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Movimiento oscilatorio 

Energy is continuously being transformed between potential energy stored in the
spring and kinetic energy of the block.

Figure 15.11 illustrates the position, velocity, acceleration, kinetic energy, and po-
tential energy of the block–spring system for one full period of the motion. Most of the
ideas discussed so far are incorporated in this important figure. Study it carefully.

Finally, we can use the principle of conservation of energy to obtain the velocity for
an arbitrary position by expressing the total energy at some arbitrary position x as

(15.22)

When we check Equation 15.22 to see whether it agrees with known cases, we find that
it verifies the fact that the speed is a maximum at x ! 0 and is zero at the turning
points x ! " A.

You may wonder why we are spending so much time studying simple harmonic os-
cillators. We do so because they are good models of a wide variety of physical phenom-
ena. For example, recall the Lennard–Jones potential discussed in Example 8.11. This
complicated function describes the forces holding atoms together. Figure 15.12a shows
that, for small displacements from the equilibrium position, the potential energy curve

v  ! "√ k
m

 (A2 # x 
2) ! "$√A2 # x2

E ! K % U ! 1
2 mv  2 % 1

2 kx  2 ! 1
2 kA2

S E C T I O N  15 . 3   •   Energy of the Simple Harmonic Oscillator 463

Velocity as a function of
position for a simple harmonic
oscillator
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Active Figure 15.11 Simple harmonic motion for a block–spring system and its analogy
to the motion of a simple pendulum (Section 15.5). The parameters in the table at the
right refer to the block–spring system, assuming that at t ! 0, x ! A so that x ! A cos $t.

At the Active Figures link at http://www.pse6.com, you can set the initial
position of the block and see the block–spring system and the analogous
pendulum in motion.
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Fuerza que actúa sobre una partícula unida a un 
muelle sin masa. 

Supongamos que el movimiento se realiza sobre una 
superficie horizontal (unidimensional, a lo largo de la 
dirección x) y sin rozamiento. 

A la posición de equilibrio le hacemos corresponder la 
posición  

Ley de Hooke 

La fuerza varía con la posición, proporcional al 
desplazamiento con respecto a la posición de equilibrio 

      es una constante positiva (constante de 
recuperación, contante del muelle o constante de 
rigidez). 

El signo menos indica que la fuerza ejercida por el 
muelle tiene sentido opuesto al desplazamiento con 
respecto a la posición de equilibrio. 

Valida si el desplazamiento no es demasiado grande. 



Movimiento de una partícula unida a un muelle sin masa: 
movimiento armónico simple. 

Cuando una partícula está bajo el efecto de una fuerza de 
recuperación lineal, el movimiento de la partícula se 

corresponde con un tipo especial de movimiento 
oscilatorio denominado movimiento oscilatorio armónico.  

Aplicando a la partícula la segunda ley de Newton en la dirección x 

La aceleración es proporcional al desplazamiento de la 
partícula con respecto a la posición de equilibrio y va 

dirigida en sentido opuesto. 



Movimiento de una partícula unida a un muelle sin masa: 
movimiento armónico simple. 

Por definición de aceleración 

Definiendo una nueva constante 



Movimiento armónico simple:                                             
solución para la posición como función del tiempo. 

Ecuación de movimiento:                     
ecuación diferencial de segundo orden 

La siguiente función coseno es una solución  

Amplitud del movimiento: el valor máximo de la 
posición de la partícula, tanto en la dirección 
positiva como en la negativa 

Constante de fase (o ángulo de fase) 

Las dos quedan determinadas únicamente por la posición y 
velocidad de la partícula en el instante t = 0. 

What we now require is a mathematical solution to Equation 15.5—that is, a func-
tion x(t) that satisfies this second-order differential equation. This is a mathematical
representation of the position of the particle as a function of time. We seek a function
x(t) whose second derivative is the same as the original function with a negative sign
and multiplied by !2. The trigonometric functions sine and cosine exhibit this behav-
ior, so we can build a solution around one or both of these. The following cosine func-
tion is a solution to the differential equation:

(15.6)

where A, !, and " are constants. To see explicitly that this equation satisfies Equation
15.5, note that

(15.7)

(15.8)

Comparing Equations 15.6 and 15.8, we see that d 2x/dt 2 # $!2x and Equation 15.5 is
satisfied.

The parameters A, !, and " are constants of the motion. In order to give physical
significance to these constants, it is convenient to form a graphical representation of
the motion by plotting x as a function of t, as in Figure 15.2a. First, note that A, called
the amplitude of the motion, is simply the maximum value of the position of the
particle in either the positive or negative x direction. The constant ! is called the
angular frequency, and has units of rad/s.1 It is a measure of how rapidly the oscilla-
tions are occurring—the more oscillations per unit time, the higher is the value of !.
From Equation 15.4, the angular frequency is

(15.9)

The constant angle " is called the phase constant (or initial phase angle) and,
along with the amplitude A, is determined uniquely by the position and velocity of
the particle at t # 0. If the particle is at its maximum position x # A at t # 0, the
phase constant is " # 0 and the graphical representation of the motion is shown in
Figure 15.2b. The quantity (!t % ") is called the phase of the motion. Note that
the function x(t) is periodic and its value is the same each time !t increases by 2&
radians.

Equations 15.1, 15.5, and 15.6 form the basis of the mathematical representation
of simple harmonic motion. If we are analyzing a situation and find that the force
on a particle is of the mathematical form of Equation 15.1, we know that the motion
will be that of a simple harmonic oscillator and that the position of the particle is
described by Equation 15.6. If we analyze a system and find that it is described by a
differential equation of the form of Equation 15.5, the motion will be that of a sim-
ple harmonic oscillator. If we analyze a situation and find that the position of a
particle is described by Equation 15.6, we know the particle is undergoing simple
harmonic motion.
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1 We have seen many examples in earlier chapters in which we evaluate a trigonometric function of
an angle. The argument of a trigonometric function, such as sine or cosine, must be a pure number.
The radian is a pure number because it is a ratio of lengths. Angles in degrees are pure numbers simply
because the degree is a completely artificial “unit”—it is not related to measurements of lengths. The
notion of requiring a pure number for a trigonometric function is important in Equation 15.6, where
the angle is expressed in terms of other measurements. Thus, ! must be expressed in rad/s (and not,
for example, in revolutions per second) if t is expressed in seconds. Furthermore, other types of func-
tions such as logarithms and exponential functions require arguments that are pure numbers.

! PITFALL PREVENTION
15.3 Where’s the Triangle?
Equation 15.6 includes a trigono-
metric function, a mathematical
function that can be used whether
it refers to a triangle or not. In
this case, the cosine function
happens to have the correct be-
havior for representing the posi-
tion of a particle in simple har-
monic motion.

Position versus time for an
object in simple harmonic
motion
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Active Figure 15.2 (a) An x -vs.-t
graph for an object undergoing
simple harmonic motion. The
amplitude of the motion is A, the
period (page 456) is T, and the
phase constant is ". (b) The x -vs.-t
graph in the special case in which 
x # A at t # 0 and hence " # 0.

At the Active Figures link
at http://www.pse6.com, you
can adjust the graphical repre-
sentation and see the resulting
simple harmonic motion of the
block in Figure 15.1.



Ecuación de movimiento:                     
ecuación diferencial de segundo orden 

La siguiente función coseno es una solución  

Frecuencia angular (en el sistema internacional 
se mide en rad/s). 

Fase del movimiento 

La solución es periódica y su valor es el mismo cada vez 
que ωt se incrementa en 2π radianes 

Movimiento armónico simple:                                             
definición de frecuencia angular y fase. 

What we now require is a mathematical solution to Equation 15.5—that is, a func-
tion x(t) that satisfies this second-order differential equation. This is a mathematical
representation of the position of the particle as a function of time. We seek a function
x(t) whose second derivative is the same as the original function with a negative sign
and multiplied by !2. The trigonometric functions sine and cosine exhibit this behav-
ior, so we can build a solution around one or both of these. The following cosine func-
tion is a solution to the differential equation:

(15.6)

where A, !, and " are constants. To see explicitly that this equation satisfies Equation
15.5, note that

(15.7)

(15.8)

Comparing Equations 15.6 and 15.8, we see that d 2x/dt 2 # $!2x and Equation 15.5 is
satisfied.

The parameters A, !, and " are constants of the motion. In order to give physical
significance to these constants, it is convenient to form a graphical representation of
the motion by plotting x as a function of t, as in Figure 15.2a. First, note that A, called
the amplitude of the motion, is simply the maximum value of the position of the
particle in either the positive or negative x direction. The constant ! is called the
angular frequency, and has units of rad/s.1 It is a measure of how rapidly the oscilla-
tions are occurring—the more oscillations per unit time, the higher is the value of !.
From Equation 15.4, the angular frequency is

(15.9)

The constant angle " is called the phase constant (or initial phase angle) and,
along with the amplitude A, is determined uniquely by the position and velocity of
the particle at t # 0. If the particle is at its maximum position x # A at t # 0, the
phase constant is " # 0 and the graphical representation of the motion is shown in
Figure 15.2b. The quantity (!t % ") is called the phase of the motion. Note that
the function x(t) is periodic and its value is the same each time !t increases by 2&
radians.

Equations 15.1, 15.5, and 15.6 form the basis of the mathematical representation
of simple harmonic motion. If we are analyzing a situation and find that the force
on a particle is of the mathematical form of Equation 15.1, we know that the motion
will be that of a simple harmonic oscillator and that the position of the particle is
described by Equation 15.6. If we analyze a system and find that it is described by a
differential equation of the form of Equation 15.5, the motion will be that of a sim-
ple harmonic oscillator. If we analyze a situation and find that the position of a
particle is described by Equation 15.6, we know the particle is undergoing simple
harmonic motion.
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1 We have seen many examples in earlier chapters in which we evaluate a trigonometric function of
an angle. The argument of a trigonometric function, such as sine or cosine, must be a pure number.
The radian is a pure number because it is a ratio of lengths. Angles in degrees are pure numbers simply
because the degree is a completely artificial “unit”—it is not related to measurements of lengths. The
notion of requiring a pure number for a trigonometric function is important in Equation 15.6, where
the angle is expressed in terms of other measurements. Thus, ! must be expressed in rad/s (and not,
for example, in revolutions per second) if t is expressed in seconds. Furthermore, other types of func-
tions such as logarithms and exponential functions require arguments that are pure numbers.

