C D.
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963 \

~ AN
- N
’ L3ITy 3.5

FIGURE 5. Values of —logy(||x; — (||/6) in function of «
for 1 =1 to 6.

(2) %o € B, and the sequence x; satisfies

0 —ra)b(ra) =
(3) The sequence w; is defined inductively by
u?
Uil = 1/)(1%)
Then the sequences u; and x; are well-defined for all i, x; € D, and
M < I < rmax <2—2"+172£> ‘
%1 — xo| Up U

Numerically, ag = 0.074,290 - - - satisfies the hypothesis of the The-
orem. A version of this theorem (not as sharp, and another metric)
appeared as Theorem 2 in (Malajovich, 1994).

The following Lemma will be useful:

Lemma 5.8. Assume that u = y(f, x)||x — y| <1—+/2/2. Then,
(£, x)
(1 —u)ip(u)

Proof. In order to estimate the higher derivatives, we expand:

1 1 k+1\ DE(x)""D*E(x)(y — x)*
* DE(x) D@@’:Z;( ) 1

[xis = N (£, x|

+ 9.

v(fy) <
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and by Lemma 4.3 for d = + 1,

1 el (fvx)lil
PR D) < T

Combining with Lemma 4.6,

(%)
(1 =)' ~"ep(u)’

1 _
SIDE) D ()] <

Taking the [ — 1-th power,

v(f,x)

v(fy) < m

23

O

Proof of Theorem 5.7. We have necessarily o < 3 — 2v/2 or r is un-
defined. Then (Theorem 5.6) there is a zero ¢ of f with ||xo — (|| <
rB(f,xp). Then, Lemma 5.8 implies that ||xo — (||v(f,{) < up. Now

apply Theorem 4.9.

4

Ezercise 5.1. The objective of this exercise is to show that C; is non-

increasing.

(1) Show the following trivial lemma: If 0 < s < a < b, then

b =5
(2) Deduce that ¢ < n.
(3) Prove that C;1/C; < 1.

FEzxercise 5.2. Show that

CW(Cl):lea_\/Z !

3—a+¢Z¢Gﬂ%£>

Part 2. Inclusion and exclusion

6. ECKART-YOUNG THEOREM

The following classical theorem in linear algebra is known as the

singular value decomposition (svd for short).

Theorem 6.1. Let A : R" — R™ (resp. C* — C™) be linear. Then,

there are o1 > --- > o, > 0, r < m,n, such that

A=UXV"

with U € O(m) (resp. U(m)), V € O(n) (resp. U(n)) and ;; =

fori1 =7 <r and 0 otherwise.

o
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It is due to Sylvester (real n x n matrices) and to Eckart and Young
(1939) in the general case, now exercise 6.1 below.

>) is a m x n matrix. It is possible to rewrite this in an ‘economical’
formulation with ¥ an r x r matrix, U and V orthogonal (resp. unitary)
m x r and n X r matrices. The numbers oy, ..., 0, are called singular
values of A. They may be computed by extracting the positive square
root of the non-zero eigenvalues of A*A or AA*, whatever matrix is
smaller. The operator and Frobenius norm of A may be written in
terms of the o;’s:

Al = o1 1Al r = \/m

The discussion and the results above hold when A is a linear operator
between finite dimensional inner product spaces. It suffices to choose
an orthonormal basis, and apply Theorem 6.1 to the corresponding
matrix.

When m =n =r, ||A7|| = 0,,. In this case, the condition number
of A for linear solving is defined as

_ ~1
R(A) = [[ALLAT s
The choice of norms is arbitrary, as long as operator and vector norms
are consistent. T'wo canonical choices are

ka(A) = || All2| A7l2 and £p(A) = [[A]lp[| A7

The second choice was suggested by Demmel (1988). Using that def-
inition he obtained bounds on the probability that a matrix is poorly
conditioned. The exact probability distribution for the most usual
probability measures in matrix space was computed in (Edelman, 1992).