! PITFALL PREVENTION
15.3 Where’s the Triangle?
Equation 15.6 includes a trigono-
metric function, a mathematical
function that can be used whether
it refers to a triangle or not. In
this case, the cosine function
happens to have the correct be-
havior for representing the posi-
tion of a particle in simple har-
monic motion.

Position versus time for an
object in simple harmonic
motion
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Active Figure 15.2 (a) An x -vs.-t
graph for an object undergoing
simple harmonic motion. The
amplitude of the motion is A, the
period (page 456) is T, and the
phase constant is ". (b) The x -vs.-t
graph in the special case in which 
x # A at t # 0 and hence " # 0.

At the Active Figures link
at http://www.pse6.com, you
can adjust the graphical repre-
sentation and see the resulting
simple harmonic motion of the
block in Figure 15.1.



Ecuación de movimiento:                     
ecuación diferencial de segundo orden 

La siguiente función coseno es una solución  

El periodo T del movimiento es el tiempo que necesita la 
partícula en cubrir un ciclo completo de su movimiento  

Movimiento armónico simple:                                             
definición de periodo. 

Se mide en segundos 

What we now require is a mathematical solution to Equation 15.5—that is, a func-
tion x(t) that satisfies this second-order differential equation. This is a mathematical
representation of the position of the particle as a function of time. We seek a function
x(t) whose second derivative is the same as the original function with a negative sign
and multiplied by !2. The trigonometric functions sine and cosine exhibit this behav-
ior, so we can build a solution around one or both of these. The following cosine func-
tion is a solution to the differential equation:

(15.6)

where A, !, and " are constants. To see explicitly that this equation satisfies Equation
15.5, note that

(15.7)

(15.8)

Comparing Equations 15.6 and 15.8, we see that d 2x/dt 2 # $!2x and Equation 15.5 is
satisfied.

The parameters A, !, and " are constants of the motion. In order to give physical
significance to these constants, it is convenient to form a graphical representation of
the motion by plotting x as a function of t, as in Figure 15.2a. First, note that A, called
the amplitude of the motion, is simply the maximum value of the position of the
particle in either the positive or negative x direction. The constant ! is called the
angular frequency, and has units of rad/s.1 It is a measure of how rapidly the oscilla-
tions are occurring—the more oscillations per unit time, the higher is the value of !.
From Equation 15.4, the angular frequency is

(15.9)

The constant angle " is called the phase constant (or initial phase angle) and,
along with the amplitude A, is determined uniquely by the position and velocity of
the particle at t # 0. If the particle is at its maximum position x # A at t # 0, the
phase constant is " # 0 and the graphical representation of the motion is shown in
Figure 15.2b. The quantity (!t % ") is called the phase of the motion. Note that
the function x(t) is periodic and its value is the same each time !t increases by 2&
radians.

Equations 15.1, 15.5, and 15.6 form the basis of the mathematical representation
of simple harmonic motion. If we are analyzing a situation and find that the force
on a particle is of the mathematical form of Equation 15.1, we know that the motion
will be that of a simple harmonic oscillator and that the position of the particle is
described by Equation 15.6. If we analyze a system and find that it is described by a
differential equation of the form of Equation 15.5, the motion will be that of a sim-
ple harmonic oscillator. If we analyze a situation and find that the position of a
particle is described by Equation 15.6, we know the particle is undergoing simple
harmonic motion.
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1 We have seen many examples in earlier chapters in which we evaluate a trigonometric function of
an angle. The argument of a trigonometric function, such as sine or cosine, must be a pure number.
The radian is a pure number because it is a ratio of lengths. Angles in degrees are pure numbers simply
because the degree is a completely artificial “unit”—it is not related to measurements of lengths. The
notion of requiring a pure number for a trigonometric function is important in Equation 15.6, where
the angle is expressed in terms of other measurements. Thus, ! must be expressed in rad/s (and not,
for example, in revolutions per second) if t is expressed in seconds. Furthermore, other types of func-
tions such as logarithms and exponential functions require arguments that are pure numbers.

! PITFALL PREVENTION
15.3 Where’s the Triangle?
Equation 15.6 includes a trigono-
metric function, a mathematical
function that can be used whether
it refers to a triangle or not. In
this case, the cosine function
happens to have the correct be-
havior for representing the posi-
tion of a particle in simple har-
monic motion.

Position versus time for an
object in simple harmonic
motion
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Active Figure 15.2 (a) An x -vs.-t
graph for an object undergoing
simple harmonic motion. The
amplitude of the motion is A, the
period (page 456) is T, and the
phase constant is ". (b) The x -vs.-t
graph in the special case in which 
x # A at t # 0 and hence " # 0.

At the Active Figures link
at http://www.pse6.com, you
can adjust the graphical repre-
sentation and see the resulting
simple harmonic motion of the
block in Figure 15.1.



Ecuación de movimiento:                     
ecuación diferencial de segundo orden 

La siguiente función coseno es una solución  

La frecuencia f es el inverso del periodo, y representa el 
número de oscilaciones que la partícula lleva a cabo la 

partícula por unidad de tiempo  

Movimiento armónico simple:                                             
definición de frecuencia. 

Se mide en ciclos por segundo o Herzios (Hz) 

What we now require is a mathematical solution to Equation 15.5—that is, a func-
tion x(t) that satisfies this second-order differential equation. This is a mathematical
representation of the position of the particle as a function of time. We seek a function
x(t) whose second derivative is the same as the original function with a negative sign
and multiplied by !2. The trigonometric functions sine and cosine exhibit this behav-
ior, so we can build a solution around one or both of these. The following cosine func-
tion is a solution to the differential equation:

(15.6)

where A, !, and " are constants. To see explicitly that this equation satisfies Equation
15.5, note that

(15.7)

(15.8)

Comparing Equations 15.6 and 15.8, we see that d 2x/dt 2 # $!2x and Equation 15.5 is
satisfied.

The parameters A, !, and " are constants of the motion. In order to give physical
significance to these constants, it is convenient to form a graphical representation of
the motion by plotting x as a function of t, as in Figure 15.2a. First, note that A, called
the amplitude of the motion, is simply the maximum value of the position of the
particle in either the positive or negative x direction. The constant ! is called the
angular frequency, and has units of rad/s.1 It is a measure of how rapidly the oscilla-
tions are occurring—the more oscillations per unit time, the higher is the value of !.
From Equation 15.4, the angular frequency is

(15.9)

The constant angle " is called the phase constant (or initial phase angle) and,
along with the amplitude A, is determined uniquely by the position and velocity of
the particle at t # 0. If the particle is at its maximum position x # A at t # 0, the
phase constant is " # 0 and the graphical representation of the motion is shown in
Figure 15.2b. The quantity (!t % ") is called the phase of the motion. Note that
the function x(t) is periodic and its value is the same each time !t increases by 2&
radians.

Equations 15.1, 15.5, and 15.6 form the basis of the mathematical representation
of simple harmonic motion. If we are analyzing a situation and find that the force
on a particle is of the mathematical form of Equation 15.1, we know that the motion
will be that of a simple harmonic oscillator and that the position of the particle is
described by Equation 15.6. If we analyze a system and find that it is described by a
differential equation of the form of Equation 15.5, the motion will be that of a sim-
ple harmonic oscillator. If we analyze a situation and find that the position of a
particle is described by Equation 15.6, we know the particle is undergoing simple
harmonic motion.
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1 We have seen many examples in earlier chapters in which we evaluate a trigonometric function of
an angle. The argument of a trigonometric function, such as sine or cosine, must be a pure number.
The radian is a pure number because it is a ratio of lengths. Angles in degrees are pure numbers simply
because the degree is a completely artificial “unit”—it is not related to measurements of lengths. The
notion of requiring a pure number for a trigonometric function is important in Equation 15.6, where
the angle is expressed in terms of other measurements. Thus, ! must be expressed in rad/s (and not,
for example, in revolutions per second) if t is expressed in seconds. Furthermore, other types of func-
tions such as logarithms and exponential functions require arguments that are pure numbers.

! PITFALL PREVENTION
15.3 Where’s the Triangle?
Equation 15.6 includes a trigono-
metric function, a mathematical
function that can be used whether
it refers to a triangle or not. In
this case, the cosine function
happens to have the correct be-
havior for representing the posi-
tion of a particle in simple har-
monic motion.

Position versus time for an
object in simple harmonic
motion

x

A

–A

t

(b)

x

A

–A

t

T

(a)

Active Figure 15.2 (a) An x -vs.-t
graph for an object undergoing
simple harmonic motion. The
amplitude of the motion is A, the
period (page 456) is T, and the
phase constant is ". (b) The x -vs.-t
graph in the special case in which 
x # A at t # 0 and hence " # 0.

At the Active Figures link
at http://www.pse6.com, you
can adjust the graphical repre-
sentation and see the resulting
simple harmonic motion of the
block in Figure 15.1.



Ecuación de movimiento:                     
ecuación diferencial de segundo orden 

La siguiente función coseno es una solución  

Relación entre las distintas variables 

Para un sistema muelle partícula 

No depende de los parámetros 
del movimiento como        y   

Movimiento armónico simple:                                             
relación entre frecuencia angular, periodo y frecuencia. 



Movimiento armónico simple:                                             
velocidad y aceleración. 

Velocidad 

Aceleración 

Valores límites: ± ωA 

Valores límites: ± ω2A 

Valores máximos del módulo de la aceleración y la velocidad phase of the acceleration differs from the phase of the position by ! radians, or 180°.
For example, when x is a maximum, a has a maximum magnitude in the opposite
direction.

Equation 15.6 describes simple harmonic motion of a particle in general. Let us
now see how to evaluate the constants of the motion. The angular frequency " is evalu-
ated using Equation 15.9. The constants A and # are evaluated from the initial condi-
tions, that is, the state of the oscillator at t $ 0.

Suppose we initiate the motion by pulling the particle from equilibrium by a dis-
tance A and releasing it from rest at t $ 0, as in Figure 15.7. We must then require that
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Quick Quiz 15.4 Consider a graphical representation (Fig. 15.4) of simple
harmonic motion, as described mathematically in Equation 15.6. When the object is at
position ! on the graph, its (a) velocity and acceleration are both positive (b) velocity
and acceleration are both negative (c) velocity is positive and its acceleration is zero
(d) velocity is negative and its acceleration is zero (e) velocity is positive and its acceler-
ation is negative (f) velocity is negative and its acceleration is positive.

Quick Quiz 15.5 An object of mass m is hung from a spring and set into
oscillation. The period of the oscillation is measured and recorded as T. The object
of mass m is removed and replaced with an object of mass 2m. When this object is set
into oscillation, the period of the motion is (a) 2T (b) (c) T (d) (e) T/2.T/√2√2T
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Figure 15.6 Graphical representation of
simple harmonic motion. (a) Position versus
time. (b) Velocity versus time. (c) Acceleration
versus time. Note that at any specified time the
velocity is 90° out of phase with the position
and the acceleration is 180° out of phase with
the position. 

A
x = 0

t = 0
xi = A
vi = 0

m

Active Figure 15.7 A block–spring system
that begins its motion from rest with the
block at x $ A at t $ 0. In this case, # $ 0
and thus x $ A cos "t.

At the Active Figures link at
http://www.pse6.com, you can compare
the oscillations of two blocks starting
from different initial positions to see that
the frequency is independent of the
amplitude.



Supongamos que el movimiento se realiza sobre una 
superficie horizontal (unidimensional, a lo largo de la 
dirección x) y sin rozamiento. 

Podemos considerar a la combinación del muelle y del 
objeto unido a él como un sistema aislado. 

Movimiento armónico simple:                                             
consideraciones energéticas. 

Como la superficie no tiene rozamiento, la energía 
mecánica total del sistema permanece constante 

Suponiendo que el muelle carece de masa,                             
la energía cinética se debe al movimiento de la partícula 

La energía potencial elástica del sistema se debe al muelle 



Movimiento armónico simple:                                             
consideraciones energéticas. 

Como la superficie no tiene rozamiento, la energía 
mecánica total del sistema permanece constante 

La energía mecánica total vendrá dada por: 

Como  



Movimiento armónico simple:                                            
Representación gráfica de la energía  

Como función del tiempo Como función de la posición  

15.3 Energy of the Simple Harmonic Oscillator

Let us examine the mechanical energy of the block–spring system illustrated in Figure
15.1. Because the surface is frictionless, we expect the total mechanical energy of the
system to be constant, as was shown in Chapter 8. We assume a massless spring, so the
kinetic energy of the system corresponds only to that of the block. We can use Equa-
tion 15.15 to express the kinetic energy of the block as

(15.19)

The elastic potential energy stored in the spring for any elongation x is given by
(see Eq. 8.11). Using Equation 15.6, we obtain

(15.20)

We see that K and U are always positive quantities. Because !2 " k/m, we can express
the total mechanical energy of the simple harmonic oscillator as

From the identity sin2 # $ cos2 # " 1, we see that the quantity in square brackets is
unity. Therefore, this equation reduces to

(15.21)

That is, the total mechanical energy of a simple harmonic oscillator is a constant
of the motion and is proportional to the square of the amplitude. Note that U is
small when K is large, and vice versa, because the sum must be constant. In fact, the to-
tal mechanical energy is equal to the maximum potential energy stored in the spring
when x " % A because v " 0 at these points and thus there is no kinetic energy. At the
equilibrium position, where U " 0 because x " 0, the total energy, all in the form of
kinetic energy, is again . That is,

Plots of the kinetic and potential energies versus time appear in Figure 15.10a,
where we have taken & " 0. As already mentioned, both K and U are always positive,
and at all times their sum is a constant equal to , the total energy of the system.
The variations of K and U with the position x of the block are plotted in Figure 15.10b.
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Active Figure 15.10 (a) Kinetic energy and potential energy versus time for a simple
harmonic oscillator with & " 0. (b) Kinetic energy and potential energy versus position
for a simple harmonic oscillator. In either plot, note that K $ U " constant.

At the Active Figures link at http://www.pse6.com, you can compare the
physical oscillation of a block with energy graphs in this figure as well as with
energy bar graphs.



Movimiento armónico simple:                                            
Representación gráfica del movimiento 

Energy is continuously being transformed between potential energy stored in the
spring and kinetic energy of the block.

Figure 15.11 illustrates the position, velocity, acceleration, kinetic energy, and po-
tential energy of the block–spring system for one full period of the motion. Most of the
ideas discussed so far are incorporated in this important figure. Study it carefully.

Finally, we can use the principle of conservation of energy to obtain the velocity for
an arbitrary position by expressing the total energy at some arbitrary position x as

(15.22)

When we check Equation 15.22 to see whether it agrees with known cases, we find that
it verifies the fact that the speed is a maximum at x ! 0 and is zero at the turning
points x ! " A.

You may wonder why we are spending so much time studying simple harmonic os-
cillators. We do so because they are good models of a wide variety of physical phenom-
ena. For example, recall the Lennard–Jones potential discussed in Example 8.11. This
complicated function describes the forces holding atoms together. Figure 15.12a shows
that, for small displacements from the equilibrium position, the potential energy curve

v  ! "√ k
m

 (A2 # x 
2) ! "$√A2 # x2

E ! K % U ! 1
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2 kx  2 ! 1
2 kA2
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Velocity as a function of
position for a simple harmonic
oscillator
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Active Figure 15.11 Simple harmonic motion for a block–spring system and its analogy
to the motion of a simple pendulum (Section 15.5). The parameters in the table at the
right refer to the block–spring system, assuming that at t ! 0, x ! A so that x ! A cos $t.

At the Active Figures link at http://www.pse6.com, you can set the initial
position of the block and see the block–spring system and the analogous
pendulum in motion.
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15.4 Comparing Simple Harmonic Motion 
with Uniform Circular Motion

Some common devices in our everyday life exhibit a relationship between oscillatory
motion and circular motion. For example, the pistons in an automobile engine (Figure
15.13a) go up and down—oscillatory motion—yet the net result of this motion is circu-
lar motion of the wheels. In an old-fashioned locomotive (Figure 15.13b), the drive
shaft goes back and forth in oscillatory motion, causing a circular motion of the
wheels. In this section, we explore this interesting relationship between these two types
of motion. We shall use this relationship again when we study electromagnetism and
when we explore optics.

Figure 15.14 is an overhead view of an experimental arrangement that shows this
relationship. A ball is attached to the rim of a turntable of radius A, which is illumi-
nated from the side by a lamp. The ball casts a shadow on a screen. We find that as the
turntable rotates with constant angular speed, the shadow of the ball moves
back and forth in simple harmonic motion.

To find the new amplitude, we equate this total energy to
the potential energy when the cart is at the end point of the
motion:

Note that this is larger than the previous amplitude of
0.030 0 m. To find the new maximum speed, we equate this

 A ! √ 2E
k

! √ 2(1.15 " 10#2 J)
20.0 N/m

! 0.033 9 m

 E  ! 1
2 kA 2

total energy to the kinetic energy when the cart is at the
equilibrium position:

This is larger than the value found in part (a) as expected
because the cart has an initial velocity at t ! 0.

 vmax ! √ 2E
m

! √ 2(1.15 " 10#2 J)
0.500 kg

! 0.214 m/s

E ! 1
2 mvmax

2

Figure 15.13 (a) The pistons of an
automobile engine move in periodic motion
along a single dimension. This photograph
shows a cutaway view of two of these pistons.
This motion is converted to circular motion of
the crankshaft, at the lower right, and
ultimately of the wheels of the automobile.
(b) The back-and-forth motion of pistons (in
the curved housing at the left) in an old-
fashioned locomotive is converted to circular
motion of the wheels.

©
Lin

k /
 V

isu
al

s U
nl

im
ite

d

Lamp

Ball

Q

PA

A

Screen

Turntable

Shadow
of ball

Active Figure 15.14 An
experimental setup for
demonstrating the connection
between simple harmonic motion
and uniform circular motion. As
the ball rotates on the turntable
with constant angular speed, its
shadow on the screen moves back
and forth in simple harmonic
motion.

At the Active Figures link
at http://www.pse6.com, you
can adjust the frequency and
radial position of the ball and
see the resulting simple
harmonic motion of the
shadow.
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Dispositivo experimental 
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Cuando el plato giratorio rota con velocidad angular 
constante, la sombra de la pelota se mueve hacia delante y 
hacia atrás con un movimiento oscilatorio armónico simple 
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movimiento circular uniforme 

Consider a particle located at point P on the circumference of a circle of radius A, as
in Figure 15.15a, with the line OP making an angle ! with the x axis at t " 0. We call this
circle a reference circle for comparing simple harmonic motion with uniform circular mo-
tion, and we take the position of P at t " 0 as our reference position. If the particle
moves along the circle with constant angular speed # until OP makes an angle $ with the
x axis, as in Figure 15.15b, then at some time t % 0, the angle between OP and the x axis
is $ " #t & !. As the particle moves along the circle, the projection of P on the x axis,
labeled point Q , moves back and forth along the x axis between the limits x " ' A.

Note that points P and Q always have the same x coordinate. From the right trian-
gle OPQ, we see that this x coordinate is

(15.23)

This expression is the same as Equation 15.6 and shows that the point Q moves with
simple harmonic motion along the x axis. Therefore, we conclude that

x(t) " A cos(#t & !)

We can make a similar argument by noting from Figure 15.15b that the projec-
tion of P along the y axis also exhibits simple harmonic motion. Therefore, uniform
circular motion can be considered a combination of two simple harmonic mo-
tions, one along the x axis and one along the y axis, with the two differing in
phase by 90°.