Assume that A(t)x(t) = b(t) is a family of problems and solutions
depending smoothly on a parameter ¢. Differentiating implicitly,

Ax+ Ax =b
which amounts to . .
x=A"'b - A 'Ax.

Passing to norms and to relative errors, we quickly obtain
1] IAllz  |B]
= < #p(A) + o |
1] [AllF (bl
This bounds the relative error in the solution x in terms of the rel-
ative error in the coefficients. The usual paradigm in numerical linear
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algebra dates from (Turing, 1948) and (Wilkinson, 1994). After the
rounding-off during computation, we obtain the exact solution of a
perturbed system. Bounds for the perturbation or backward error are
found through line by line analysis of the algorithm. The output error
or forward erroris bounded by the backward error, times the condition
number.

Condition numbers provide therefore an important metric invariant
for numerical analysis problems. A geometric interpretation in the case
of linear equation solving is:

Theorem 6.2. Let A be a non-degenerate square matriz.

A7 2= min |[Blr
det(A+B)=0

In particular, this implies that

_ Blr
A 1 — ”
o(A) = Al

A pervading principle in the subject is: the inverse of the condition
number 1s related to the distance to the ill-posed problems.

It is possible to define the condition number for a full-rank non-
square matrix by

kp(A) = [ AllF Cuingmm (A)
Theorem 6.3. (Eckart and Young, 1936) Let A be an m x n matriz

of rank r. Then,

o.,(A)' = min ||B|p.
or(A+B)=0

In particular, if r = min(m,n),

B|r

kp(A)™'' =  min H—

p(4) or(A+B)=0 || Al

Exzxercise 6.1. Prove Theorem 6.1. Hint: let u, v, o such that Av = ou
with o maximal, ||ul| = 1, [[v]| = 1. What can you say about A,.?

FEzxercise 6.2. Prove Theorem 6.3.

Exercise 6.3. Assume furthermore that m < n. Show that the same
interpretation for the condition number still holds, namely the norm of
the perturbation of some solution is bounded by the condition number,
times the perturbation of the input.
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7. THE SPACE OF HOMOGENEOUS POLYNOMIAL SYSTEMS

We will denote by HE the space of polynomials of degree d in n + 1
variables. This space can be assimilated to the space of symmetric
d-linear forms. For instance, when d = 2, the polynomial

f(@o, 1) = foxg + fiwozs + fox; = [SBO fEl] {f{?Q f}ﬁﬂ Bﬂ

can be assimilated to a symmetric bilinear form and can be represented
by a matrix. In general, a homogeneous polynomial can be represented
by a symmetric tensor

f(X) = Z fafll0 T :L»Zn = Z Ti1i2---id$i1xi2 T Ty

\a|:d Ogil,...,idgn

Ja= Z Tiyiy..ig-

a=e;j; +ej,+ e,

where

The canonical inner product for tensors is given by

<S7 T> = Z Siliz...idﬂlig...id

0<i1,...,ig<n

The same inner product for polynomials is written

(o) =3 d22

=0

where <Z) = 2 is the coefficient of (zg + - -+ + 2,)% in 2%

aplai!--an!

Lemma 7.1. Let Q be an orthogonal n x n matriz, that is QTQ = I.
Then,

<fOQ7goQ> = <f7g>

FEzxercise 7.1. Prove Lemma 7.1

We say that the above inner product is invariant under orthogonal
action. We will always assume this inner-product for HE.

It is also important to notice that HY is that it is a reproducing
kernel space. Let

Kd(xa y) = <X7y>d'
Then
f(}’) = <f()7 Kd<'>Y)>7
Df(Y>u = <f()7 DyKd('?Y)u>7

ete...
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8. THE CONDITION NUMBER

Now, let’s denote by H% the space of systems of homogeneous poly-
nomials of degree d = (dy, . ..,d,). The condition number measures
how does the solution of an equation depends upon the coefficients.