This geometric interpretation shows that the time interval for one complete revolu-
tion of the point P on the reference circle is equal to the period of motion T for simple
harmonic motion between x " ' A. That is, the angular speed # of P is the same as the
angular frequency # of simple harmonic motion along the x axis. (This is why we use
the same symbol.) The phase constant ! for simple harmonic motion corresponds to
the initial angle that OP makes with the x axis. The radius A of the reference circle
equals the amplitude of the simple harmonic motion.

Because the relationship between linear and angular speed for circular motion is
v " r# (see Eq. 10.10), the particle moving on the reference circle of radius A has a ve-
locity of magnitude #A. From the geometry in Figure 15.15c, we see that the x compo-
nent of this velocity is ( #A sin(#t & !). By definition, point Q has a velocity given by
dx/dt. Differentiating Equation 15.23 with respect to time, we find that the velocity of
Q is the same as the x component of the velocity of P.
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Figure 15.15 Relationship between the uniform circular motion of a point P and the
simple harmonic motion of a point Q. A particle at P moves in a circle of radius A with
constant angular speed #. (a) A reference circle showing the position of P at t " 0.
(b) The x coordinates of points P and Q are equal and vary in time according to the
expression x " A cos(#t & !). (c) The x component of the velocity of P equals the
velocity of Q. (d) The x component of the acceleration of P equals the acceleration of Q. 

simple harmonic motion along a straight line can be represented by the projection
of uniform circular motion along a diameter of a reference circle.

Círculo de referencia 
Consideremos una partícula     colocada sobre una circunferencia de radio    . 

La línea        define un ángulo     con el eje     en el instante  

Si la partícula se mueve a lo largo de la circunferencia con velocidad angular    
constante, hasta que        forme un ángulo     con el eje de las     para un tiempo dado    

el ángulo entre        y el eje de las     es       

Como la partícula se mueve en una circunferencia, la proyección de     sobre el eje de las    
(punto    ), se mueve hacia delante y hacia atrás a lo largo del eje     entre los límites  
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Consider a particle located at point P on the circumference of a circle of radius A, as
in Figure 15.15a, with the line OP making an angle ! with the x axis at t " 0. We call this
circle a reference circle for comparing simple harmonic motion with uniform circular mo-
tion, and we take the position of P at t " 0 as our reference position. If the particle
moves along the circle with constant angular speed # until OP makes an angle $ with the
x axis, as in Figure 15.15b, then at some time t % 0, the angle between OP and the x axis
is $ " #t & !. As the particle moves along the circle, the projection of P on the x axis,
labeled point Q , moves back and forth along the x axis between the limits x " ' A.

Note that points P and Q always have the same x coordinate. From the right trian-
gle OPQ, we see that this x coordinate is

(15.23)

This expression is the same as Equation 15.6 and shows that the point Q moves with
simple harmonic motion along the x axis. Therefore, we conclude that

x(t) " A cos(#t & !)

We can make a similar argument by noting from Figure 15.15b that the projec-
tion of P along the y axis also exhibits simple harmonic motion. Therefore, uniform
circular motion can be considered a combination of two simple harmonic mo-
tions, one along the x axis and one along the y axis, with the two differing in
phase by 90°.

This geometric interpretation shows that the time interval for one complete revolu-
tion of the point P on the reference circle is equal to the period of motion T for simple
harmonic motion between x " ' A. That is, the angular speed # of P is the same as the
angular frequency # of simple harmonic motion along the x axis. (This is why we use
the same symbol.) The phase constant ! for simple harmonic motion corresponds to
the initial angle that OP makes with the x axis. The radius A of the reference circle
equals the amplitude of the simple harmonic motion.

Because the relationship between linear and angular speed for circular motion is
v " r# (see Eq. 10.10), the particle moving on the reference circle of radius A has a ve-
locity of magnitude #A. From the geometry in Figure 15.15c, we see that the x compo-
nent of this velocity is ( #A sin(#t & !). By definition, point Q has a velocity given by
dx/dt. Differentiating Equation 15.23 with respect to time, we find that the velocity of
Q is the same as the x component of the velocity of P.
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Figure 15.15 Relationship between the uniform circular motion of a point P and the
simple harmonic motion of a point Q. A particle at P moves in a circle of radius A with
constant angular speed #. (a) A reference circle showing the position of P at t " 0.
(b) The x coordinates of points P and Q are equal and vary in time according to the
expression x " A cos(#t & !). (c) The x component of the velocity of P equals the
velocity of Q. (d) The x component of the acceleration of P equals the acceleration of Q. 

simple harmonic motion along a straight line can be represented by the projection
of uniform circular motion along a diameter of a reference circle.

Los puntos     y      siempre tienen el mismo valor de la componente     . 
A partir del triángulo rectángulo         

El movimiento armónico simple a lo largo de una línea recta puede representarse como la 
proyección de un movimiento circular uniforme a lo largo de un diámetro de la 

circunferencia de referencia 
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Consider a particle located at point P on the circumference of a circle of radius A, as
in Figure 15.15a, with the line OP making an angle ! with the x axis at t " 0. We call this
circle a reference circle for comparing simple harmonic motion with uniform circular mo-
tion, and we take the position of P at t " 0 as our reference position. If the particle
moves along the circle with constant angular speed # until OP makes an angle $ with the
x axis, as in Figure 15.15b, then at some time t % 0, the angle between OP and the x axis
is $ " #t & !. As the particle moves along the circle, the projection of P on the x axis,
labeled point Q , moves back and forth along the x axis between the limits x " ' A.

Note that points P and Q always have the same x coordinate. From the right trian-
gle OPQ, we see that this x coordinate is

(15.23)

This expression is the same as Equation 15.6 and shows that the point Q moves with
simple harmonic motion along the x axis. Therefore, we conclude that

x(t) " A cos(#t & !)

We can make a similar argument by noting from Figure 15.15b that the projec-
tion of P along the y axis also exhibits simple harmonic motion. Therefore, uniform
circular motion can be considered a combination of two simple harmonic mo-
tions, one along the x axis and one along the y axis, with the two differing in
phase by 90°.

This geometric interpretation shows that the time interval for one complete revolu-
tion of the point P on the reference circle is equal to the period of motion T for simple
harmonic motion between x " ' A. That is, the angular speed # of P is the same as the
angular frequency # of simple harmonic motion along the x axis. (This is why we use
the same symbol.) The phase constant ! for simple harmonic motion corresponds to
the initial angle that OP makes with the x axis. The radius A of the reference circle
equals the amplitude of the simple harmonic motion.

Because the relationship between linear and angular speed for circular motion is
v " r# (see Eq. 10.10), the particle moving on the reference circle of radius A has a ve-
locity of magnitude #A. From the geometry in Figure 15.15c, we see that the x compo-
nent of this velocity is ( #A sin(#t & !). By definition, point Q has a velocity given by
dx/dt. Differentiating Equation 15.23 with respect to time, we find that the velocity of
Q is the same as the x component of the velocity of P.
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Figure 15.15 Relationship between the uniform circular motion of a point P and the
simple harmonic motion of a point Q. A particle at P moves in a circle of radius A with
constant angular speed #. (a) A reference circle showing the position of P at t " 0.
(b) The x coordinates of points P and Q are equal and vary in time according to the
expression x " A cos(#t & !). (c) The x component of the velocity of P equals the
velocity of Q. (d) The x component of the acceleration of P equals the acceleration of Q. 

simple harmonic motion along a straight line can be represented by the projection
of uniform circular motion along a diameter of a reference circle.

La celeridad angular de     es la misma que la frecuencia angular     del 
movimiento armónico simple a lo largo del eje      

La constante de fase      del movimiento oscilatorio armónico simple se 
corresponde con el ángulo inicial que       forma con el eje  

El radio      de la circunferencia de referencia se corresponde con la 
amplitud del movimiento oscilatorio armónico simple 
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Consider a particle located at point P on the circumference of a circle of radius A, as
in Figure 15.15a, with the line OP making an angle ! with the x axis at t " 0. We call this
circle a reference circle for comparing simple harmonic motion with uniform circular mo-
tion, and we take the position of P at t " 0 as our reference position. If the particle
moves along the circle with constant angular speed # until OP makes an angle $ with the
x axis, as in Figure 15.15b, then at some time t % 0, the angle between OP and the x axis
is $ " #t & !. As the particle moves along the circle, the projection of P on the x axis,
labeled point Q , moves back and forth along the x axis between the limits x " ' A.

Note that points P and Q always have the same x coordinate. From the right trian-
gle OPQ, we see that this x coordinate is

(15.23)

This expression is the same as Equation 15.6 and shows that the point Q moves with
simple harmonic motion along the x axis. Therefore, we conclude that

x(t) " A cos(#t & !)

We can make a similar argument by noting from Figure 15.15b that the projec-
tion of P along the y axis also exhibits simple harmonic motion. Therefore, uniform
circular motion can be considered a combination of two simple harmonic mo-
tions, one along the x axis and one along the y axis, with the two differing in
phase by 90°.

This geometric interpretation shows that the time interval for one complete revolu-
tion of the point P on the reference circle is equal to the period of motion T for simple
harmonic motion between x " ' A. That is, the angular speed # of P is the same as the
angular frequency # of simple harmonic motion along the x axis. (This is why we use
the same symbol.) The phase constant ! for simple harmonic motion corresponds to
the initial angle that OP makes with the x axis. The radius A of the reference circle
equals the amplitude of the simple harmonic motion.

Because the relationship between linear and angular speed for circular motion is
v " r# (see Eq. 10.10), the particle moving on the reference circle of radius A has a ve-
locity of magnitude #A. From the geometry in Figure 15.15c, we see that the x compo-
nent of this velocity is ( #A sin(#t & !). By definition, point Q has a velocity given by
dx/dt. Differentiating Equation 15.23 with respect to time, we find that the velocity of
Q is the same as the x component of the velocity of P.
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Figure 15.15 Relationship between the uniform circular motion of a point P and the
simple harmonic motion of a point Q. A particle at P moves in a circle of radius A with
constant angular speed #. (a) A reference circle showing the position of P at t " 0.
(b) The x coordinates of points P and Q are equal and vary in time according to the
expression x " A cos(#t & !). (c) The x component of the velocity of P equals the
velocity of Q. (d) The x component of the acceleration of P equals the acceleration of Q. 

simple harmonic motion along a straight line can be represented by the projection
of uniform circular motion along a diameter of a reference circle.

La celeridad de     cuando se mueve por la circunferencia de referencia es  

Por argumentos geométricos se deduce que la componente     de la velocidad es  
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Consider a particle located at point P on the circumference of a circle of radius A, as
in Figure 15.15a, with the line OP making an angle ! with the x axis at t " 0. We call this
circle a reference circle for comparing simple harmonic motion with uniform circular mo-
tion, and we take the position of P at t " 0 as our reference position. If the particle
moves along the circle with constant angular speed # until OP makes an angle $ with the
x axis, as in Figure 15.15b, then at some time t % 0, the angle between OP and the x axis
is $ " #t & !. As the particle moves along the circle, the projection of P on the x axis,
labeled point Q , moves back and forth along the x axis between the limits x " ' A.

Note that points P and Q always have the same x coordinate. From the right trian-
gle OPQ, we see that this x coordinate is

(15.23)

This expression is the same as Equation 15.6 and shows that the point Q moves with
simple harmonic motion along the x axis. Therefore, we conclude that

x(t) " A cos(#t & !)

We can make a similar argument by noting from Figure 15.15b that the projec-
tion of P along the y axis also exhibits simple harmonic motion. Therefore, uniform
circular motion can be considered a combination of two simple harmonic mo-
tions, one along the x axis and one along the y axis, with the two differing in
phase by 90°.

This geometric interpretation shows that the time interval for one complete revolu-
tion of the point P on the reference circle is equal to the period of motion T for simple
harmonic motion between x " ' A. That is, the angular speed # of P is the same as the
angular frequency # of simple harmonic motion along the x axis. (This is why we use
the same symbol.) The phase constant ! for simple harmonic motion corresponds to
the initial angle that OP makes with the x axis. The radius A of the reference circle
equals the amplitude of the simple harmonic motion.

Because the relationship between linear and angular speed for circular motion is
v " r# (see Eq. 10.10), the particle moving on the reference circle of radius A has a ve-
locity of magnitude #A. From the geometry in Figure 15.15c, we see that the x compo-
nent of this velocity is ( #A sin(#t & !). By definition, point Q has a velocity given by
dx/dt. Differentiating Equation 15.23 with respect to time, we find that the velocity of
Q is the same as the x component of the velocity of P.
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Figure 15.15 Relationship between the uniform circular motion of a point P and the
simple harmonic motion of a point Q. A particle at P moves in a circle of radius A with
constant angular speed #. (a) A reference circle showing the position of P at t " 0.
(b) The x coordinates of points P and Q are equal and vary in time according to the
expression x " A cos(#t & !). (c) The x component of the velocity of P equals the
velocity of Q. (d) The x component of the acceleration of P equals the acceleration of Q. 

simple harmonic motion along a straight line can be represented by the projection
of uniform circular motion along a diameter of a reference circle.

La aceleración de     en la circunferencia de referencia está dirigida hacia el 
centro del círculo y tiene por módulo  

Por argumentos geométricos se deduce que la componente     de la aceleración es  



El muelle vertical 

El muelle estará en equilibrio estático para una posición y0 que cumpla 

Cuando oscila 



El muelle vertical 

El efecto de la gravedad es desplazar la posición de equilibrio. El muelle realizará un 
movimiento oscilatorio armónico en torno a esta nueva posición de equilibrio y0, con el 

mismo periodo que el de un muelle horizaontal. 



El péndulo simple: 
definición                                             

Consiste en un objeto puntual de masa m, 
suspendido de una cuerda o barra de longitud L, 

cuyo extremo superior está fijo. 

En el caso de un objeto real, siempre que el tamaño del 
objeto sea pequeño comparado con la longitud de la cuerda, 

el péndulo puede modelarse como un péndulo simple. 

Cuando el objeto se desplaza hacia un lado y luego se 
suelta, oscila alrededor del punto más bajo                         

(que es la posición de equilibrio). 

El movimiento se produce en un plano vertical. 

El péndulo está impulsado por la fuerza de la gravedad. 
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15.5 The Pendulum

The simple pendulum is another mechanical system that exhibits periodic motion. It
consists of a particle-like bob of mass m suspended by a light string of length L that is
fixed at the upper end, as shown in Figure 15.17. The motion occurs in the vertical
plane and is driven by the gravitational force. We shall show that, provided the angle
! is small (less than about 10°), the motion is very close to that of a simple harmonic
oscillator.

The forces acting on the bob are the force T exerted by the string and the gravita-
tional force mg. The tangential component mg sin ! of the gravitational force always
acts toward ! " 0, opposite the displacement of the bob from the lowest position.
Therefore, the tangential component is a restoring force, and we can apply Newton’s
second law for motion in the tangential direction:

where s is the bob’s position measured along the arc and the negative sign indicates
that the tangential force acts toward the equilibrium (vertical) position. Because
s " L! (Eq. 10.1a) and L is constant, this equation reduces to

Considering ! as the position, let us compare this equation to Equation 15.3—does it
have the same mathematical form? The right side is proportional to sin ! rather than
to ! ; hence, we would not expect simple harmonic motion because this expression is
not of the form of Equation 15.3. However, if we assume that ! is small, we can use the
approximation sin ! ! ! ; thus, in this approximation, the equation of motion for the
simple pendulum becomes

(for small values of !) (15.24)

Now we have an expression that has the same form as Equation 15.3, and we conclude
that the motion for small amplitudes of oscillation is simple harmonic motion. There-
fore, the function ! can be written as ! " !max cos(#t $ %), where !max is the maximum
angular position and the angular frequency # is

(15.25)

The period of the motion is

(15.26)

In other words, the period and frequency of a simple pendulum depend only on
the length of the string and the acceleration due to gravity. Because the period is
independent of the mass, we conclude that all simple pendula that are of equal length
and are at the same location (so that g is constant) oscillate with the same period. The
analogy between the motion of a simple pendulum and that of a block–spring system is
illustrated in Figure 15.11.

The simple pendulum can be used as a timekeeper because its period depends only
on its length and the local value of g. It is also a convenient device for making precise
measurements of the free-fall acceleration. Such measurements are important because
variations in local values of g can provide information on the location of oil and of
other valuable underground resources.
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El péndulo simple:  
ecuación de movimiento                                           

Fuerzas que actúan sobre el objeto: 

- La fuerza ejercida por la cuerda, 

-  Gravedad,  

La componente tangencial de la fuerza de la gravedad,        
     siempre actúa hacia la posición de equilibrio, en 

sentido opuesto al desplazamiento.  

La componente tangencial de la fuerza de la gravedad 
es una fuerza de recuperación. 

Ley de Newton para escribir la ecuación del movimiento en la dirección tangencial 

s es la posición medida a lo largo del arco circular. 

El signo menos indica que la fuerza tangencial 
apunta hacia la posición de equilibrio. 
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15.5 The Pendulum

The simple pendulum is another mechanical system that exhibits periodic motion. It
consists of a particle-like bob of mass m suspended by a light string of length L that is
fixed at the upper end, as shown in Figure 15.17. The motion occurs in the vertical
plane and is driven by the gravitational force. We shall show that, provided the angle
! is small (less than about 10°), the motion is very close to that of a simple harmonic
oscillator.

The forces acting on the bob are the force T exerted by the string and the gravita-
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Now we have an expression that has the same form as Equation 15.3, and we conclude
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fore, the function ! can be written as ! " !max cos(#t $ %), where !max is the maximum
angular position and the angular frequency # is
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In other words, the period and frequency of a simple pendulum depend only on
the length of the string and the acceleration due to gravity. Because the period is
independent of the mass, we conclude that all simple pendula that are of equal length
and are at the same location (so that g is constant) oscillate with the same period. The
analogy between the motion of a simple pendulum and that of a block–spring system is
illustrated in Figure 15.11.

The simple pendulum can be used as a timekeeper because its period depends only
on its length and the local value of g. It is also a convenient device for making precise
measurements of the free-fall acceleration. Such measurements are important because
variations in local values of g can provide information on the location of oil and of
other valuable underground resources.
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El péndulo simple: 
ecuación de movimiento                                            

Ley de Newton para escribir la ecuación del movimiento en la dirección tangencial. 

Si medimos el ángulo en radianes 

Como la longitud del hilo es constante 

Finalmente, la ecuación de movimiento es 

En general no se trata de un auténtico 
movimiento armónico simple 
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consists of a particle-like bob of mass m suspended by a light string of length L that is
fixed at the upper end, as shown in Figure 15.17. The motion occurs in the vertical
plane and is driven by the gravitational force. We shall show that, provided the angle
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tional force mg. The tangential component mg sin ! of the gravitational force always
acts toward ! " 0, opposite the displacement of the bob from the lowest position.
Therefore, the tangential component is a restoring force, and we can apply Newton’s
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where s is the bob’s position measured along the arc and the negative sign indicates
that the tangential force acts toward the equilibrium (vertical) position. Because
s " L! (Eq. 10.1a) and L is constant, this equation reduces to

Considering ! as the position, let us compare this equation to Equation 15.3—does it
have the same mathematical form? The right side is proportional to sin ! rather than
to ! ; hence, we would not expect simple harmonic motion because this expression is
not of the form of Equation 15.3. However, if we assume that ! is small, we can use the
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fore, the function ! can be written as ! " !max cos(#t $ %), where !max is the maximum
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In other words, the period and frequency of a simple pendulum depend only on
the length of the string and the acceleration due to gravity. Because the period is
independent of the mass, we conclude that all simple pendula that are of equal length
and are at the same location (so that g is constant) oscillate with the same period. The
analogy between the motion of a simple pendulum and that of a block–spring system is
illustrated in Figure 15.11.