Therefore, assume that both a polynomial system f € S(H%) and a
point x € S(R"™!) depend upon a parameter ¢. Say,

ft(Xt) =0.
Differentiating, one gets
th<xt)5(t = _f..t<xt)

SO

(15) I < (| D) 1 M1 (x0).

The normalized condition number is defined for f € HE and
x € R™! as

—1/2 _ -1
U BNUE

p(f, x) = |[f]] DE(%) et
dr—Ll/?HX”fdnH

In the special case f € S(H%) and x € S(R™™),

-1
d1—1/2

£, x) = DE(X)j
L2

n

Proposition 8.1.

(1) If £, and x; are paths in S(HS) and S(R™1) respectively, and
ft(Xt) =0 then

el < pa(f ) |1l
(2) Let x € S(R"™) be fized. Then the mapping

T HY — L(x' R,

1
12

f - 2 _ DF(x) 2
' 12

n
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restricts to an iSometry e mL : (ker )t — L(x.,R").
(3) Let f € S(HE) and x € S(R"1). Then,

1
f x)= .
u(fx) min{ ||f — g|| : Dg(x)xL singular}

(4) If furthermore f(x) = 0,

1
min{[|f — g|| : g(x) = 0 and Dg(x)x. singular}

pu(f, x) =

Proof. Ttem 1 follows from (15). In order to prove item 2, let x €
S(R™1) be fixed and let f € HE. Assume that y | x. We can write
f(x+y) as

f(x+y)=f(x)+ DfE(X) ey + %sz(x)bcl(y — X,y —X)+ -

This suggests a decomposition of H into terms that are ‘constant’,
‘linear’ or ‘higher order’ at x.

HR:HO@H1@H2@"' .
An orthonormal basis for H; would be

(G2 )

where (uy,...,u,) is an orthornormal basis of x* and (ey,...,e,) is
the canonical basis of R™.
In this basis, the projection of f in H; is just

12

: 1
fi7L8Kdi(.7X)> — . Df X <L
< \/a ' auj d_1/2 ( )‘ L

n

Thus, the subspace H; of H% is isomorphic to the space of n x n
matrices. Moreover, 7 : H5 — H, is an orthogonal projection. ITtems
3 and 4 follow now easily from Theorem 6.3. U

Ezercise 8.1. Deduce that for all f € HE, 0 # x € R"™ u(f,x) > /n.

We denote by p(x,y) = @ the angular distance between x € S™
and y € S™. The following estimate is quite useful:

Theorem 8.2. Let f,g € S(HS) and let x,y € S(R™*). Let
u = (maxd)(f, g)p(x, y) and v = (£, )|If - g,
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Then,
1

1
LX) < u(fy) < —— (f.x).
1+u+v“( ,x) < u(f,y) p(f, x)

" l1l—-u—w

Remark 8.3. Similar formulas appeared in (Biirgisser and Cucker, 2011)
and (Dedieu et al., 2012). The final form here appeared in (Malajovich,
2011) and generalizes to the sparse condition number.

Proof. Let R be a rotation taking y to x. Then, u(g,y) = u(go R, x).
Moreover, it is easy to check that ||go R —g| < (maxd;)p(x,y). Thus,

p(E,x)[f —go Rl < (u+wv).

Now, notice that Proposition 8.1(3) implies:

1 1 1
—— —||f—goR|. < < + [[f —go R
s | € St ||
The theorem follows by multiplying all terms by u(f,x) and taking
inverses. O

9. THE INCLUSION THEOREM

For any x € S(H%), we denote by A, be the affine space x +x* and
by Fx : Ax = R", X +— f(x + X) the restriction of f to Ax. Then Fy
is an n-variate polynomial system of degree d.

Lemma 9.1. (Shub and Smale, 1993)

max d; /2
1B, 0) < P )
Proof. For simplicity assume [|f|| = 1. Let £ > 2 and
Vi
A p—
Vi,
1 1
= | DEX(0) " D' EL(0)]| = EHDf(x)Ekaf(x)‘xi
1
< et al laTt e |
! o
< u(f,x) o ||A 1Dkf(x)‘le
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Now, notice that
|D*i(x)| = [(f;, D" Kq,(-,x))| <
<l sup  [[D"Kq(x)(w. .. w|

lui[|=-=(lugll=1
uq,...,uplx
where Ky, (y,x) = (y,x)% is the reproducing kernel of H} . Differenti-
ating Ky, with respect to y, one obtains:

DMKy, X) () = (C]i) (v, X g w) - ).