The simple pendulum can be used as a timekeeper because its period depends only
on its length and the local value of g. It is also a convenient device for making precise
measurements of the free-fall acceleration. Such measurements are important because
variations in local values of g can provide information on the location of oil and of
other valuable underground resources.
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El péndulo simple:                                        
ecuación de movimiento para ángulos pequeños                                      

Aproximación para ángulos pequeños, si están expresados en radianes 
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ecuación de movimiento para ángulos pequeños                                      

Aproximación para ángulos pequeños, si están expresados en radianes 

Ecuación del movimiento armónico simple con  

Solución 

Frecuencia angular 

Periodo 
Independiente de la 

masa y de la 
posición angular 

máxima 

Posición angular máxima 



Oscilaciones amortiguadas: 
Definición                                     

Las fuerzas resistivas, como el rozamiento, frenan el movimiento del sistema. 

La energía mecánica del sistema disminuye con el tiempo y el movimiento se amortigua. 

Supongamos una fuerza resistiva proporcional a la velocidad y de sentido es opuesto a la misma 

Donde b es una constante relacionada con la intensidad de la fuerza resistiva. 

Por definición de velocidad y aceleración 

La segunda ley de Newton sobre la partícula vendría dada por 



Oscilaciones amortiguadas: 
Ecuación de movimiento                                      

Si suponemos que los parámetros del sistema son tales que                            
(fuerza resistiva pequeña)  

La solución vendría dada por 

Donde la frecuancia angular del movimiento sería 

La solución formal es muy similar a la de un movimiento oscilatorio sin amortiguar, 
pero ahora la amplitud depende del tiempo 



Oscilaciones amortiguadas: 
Representación gráfica                                   

Cuando la fuerza resistiva es relativamente pequeña, el carácter 
oscilatorio del movimiento se conserva, pero la amplitud de la vibración 

disminuye con el tiempo, y el movimiento, en última instancia, cesa. 

Oscilador subamortiguado 
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15.6 Damped Oscillations

The oscillatory motions we have considered so far have been for ideal systems—that is,
systems that oscillate indefinitely under the action of only one force—a linear restoring
force. In many real systems, nonconservative forces, such as friction, retard the motion.
Consequently, the mechanical energy of the system diminishes in time, and the motion
is said to be damped. Figure 15.21 depicts one such system: an object attached to a
spring and submersed in a viscous liquid.

One common type of retarding force is the one discussed in Section 6.4, where the
force is proportional to the speed of the moving object and acts in the direction oppo-
site the motion. This retarding force is often observed when an object moves through
air, for instance. Because the retarding force can be expressed as R ! " b v (where b is
a constant called the damping coefficient) and the restoring force of the system is " kx,
we can write Newton’s second law as

(15.31)

The solution of this equation requires mathematics that may not be familiar to you;
we simply state it here without proof. When the retarding force is small compared
with the maximum restoring force—that is, when b is small—the solution to Equa-
tion 15.31 is

(15.32)

where the angular frequency of oscillation is

(15.33)

This result can be verified by substituting Equation 15.32 into Equation 15.31.
Figure 15.22 shows the position as a function of time for an object oscillating in the

presence of a retarding force. We see that when the retarding force is small, the os-
cillatory character of the motion is preserved but the amplitude decreases in
time, with the result that the motion ultimately ceases. Any system that behaves in
this way is known as a damped oscillator. The dashed blue lines in Figure 15.22,
which define the envelope of the oscillatory curve, represent the exponential factor in
Equation 15.32. This envelope shows that the amplitude decays exponentially with
time. For motion with a given spring constant and object mass, the oscillations
dampen more rapidly as the maximum value of the retarding force approaches the
maximum value of the restoring force.

It is convenient to express the angular frequency (Eq. 15.33) of a damped oscillator
in the form

where represents the angular frequency in the absence of a retarding force
(the undamped oscillator) and is called the natural frequency of the system.

When the magnitude of the maximum retarding force Rmax ! bvmax # kA, the sys-
tem is said to be underdamped. The resulting motion is represented by the blue curve
in Figure 15.23. As the value of b increases, the amplitude of the oscillations decreases
more and more rapidly. When b reaches a critical value bc such that bc/2m ! $ 0, the
system does not oscillate and is said to be critically damped. In this case the system,
once released from rest at some nonequilibrium position, approaches but does not
pass through the equilibrium position. The graph of position versus time for this case
is the red curve in Figure 15.23.
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Figure 15.21 One example of a
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position versus time for a damped
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At the Active Figures link
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can adjust the spring constant,
the mass of the object, and the
damping constant and see the
resulting damped oscillation of
the object.
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Oscilaciones amortiguadas:                                        
Oscilaciones críticamente amortiguadas y sobreamortiguadas                                   

Si definimos la frecuencia natural como 

Podemos escribir la frecuencia angular de vibración del oscilador amortiguado como 

A medida que la fuerza resistiva aumenta, las oscilaciones se amortiguan con mayor rapidez. 

Cuando b alcanza un valor crítico bc tal que  

El sistema ya no oscila más. Vuelve a la posición de equilibrio siguiendo una exponencial 

:Oscilador críticamente amortiguado 

    Si el medio es tan viscoso que  

 El sistema no oscila. Retorna a la posición de equilibrio. Cuando más viscoso sea el medio, 
más tarda en volver. 

:Oscilador sobreamortiguado 
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15.6 Damped Oscillations

The oscillatory motions we have considered so far have been for ideal systems—that is,
systems that oscillate indefinitely under the action of only one force—a linear restoring
force. In many real systems, nonconservative forces, such as friction, retard the motion.
Consequently, the mechanical energy of the system diminishes in time, and the motion
is said to be damped. Figure 15.21 depicts one such system: an object attached to a
spring and submersed in a viscous liquid.

One common type of retarding force is the one discussed in Section 6.4, where the
force is proportional to the speed of the moving object and acts in the direction oppo-
site the motion. This retarding force is often observed when an object moves through
air, for instance. Because the retarding force can be expressed as R ! " b v (where b is
a constant called the damping coefficient) and the restoring force of the system is " kx,
we can write Newton’s second law as
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The solution of this equation requires mathematics that may not be familiar to you;
we simply state it here without proof. When the retarding force is small compared
with the maximum restoring force—that is, when b is small—the solution to Equa-
tion 15.31 is
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where the angular frequency of oscillation is
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This result can be verified by substituting Equation 15.32 into Equation 15.31.
Figure 15.22 shows the position as a function of time for an object oscillating in the

presence of a retarding force. We see that when the retarding force is small, the os-
cillatory character of the motion is preserved but the amplitude decreases in
time, with the result that the motion ultimately ceases. Any system that behaves in
this way is known as a damped oscillator. The dashed blue lines in Figure 15.22,
which define the envelope of the oscillatory curve, represent the exponential factor in
Equation 15.32. This envelope shows that the amplitude decays exponentially with
time. For motion with a given spring constant and object mass, the oscillations
dampen more rapidly as the maximum value of the retarding force approaches the
maximum value of the restoring force.

It is convenient to express the angular frequency (Eq. 15.33) of a damped oscillator
in the form

where represents the angular frequency in the absence of a retarding force
(the undamped oscillator) and is called the natural frequency of the system.

When the magnitude of the maximum retarding force Rmax ! bvmax # kA, the sys-
tem is said to be underdamped. The resulting motion is represented by the blue curve
in Figure 15.23. As the value of b increases, the amplitude of the oscillations decreases
more and more rapidly. When b reaches a critical value bc such that bc/2m ! $ 0, the
system does not oscillate and is said to be critically damped. In this case the system,
once released from rest at some nonequilibrium position, approaches but does not
pass through the equilibrium position. The graph of position versus time for this case
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Oscilaciones forzadas:                                        
Definición                                  

La energía mecánica de un oscilador amortiguado disminuye con el tiempo.  

Es posible compensar esta pérdida de energía aplicando una fuerza externa 
que realice un trabajo positivo sobre el sistema. 

La amplitud del movimiento permanece constante si la energía que se aporta 
en cada ciclo del movimiento es exactamente igual a la pérdida de energía 

mecánica en cada ciclo debida a las fuerzas resistivas. 

Ejemplo de oscilador forzado: oscilador amortiguado al que se le comunica 
una fuerza externa que varía periódicamente con el tiempo. 

La segunda ley de Newton queda como 

constante frecuencia angular externa 



Oscilaciones forzadas:                                        
Definición                                  

Tras un periodo de tiempo suficientemente largo, cuando el aporte de energía por cada ciclo 
que realiza la fuerza externa iguale a la cantidad de energía mecánica que se transforma en 

energía interna en cada ciclo, se alcanzará una situación de estado estacionario.  

Solución 

La amplitud del oscilador forzado es constante para una fuerza externa dada  

En un oscilador forzado, la 
partícula vibra con la frecuencia 

de la fuerza externa 



driving force is variable while the natural frequency !0 of the oscillator is fixed by the
values of k and m. Newton’s second law in this situation gives

(15.34)

Again, the solution of this equation is rather lengthy and will not be presented. After the
driving force on an initially stationary object begins to act, the amplitude of the oscilla-
tion will increase. After a sufficiently long period of time, when the energy input per cy-
cle from the driving force equals the amount of mechanical energy transformed to inter-
nal energy for each cycle, a steady-state condition is reached in which the oscillations
proceed with constant amplitude. In this situation, Equation 15.34 has the solution

(15.35)

where

(15.36)

and where is the natural frequency of the undamped oscillator (b " 0).
Equations 15.35 and 15.36 show that the forced oscillator vibrates at the frequency

of the driving force and that the amplitude of the oscillator is constant for a given 
driving force because it is being driven in steady-state by an external force. For small
damping, the amplitude is large when the frequency of the driving force is near the
natural frequency of oscillation, or when ! ! !0. The dramatic increase in amplitude
near the natural frequency is called resonance, and the natural frequency !0 is also
called the resonance frequency of the system.

The reason for large-amplitude oscillations at the resonance frequency is that en-
ergy is being transferred to the system under the most favorable conditions. We can
better understand this by taking the first time derivative of x in Equation 15.35, which
gives an expression for the velocity of the oscillator. We find that v is proportional to
sin(!t # $), which is the same trigonometric function as that describing the driving
force. Thus, the applied force F is in phase with the velocity. The rate at which work is
done on the oscillator by F equals the dot product F ! v ; this rate is the power delivered
to the oscillator. Because the product F ! v is a maximum when F and v are in phase,
we conclude that at resonance the applied force is in phase with the velocity and
the power transferred to the oscillator is a maximum.

Figure 15.25 is a graph of amplitude as a function of frequency for a forced oscillator
with and without damping. Note that the amplitude increases with decreasing damping
(b : 0) and that the resonance curve broadens as the damping increases. Under steady-
state conditions and at any driving frequency, the energy transferred into the system
equals the energy lost because of the damping force; hence, the average total energy of
the oscillator remains constant. In the absence of a damping force (b " 0), we see from
Equation 15.36 that the steady-state amplitude approaches infinity as ! approaches !0.
In other words, if there are no losses in the system and if we continue to drive an initially
motionless oscillator with a periodic force that is in phase with the velocity, the amplitude
of motion builds without limit (see the brown curve in Fig. 15.25). This limitless building
does not occur in practice because some damping is always present in reality.

Later in this book we shall see that resonance appears in other areas of physics. For ex-
ample, certain electric circuits have natural frequencies. A bridge has natural frequencies
that can be set into resonance by an appropriate driving force. A dramatic example of
such resonance occurred in 1940, when the Tacoma Narrows Bridge in the state of Wash-
ington was destroyed by resonant vibrations. Although the winds were not particularly
strong on that occasion, the “flapping” of the wind across the roadway (think of the “flap-
ping” of a flag in a strong wind) provided a periodic driving force whose frequency
matched that of the bridge. The resulting oscillations of the bridge caused it to ultimately
collapse (Fig. 15.26) because the bridge design had inadequate built-in safety features.
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Amplitude of a driven oscillator

A
b = 0
Undamped

Small b

Large b

ω00
ω

ω
Figure 15.25 Graph of amplitude
versus frequency for a damped
oscillator when a periodic driving
force is present. When the
frequency ! of the driving force
equals the natural frequency !0 of
the oscillator, resonance occurs.
Note that the shape of the
resonance curve depends on the
size of the damping coefficient b. 

Oscilaciones forzadas:                                        
Amplitud                               

La amplitud incrementa al disminuir la amortiguación. 

Cuando no hay amortiguación, la amplitud del estado 
estacionario tiende a infinito en la frecuencia de 
resonancia. 



Oscilaciones forzadas:                                        
Amplitud                               

La amplitud del oscilador forzado es constante para una fuerza externa dada (es esa fuerza 
externa la que conduce al sistema a un estado estacionario). 

Si la amortiguación es pequeña, la amplitud se hace muy grande cuando la frecuencia de la 
fuerza externa se aproxima a la frecuencia propia del oscilador. 

Al drástico incremento en la amplitud cerca de la frecuencia natural se le denomina resonancia, 
y la frecuencia natural del oscilador se le denomina también frecuencia de resonancia. 



Oscilaciones forzadas:                                        
Amplitud                               

La razón por la cual en la frecuencia de resonancia la amplitud es máxima es porque en ese 
momento la energía se transfiere al sistema en las condiciones más favorables. 

Misma función trigonométrica que la fuerza 
externa 

La fuerza externa está en fase con la velocidad 

Velocidad del oscilador Energía suministrada por la fuerza 
externa por unidad de tiempo 

La potencia transferida el oscilador 
es máxima cuando la fuerza aplicada 

está en fase con la velocidad 



Muelles acoplados en serie 
Supongamos dos muelles de masa despreciable y de constantes elásticas      y     . 

Supongamos además que colocamos los dos muelles en serie, y de ellos colgamos 
un objeto de masa  

¿Cuánto se va estirar el sistema en su conjunto? 
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Equivalente significa que si al 
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Muelles acoplados en serie 
Supongamos dos muelles de masa despreciable y de constantes elásticas      y     . 

Supongamos además que colocamos los dos muelles en serie, y de ellos colgamos 
un objeto de masa  

Podemos dibujar los diagramas de cuerpo aislado para: 
 - el punto de unión de los dos muelles 
 - la masa que cuelga del segundo muelle 
 - la masa que cuelga del muelle equivalente 

Asumiendo que el sistema está en reposo, es decir, 
ninguno de los cuerpos está acelerado 

Luego 
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Que me gusta más.

No dejes de leer la discusión del problema que voy a analizar los dos resultados juntos.
Ahora vamos a hacer el caso B, de los resortes en paralelo.

Lógicamente voy, a proceder de la mimsa manera.

 

 

A la izquierda entán los tres resortes. R1 y R2 son los mismos de antes, pero el tercero lo

tuve que buscar en otro estante diferente. Es el resorte equivalente del conjunto R1/R2

pero dispuestos de esta otra manera, uno al lado del otro, que los físicos llaman en
paralelo. Acá es todavía más claro que antes en qué consiste la equivalencia: colgándole el
mismo cuerpo el equivalente se estira lo mismo que el conjunto.

Queda clarísimo, que Δx1 = Δx2 = Δxep... oro puro. Vamos al DCL.

 

En cada caso tenemos un equilibrio, por lo tanto
podemos escribir

F1 + F2 = P

Fep = P

Con lo que deducimos que

F1 + F2 = Fep         [1]

Y no olvidamos que

F1 = k1 Δx1 = k1 Δx

F2 = k2 Δx2 = k2 Δx

          Fep = kes Δxep = kep Δx

meto estas igualdades en la ecuación [1]

 

k1 Δx + k2 Δx = kep Δx

Ahora saco factor común Δx en el primer miembro y lo cancelo con el del segundo, así
arribo al resultado del caso B.

 

 kep = k1 + k2   

   
DISCUSION: Fijate los resultado y comparalos. El equivalente del paralelo lo saqué del



Muelles acoplados en paralelo 

Podemos imaginar que colgamos 
los dos muelles del techo, aún sin 

colgarles la masa. 
En esta configuración, los muelles 

no están deformados (no están 
estirados) 

Cortesía de Ricardo Cabrera 
http://neuro.qi.fcen.uba.ar/ricuti/intro_NMS.html 

16/11/12 13:56Ricardo Cabrera, DINAMICA, ejercicios resueltos

Página 3 de 4http://neuro.qi.fcen.uba.ar/ricuti/No_me_salen/DINAMICA/d2_30.html

Que me gusta más.

No dejes de leer la discusión del problema que voy a analizar los dos resultados juntos.
Ahora vamos a hacer el caso B, de los resortes en paralelo.

Lógicamente voy, a proceder de la mimsa manera.

 

 

A la izquierda entán los tres resortes. R1 y R2 son los mismos de antes, pero el tercero lo

tuve que buscar en otro estante diferente. Es el resorte equivalente del conjunto R1/R2

pero dispuestos de esta otra manera, uno al lado del otro, que los físicos llaman en
paralelo. Acá es todavía más claro que antes en qué consiste la equivalencia: colgándole el
mismo cuerpo el equivalente se estira lo mismo que el conjunto.

Queda clarísimo, que Δx1 = Δx2 = Δxep... oro puro. Vamos al DCL.

 

En cada caso tenemos un equilibrio, por lo tanto
podemos escribir

F1 + F2 = P

Fep = P

Con lo que deducimos que

F1 + F2 = Fep         [1]

Y no olvidamos que

F1 = k1 Δx1 = k1 Δx

F2 = k2 Δx2 = k2 Δx

          Fep = kes Δxep = kep Δx

meto estas igualdades en la ecuación [1]

 

k1 Δx + k2 Δx = kep Δx

Ahora saco factor común Δx en el primer miembro y lo cancelo con el del segundo, así
arribo al resultado del caso B.

 

 kep = k1 + k2   

   
DISCUSION: Fijate los resultado y comparalos. El equivalente del paralelo lo saqué del

Supongamos dos muelles de masa despreciable y de constantes elásticas      y     . 

Supongamos además que colocamos los dos muelles en paralelo, y de ellos 
colgamos un objeto de masa  



Muelles acoplados en paralelo 

Podemos imaginar que colgamos 
los dos muelles del techo, aún sin 

colgarles la masa. 
En esta configuración, los muelles 

no están deformados (no están 
estirados) 

Vamos a suponer que podemos 
sustituir el conjunto de esos dos 

muelles por un muelle equivalente. 
 

Cortesía de Ricardo Cabrera 
http://neuro.qi.fcen.uba.ar/ricuti/intro_NMS.html 

Supongamos dos muelles de masa despreciable y de constantes elásticas      y     . 

Supongamos además que colocamos los dos muelles en paralelo, y de ellos 
colgamos un objeto de masa  

16/11/12 13:56Ricardo Cabrera, DINAMICA, ejercicios resueltos

Página 3 de 4http://neuro.qi.fcen.uba.ar/ricuti/No_me_salen/DINAMICA/d2_30.html

Que me gusta más.

No dejes de leer la discusión del problema que voy a analizar los dos resultados juntos.
Ahora vamos a hacer el caso B, de los resortes en paralelo.

Lógicamente voy, a proceder de la mimsa manera.

 

 

A la izquierda entán los tres resortes. R1 y R2 son los mismos de antes, pero el tercero lo

tuve que buscar en otro estante diferente. Es el resorte equivalente del conjunto R1/R2

pero dispuestos de esta otra manera, uno al lado del otro, que los físicos llaman en
paralelo. Acá es todavía más claro que antes en qué consiste la equivalencia: colgándole el
mismo cuerpo el equivalente se estira lo mismo que el conjunto.

Queda clarísimo, que Δx1 = Δx2 = Δxep... oro puro. Vamos al DCL.