The norm of 5 D*Ky,(y,x)(uy,...,u;) (as a polynomial of y) can be
computed using the reproducing kernel property.
2

|Dde( x)(uy,...,u)

k!

_ <ki X)), 7 DMK (- )(ul,...,uk)>

Jy .. aazlk (%) <y7 X>d—k<y7 111> ... <y7 uk)

1
k! o
1
= 7 Perm [(u;, u;)]

ﬁ()

It follows that

1 B 1 (d,
= [DEL(0) D*F(0)]| < p(f, x) max Vd; (’f) '

Estimating (d’) < d%27* and using Exercise 8.1,

k
d3/2
7(FX7 0) < Tu(f7 X)'

O

Whenever the sequence (Xj)reny defined by Xy = 0, Xy =
= N(Fy, X)) converges, let X* = lim X, and define

x + X*
Cﬂc:

Sn—i—l
[Ix + X|]
As in Theorem 5.3, define

14+a—+v1—6a-+a?
4o

ro(a) =
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Let a, the smallest positive root of
2
a, = ap(l — auro(ay))”.

Numerically, a,, > 0.116. (This is better than (Cucker et al., 2008)).
Let By ={y € S™: p(x,y) < rx} with 7 = ro(a.)u(f, x)||£(x)]].

Theorem 9.2. Let f € S(HY) and x € S™ be such that
(max d;)* (£, %)?[[£(x)|| < a.

Then,

(1) a(F,0) < .

(2) 0 is an approximate zero of the second kind of Fy, and in par-
ticular £(¢,) = 0.

(3) (x € Bx.

(4) For any z € By, (; = (x.

Proof. (1) By Lemma 9.1,
a(Fy,0) < (maxdi)?’/Qp(f,x) ||Df(x);l1f(x)H <
< (maxd)*2u(f, x| < o

(2) Since o, < a, we can apply Theorem 5.3 to Fy and 0.
(3) Since 0 is a zero of the second kind for Fy,

Fyo(XT) = £(flx + X[¢x) = 0

and hence by homogeneity f((x) = 0.

(4)
(X, Gx) < tan p(X, G) < ro(an) B(E, %) < rolau)u(f, x)[£(x)]]
(5) By Theorem 8.2,

1 1
f,z) < fx) < ———u(f
uf,z) < 1 — (maxd;)u(f, x)p(x,z)'u< %) < 1— Oz*ro(a*)'u( %)
and hence, as in item 1:
1
a(F,,0) < . < ap.

(1 —arro(a,))? * —

U

This theorem appeared in Cucker et al. (2008). For other inclu-
sion/exclusion theorems based in alpha-theory, see Giusti et al. (2007).
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10. THE EXCLUSION LEMMA
Lemma 10.1. Let f € S(HR) and let x,y € S™ with p(x,y) < V2.

Then,
1£(x) — £(y)[| < max(d;)p(x,y)-
In particular, let § = min(||f(x)||/\/max(d;), v2). x) # 0, then

there is no zero of f in
B(x,0) = {y € 8" : p(x,y) < o}
Proof. First of all,
[fi(x) = fiy)] = [fi(+), Ka, (-, x) — Kq, (-, )|
< |fillll K, (%) — Ka, (-, y) |
< fillVKa(x,%) + Ko (y,y) — 2Ka,(x,y)
1£:lv/24/1 = cos(6)¢

with 0 = p(z,y). Since § <7 < \/_0 we have always

_ ]‘2 4 16 12

The reader will check that for e <1, (1—¢€>1-de Therefore,
using 6§ < 1/v/2,
£i(x) = fi(y)| < If:llV/dio

1£(x) — £(y)|| < /max(dy)6.

and

Part 3. The algorithm and its complexity
11. CONVEXITY AND GEOMETRY LEMMAS

Definition 11.1. Let yq,...,ys € S” belong to the same hemisphere,
that is (y;,z) > 0 for a fixed z. The spherical conver hull of y1, ...,y
is defined as

A + o+ ALY,
SCH(y1,...,ys) :{ L Y

||>‘1YI +-+ )‘SYSH

:)\17---7>\320

and>\1—|—~~—|—)\szl}.