 

En cada caso tenemos un equilibrio, por lo tanto
podemos escribir

F1 + F2 = P

Fep = P

Con lo que deducimos que

F1 + F2 = Fep         [1]

Y no olvidamos que

F1 = k1 Δx1 = k1 Δx

F2 = k2 Δx2 = k2 Δx

          Fep = kes Δxep = kep Δx

meto estas igualdades en la ecuación [1]

 

k1 Δx + k2 Δx = kep Δx

Ahora saco factor común Δx en el primer miembro y lo cancelo con el del segundo, así
arribo al resultado del caso B.

 

 kep = k1 + k2   

   
DISCUSION: Fijate los resultado y comparalos. El equivalente del paralelo lo saqué del



Muelles acoplados en paralelo 

Vamos a suponer que podemos 
sustituir el conjunto de esos dos 

muelles por un muelle equivalente. 
 

Equivalente significa que si al 
conjunto le colgamos un cuerpo y 

se estira, al colgarle el mismo peso 
al equivalente este se estira lo 

mismo 

Cortesía de Ricardo Cabrera 
http://neuro.qi.fcen.uba.ar/ricuti/intro_NMS.html 

Supongamos dos muelles de masa despreciable y de constantes elásticas      y     . 

Supongamos además que colocamos los dos muelles en paralelo, y de ellos 
colgamos un objeto de masa  

16/11/12 13:56Ricardo Cabrera, DINAMICA, ejercicios resueltos

Página 3 de 4http://neuro.qi.fcen.uba.ar/ricuti/No_me_salen/DINAMICA/d2_30.html

Que me gusta más.

No dejes de leer la discusión del problema que voy a analizar los dos resultados juntos.
Ahora vamos a hacer el caso B, de los resortes en paralelo.

Lógicamente voy, a proceder de la mimsa manera.

 

 

A la izquierda entán los tres resortes. R1 y R2 son los mismos de antes, pero el tercero lo

tuve que buscar en otro estante diferente. Es el resorte equivalente del conjunto R1/R2

pero dispuestos de esta otra manera, uno al lado del otro, que los físicos llaman en
paralelo. Acá es todavía más claro que antes en qué consiste la equivalencia: colgándole el
mismo cuerpo el equivalente se estira lo mismo que el conjunto.

Queda clarísimo, que Δx1 = Δx2 = Δxep... oro puro. Vamos al DCL.

 

En cada caso tenemos un equilibrio, por lo tanto
podemos escribir

F1 + F2 = P

Fep = P

Con lo que deducimos que

F1 + F2 = Fep         [1]

Y no olvidamos que

F1 = k1 Δx1 = k1 Δx

F2 = k2 Δx2 = k2 Δx

          Fep = kes Δxep = kep Δx

meto estas igualdades en la ecuación [1]

 

k1 Δx + k2 Δx = kep Δx

Ahora saco factor común Δx en el primer miembro y lo cancelo con el del segundo, así
arribo al resultado del caso B.

 

 kep = k1 + k2   

   
DISCUSION: Fijate los resultado y comparalos. El equivalente del paralelo lo saqué del



Muelles acoplados en paralelo 

Podemos dibujar los diagramas de cuerpo aislado para: 
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Asumiendo que el sistema está en reposo, es decir, 
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Acoplamiento entre movimientos oscilatorios armónicos (MAS) 

Sean dos MAS representados por  

Ambos con la misma frecuencia y los dos según el eje  

¿Cuál es el resultado de combinar ambos movimientos? 
(pregunta relacionada con superposición, concepto básico en ondas)  

Respuesta: “hay que sumar ambos movimientos” 
El resultado es  otro movimiento armónico simple donde   
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Acoplamiento entre MAS
Sean dos MAS representados por:

x
1
=A

1
sin  t

1


x
2
=A

2
sin  t

2


Ambos en con la misma frecuencia (υ) y según x

¿Cuál es el resultado de COMBINAR ambos movimientos?
relacionado con SUPERPOSICIÓN concepto básico en ondas

“sumar ambos movimientos”

A= A1

2A
2

22 A
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2
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El resultado es otro movimiento armónico donde:

x=x
1
x

2
=Asin  t

tan=
A

1
sin

1
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2
sin

2

A
1
cos

1
A

2
cos

2

k k
M

Es el “muelle efectivo” 
cuando ambos muelles 
tienen inicialmente 
diferentes compresiones
Es el “muelle efectivo”, cuando ambos muelles 

tienen inicialmente diferentes compresiones  
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La proyección de x es correcta 
con la definición

La expresión de la amplitud 
proviene de aplicar el teorema 
del coseno
φ proviene de proyectar sobre 
la línea azul

Acos=A
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2
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La expresión de la amplitud proviene de 
aplicar el teorema del coseno 

El ángulo proviene de proyectar sobre la 
línea azul 



Acoplamiento entre movimientos oscilatorios armónicos (MAS) 

Caso particular 

Acoplamiento en fase 
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Caso general:

A=0.4

A1=0.2

A2=0.2



Acoplamiento entre movimientos oscilatorios armónicos (MAS) 

Caso particular 

Acoplamiento en oposición de fase 
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de fase

A= A1

2A
2

2−2 A
1
A

2
=A

1
−A

2

tan=
A

1
−A

2
sin

1

A
1
−A

2
cos

1

=tan
1

2
=

1


Caso general:

A=-0.3

A1=0.2

A2=0.5



Acoplamiento entre movimientos oscilatorios armónicos (MAS) 

Acoplamiento en desfase 
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Caso general:

A

A1

A2

Caso particular 



Acoplamiento entre movimientos oscilatorios armónicos (MAS) 

Sean dos MAS representados por  

Ambos según      con diferentes frecuencias  (        y        ) e igual fase 
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Ambos según x en con la DIFERENTE frecuencia (υ) e 
igual fase (φ)

A= A1

2A
2

22 A
1
A

2
cos 

2
−

1
 t 

Superposición:

k K
M

x=x
1
x

2
=A

1 sin
1
tsin

2
t =2 A

1
cos


2
−

1


2
t sin


2


1


2
t

Amplitud resultante 
depende del tiempo

Si A1 = A2 tenemos el caso de modulación:

x2
x1

A1

A2

x
A

ω
1
t

ω
2
t
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Acoplamiento entre MAS
Sean dos MAS representados por:

x
1
=A

1
sin 

1
t 

x
2
=A

2
sin 

2
t 

Ambos según x en con la DIFERENTE frecuencia (υ) e 
igual fase (φ)

A= A1

2A
2

22 A
1
A

2
cos 

2
−

1
 t 

Superposición:

k K
M

x=x
1
x

2
=A

1 sin
1
tsin

2
t =2 A

1
cos


2
−

1


2
t sin


2


1


2
t

Amplitud resultante 
depende del tiempo

Si A1 = A2 tenemos el caso de modulación:

x2
x1

A1

A2

x
A

ω
1
t

ω
2
t



Acoplamiento entre movimientos oscilatorios armónicos (MAS) 

Sean dos MAS representados por  

Ambos según      con diferentes frecuencias  (        y        ) e igual fase 

Amplitud Frecuencia 

Supongamos que las dos tienen la misma amplitud 
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Acoplamiento entre MAS
Modulación:

x
1
=A

1
sin 

1
t 

x
2
=A

2
sin 

2
t 

Supongamos A1=A2

sin asinb=2cos
a−b

2
sin

ab
2

x=x
1
x

2

T=
2


2
−

1

Amplitud 

=A
1 sin

1
tsin

2
t 

El periodo es:

=2 A
1
cos  2

−
1
 t

2 sin  2


1
 t

2 

x=Asin t

Frecuencia 

x=x
1
x

2

t


2


1


2


2
−

1


2



Acoplamiento entre movimientos oscilatorios armónicos (MAS) 
Sean dos MAS representados por  

Si las oscilaciones son de pequeña amplitud, podemos suponer que los 
movimientos a lo largo de      y de      son independientes 

Fuerza central atractiva       trayectorias elípticas 

La trayectoria está acotada por las amplitudes 

  

Te
m

a 
9.

2 
– 

A
co

pl
am

ie
nt

o 
en

tr
e 

M
A

S

Acoplamiento entre MAS
Sean dos MAS representados por:

x=Asin  t 

y=B sin  t

La trayectoria está acotada por las amplitudes

k
M

k

Pequeñas oscilaciones  →

movimientos independientes en x e y

A

B Si φ=0

Si φ=π
y=
B

A
x

y=−
B

A
x

Si φ=π/2
x

2

A
2

y

2

B
2
=1

Polarización 
lineal

Polarización 
elíptica

F=F x uxF y u y=

=−K x−x
0
 ux−K  y− y

0
 uy

=−K r−r
0 

Fuerza central atractiva
Trayectorias elípticas

 φ=π/6
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Acoplamiento entre MAS
Sean dos MAS representados por:

x=Asin  t 

y=B sin  t

La trayectoria está acotada por las amplitudes

k
M

k

Pequeñas oscilaciones  →

movimientos independientes en x e y

A

B Si φ=0

Si φ=π
y=
B

A
x

y=−
B

A
x

Si φ=π/2
x

2

A
2

y

2

B
2
=1

Polarización 
lineal

Polarización 
elíptica

F=F x uxF y u y=

=−K x−x
0
 ux−K  y− y

0
 uy

=−K r−r
0 

Fuerza central atractiva
Trayectorias elípticas

 φ=π/6 Si 

Si 

Si 

Polarización lineal 

Polarización elíptica 



Acoplamiento entre movimientos oscilatorios armónicos (MAS) 
Sean dos MAS representados por  

Si            el resultado son las llamadas figuras de Lissajous 
Aparecen tipicamente en un osciloscopio 
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Acoplamiento entre MAS
Sean dos MAS representados por:

x=Asin  t 

y=B sin  ' t
Si ω≠ω' el resultado son las llamadas Figuras de Lissajous


 '

=
3

2


 '

=
3

4


 '

=
5

4


 '

=
5

6


 '

=
9

8


 '

=
1

2

Aparecen típicamente en un osciloscopio 