This is the same as the intersection of the sphere with the cone
{My1 4+ + AsYs A1, A > 0} We will need the following con-
vexity Lemma from Cucker et al. (2008):



NEWTON ITERATION, CONDITIONNING AND ZERO COUNTING 33

Lemma 11.2. Let yq,...,ys € S™ belong to the same hemisphere.
Let rq,...,rs > 0 and let B(y;,r;) = {x € S™ : p(x,y;) < ri}. If
NB(y;,ri) # 0, then SCH(y1,...,ys) C UB(yi, 7).

FEzercise 11.1. Prove Lemma 11.2 above.

For the root counting algorithm, we will need to define a mesh on
the sphere.

Lemma 11.3. For every n = 2%, we can construct a set C(n) C S™
satisfying:
(1) For allz € S™,3x € C(n) such that p(z,x) < ny/n/2.
(2) For allx € S™, let Y = {y € C(n) : p(x,y) < /nn}. Then
x € SCH(Y).
(3) #C(n) < 2n(1 42"

Proof. Just set
ol = {5 xR e Zuxle = 1.

This corresponds to dividing @ = {x : ||X||sc = 1} into n-cubes of side
7. The maximal distance in ) between a point Z € ) and a point X
in the mesh is half of the diagonal, or 1y/n. Then

p(Z/N1Z, X/ X)) < nv/n.

Now, let Y’ be the set of points y € C(n) such that the distance
along @ between X/||X|l« and y/||y|le is at most 7. Then clearly
x € SCH(Y"). Moreover, Y/ C Y.

The last item is trivial. U

12. THE COUNTING ALGORITHM

Given f € S(HE) and n = 27, we construct a graph G, = (V,,&,)
as follows. Let

A(f) = {x € 5" : max d/*u(f, x)?||f(x)|| < o}

be the set of points satisfying the hypotheses of Theorem 9.2. The
set of vertices of G, is V,, = C(n) N A(f). The set of edges is &, =
{(x,y) € V, xV, : BxN By # 0}. This graph is clearly constructible.
Theorem 9.2 implies that for any edge (x,y) € &,, (x = (y. More
generally,

Lemma 12.1. The vertices of any connected component of G(n) are
approximate zeros associated to the same zero of £. Moreover, if X,y
belong to distinct connected components of G(n), then (x # (.
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The algorithm is as follows:

Algorithm RootCount
Input: fe S(HY).
Output: #¢ € S":£(()=0.

y 2 Mog(1/VE0)]

Repeat
< n/2.
Let Ui, ..., U, be the connected components of G,.
Until V1 <i < j <rVx vertex of U;,Vy vertex of U,
(16) p(x,y) > 2nv/n.

and vx € C(n) \ A(f),

(17) |f(x)|| > nv/nmaxd;/2.

Return r.

Theorem 12.2. If the algorithm RootCount stops, then r is the correct
number of roots of f in S™.

Proof of Th.12.2. Suppose the algorithm stopped at a certain value of
7. As each connected component U; determines a distinct and unique
zero of f, it remains to prove that there are no zeros of f outside
UXGVn Bx.

Therefore, assume by contradiction that there is ¢ € S™ with f(¢) = 0
and ¢ & Dy for any x € V.

Let Y be the set of y € C(n) with p((,y) < ny/n.

If there is y € Y with y € A(f) let § = ||[f(y)]|/vmaxd,. Equa-
tion (17) guarantees that nv/n/2 < 6. By construction, ny/n/2 < /2.
Therefore, the exclusion lemma 10.1 guarantees that f(¢) # 0, contra-
diction.

Therefore, we assume that Y C A(f). Equation (16) guarantees that
Y C U, for a same connected component of G,. Therefore, Nyey By 3 ¢
is not empty.

By Lemma 11.3(2), x € SCH(Y'). Lemma 11.2 says that

SCH(Y) g UyGYBy

Thus, x € By, for some y, contradiction again.

13. COMPLEXITY

We did not prove that algorithm RootCount stops. It actually stops
almost surely, that is for input f outside a certain measure zero set.
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Define
1

Vi, %)= + ()]

k(f,x) =

and notice that
R(£,%) < (£, ) and K(£,%) < [£(x)|
Reciprocally,
min(p(f, x), [£(x)71) < V2r(f, x).
If f(x) = 0, then s(f,x) = p(f, x).

Definition 13.1. The condition number for for Problem 1.2 (count-
ing real zeros on the sphere) is

k(f) = max k(f,x).

Assume that f has no degenerate root. Then the denominator is
bounded away from zero, and x(f) is finite. We will prove later that
the algorithm stops for x(f) finite. But before, we state and prove the
condition number theorem to obtain some geometric intuition on (f).

Theorem 13.2. (Cucker et al., 2009) Let X® = {g € HE : 3¢ € S :

g(¢) =0 and tk(Dg(¢)) < n}. Let f € S(HE), £ & ¥&. Then,
o
Mingeys |¢g|

k(f) =

In particular, k(f) > 1.

Proof. Tt suffices to prove that
1
min - gepr [f gl

g(x)=0
rk(Dg(x))<n

k(f,x) =

We proceed as in the proof of Prop.8.1. We decompose
Hi=HyOH O Hy @+

where Hy and H; correspond to the constant and linear terms of y —
f(x+y). Let uy,...,u, be an orthonormal basis for x=.
An orthonormal basis for Hy @ H; is

(et 757507)
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The projection of f in Hy & H; is

6'K (%
d1_1/2
Y R I
2

This is an orthogonal projection onto R™ x R™*™.
Now,

d1—1/2

k(E,x) 72 = |[f(x)]]* + oy dy '/ DE(x) .t
d71/2

n

Again, we apply Th.6.3.

Lemma 13.3. Let (1, (s be distinct roots of £ in S™. Then,

p(G, &) = m
Proof.
6 -Gl > 5 by Bx.A43
> maxd?/ig(f,gl) by Lem.9.1
> m because f(¢;) = 0.

The Lemma follows.

Lemma 13.4. Assume that
1

<
2 max d>'\/nr(£)

(1 = 2a,ro(ay)).

Then (16) holds.
Proof. Recall that x and y belong to Ag, so that
max d;’* (£, x)?[[£(x)]| < o

7
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and the same for y. In particular, the radius ry of By satisfies

auro(ay) < auro(a)

ro(a)p(f, x)|[f(x)] < = '
o) u(f, x)[|f(x)| maxd?ﬂﬂ(va) maxd?ﬂli(fax)

By Lemma 13.3 and the triangle inequality,
p(x,y) = p(Gx: Gy) = rolan) u(f, x)IE(x)]| — ro(as)u(E, y) [£(y)]]

1
> —————(1 —2auro(w)).
maxdf/Q/f(f)( of
L]
Lemma 13.5. Let x € Ay;. Then,
Qe
f(x)|| > .
£Ga) | = ,‘i(f,x)Zmaxal?/2
Proof. Let x & Ag, so that
mao{d?/2
B %P 0] > o
Recall that
min(p(f, %), |£(x)]|7") < V24(f, %)
There are two possibilities. If u(f, x) < v/2k(f,x), then
Qe
f(x)|| > )
£l maxd?/2/£(f,x)2
Otherwise,
1 Oy
f(x)|| > > .
I£G =2 V25(f, x) rnauxdf’/Q/s(f,x)2
]

Now we can state the ‘cloud complexity’ theorem.

Theorem 13.6. The algorithm RootCount will stop for

max d?/im(f, o (a* ’ %(1 - 2a*TO(a*)>>

that is, after O(log k(f) + log maxd;) iterations. The total number of
evaluations of £ and Df is

2n(1 + 4 max df/z\/ﬁ/f(f)z)”.

n <
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That means that 2n(1 + 4 max dg’/g\/ﬁ/{(ff)” processors in parallel
can compute the root count in time O(log x(f) + logmax d;) times a
polynomial in n for the linear algebra.

For people concerned with the overall computing cost, a price tag
exponential in n is known as the curse of dimensionality. It usually
plagues divide and conquer and monte-carlo algorithms.

But the situation n = 2 is already intersting. How efficiently can we
count zeros of a system of polynomials on the 2-sphere? As the parallel
and sequencial running time depends upon x(f), it is useful to known
more about the condition number.

14. PROBABILISTIC AND SMOOTHED ANALYSIS

One possibility is to pick the input system f at random, and treat
k(f) as a random variable. For instance, let f € H5 be random with
Gaussian probability distribution

1

= 2 gyR
(27T)dim7-[ﬂ§/2€ dHq.

The tail for the random variable k(f) and the expected value of

log k(f) can be bounded by

Theorem 14.1. (Cucker, Krick, Malajovich, and Wschebor, 2012)
Let £ be as above. Assume that n > 3. Then,

(i) For a > 4v/2 (maxd;)*n"?N'/? we have

Prob(x(f) > a) < Kn\/%(l +ln(a/\/%))1/27

a

where N = dim HE, K, := 8(max d;)*DY? N'/?n5/? 41 and D =[] d;.
(i)
1
E(lnx(f)) < In K, + (In K,)? + (In K,,)) "2 + 5 In(2n).

Notice as a consequence that the expected running time of RootCount
is E(In k(f)) € O(nlnmaxd;). This is cloud computing time, of course.

Average time analysis depends upon an arbitrary distribution. Spiel-
man and Teng (2004) suggested looking instead at a small random per-
turbation for each given input. This is known as smoothed analysis.

For a given f € S(H%), we will consider the uniform distribution in
the ball B(f,arcsino) C S(H5) where o is an arbitrary radius, and
Riemannian metric on the sphere is assumed. The strange looking arc-
sine comes from the fact that B(f,arcsino) is the projection on the
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sphere of the ball B(f,o) C H%. The reason for looking at the uni-
form distribution for perturbations instead of Gaussian is the following
result:

Theorem 14.2. (Biirgisser, Cucker, and Lotz, 2008) Let ¥ C RN be
contained in a projective hypersurface H of degree at most D and let
kSN — (1, 00] be given by

k(f) =

Then, for all o € (0,1],

sup Enep(farcsinoycsv-1(Ink(h)) <2In(N —1)+2InD —Ino +5.5.
fesN-1

1]

mingey [|f — g

In the context of the root counting problem, the degree D of ¥ = XF
is bounded by n*(]] d;)(maxd;). Therefore,

Corollary 14.3. (Cucker, Krick, Malajovich, and Wschebor, 2009)

sup EhGB(f,arcsin o)CS(HE) (ln "i(h» <2 ln(dlm(HE)) +4 ln(n)
feS(HE)

+21n(H d;)+Inl/o + 6.

15. CONCLUSIONS

We sketched the average time analysis and a smoothed analysis of
an algorithm for root counting. The same algorithm can also decide if
a given polynomial system admits a root.

Loosely stated, those seem to be NP-complete or #P complete prob-
lems. However, the polynomial systems in the complete problems are
sparse. However, the degree of the sparse discriminant is no more than
the degree of the usual discriminant. In that sense the algorithm and
Corollary 14.3 are still valid. The running time of the algorithm is
still polynomial in n and in the dimension of the input space. Again,
this is a massively parallel algorithm so the number of processors is
exponential in n.
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