Multiplicative Character Sums for Nonlinear
Recurring Sequences with Dickson Polynomials

DoMINGO GOMEZ
and
ARNE WINTERHOF
Johann Radon Institute for Computational and Applied Mathematics
Austrian Academy of Sciences
Altenberger Strafle 69, A-4040 Linz, Austria.

{domingo.gomez}{arne.winterhof }@oeaw.ac.at

December 15, 2009

Abstract

We give new bounds of character sums with sequences of iterations
of Dickson polynomials over finite fields. This result is motivated by
possible applications of nonlinear congruential pseudorandom number
generators.

1 Introduction

For an integer ¢ > 1 we denote by Z; the residue ring modulo ¢ and always
assume that it is represented by the set {0,1,...,¢—1}. As usual, we denote
by U, the set of invertible elements of Z;.

Accordingly, for a power of a prime number ¢ = p" with r > 1, we denote
by IF, the field of p" elements. For r = 1, we have I, = Z,,. In this particular
case, we assume that it is represented by the set {0,1,...,p — 1}. Through
this article, we treat elements of Z, and IF,, as integer numbers in the above
range when the meaning is clear from the context.



Given a polynomial F(X) € IF,[X] of degree at least 2, we define the
Nonlinear congruential generator, (u,) of elements of IF, by the recurrence
relation

Unt1 = F(uy), n=0,1,...,

where ug is the Initial value.

In [8], a new method was proposed to estimate exponential sums. The
idea is applicable to character sums (see [11]) and exponential sums with such
sequences for arbitrary polynomials F'(X), see also these surveys surveys |7,
9, 10, 12].

Unfortunately, for general polynomials, this method leads to rather weak
bounds for character sums (see [11]). Here we show that this method also
works for an important class of polynomials, namely for certain Dickson
polynomials.

We recall that the family of Dickson polynomials D.(X,«) € IF [X] is
defined by the following recurrence relation

D.(X,a) =XD.1(X,a) —aD._o(X, a), e=2.3,..., (1)

with initial values
Do(X,Oé):Q, Dl(X,Oé):X,

where a € IF, is a parameter, see [5] for many useful properties and applica-
tions of Dickson polynomials. In particular, deg D (X, a) = e.

Here we concentrate only on the cases « = 1 and @ = —1. From now
and on, we denote D.(X) either D.(X,1) or D.(X,—1), and consider the
sequence

Unt1 = De(uy), n=0,1,..., (2)

where ug is the Initial value.

It is clear that the sequence ug,uq,... is periodic of period T' < ¢. In
fact, we always assume that it is purely periodic (which can be achieved by
a shift of the sequence and discarding several initial values).

We define the character sum

where x is a nontrivial multiplicative character of the field IF,.
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2 Preliminaries

We recall Lemma 2 from [2].

Lemma 1. Then for any set JC C U, of cardinality #K = K, any fixred 6 > 0
and any integer h > t° there exists an integer r € U, such that the congruence

rk=y (mod t), ke, 0<y<h-1,

has Kh

solutions.

We also need the Weil bound for character sums which we present in the
following form (see Chapter 5 of [6]).

Lemma 2. Let x be a multiplicative character of I¥, of order s and let
F(X) € IF,[X] be a polynomial of positive degree that is not, up to a mul-
tiplicative constant, an sth power of a polynomial. Let d be the number of
distinct in its splitting field over IF,. Under these conditions, the following
inequality

Y x(F(2)| < (d-1)g'?

zelly

holds.

Finally, we need the following result on Dickson polynomials. This is a
generalization of a similar Lemma in [4].

Lemma 3. For u € IF, we define the polynomial

F,(X)=X?-uX+p3, 3= —1,1. Assume that either F,(X) is irreducible
over IF, and e = f (mod 2¢q + 2) or F,(X) has two simple roots in IF, and
e=f (mod ¢ —1). Then

D.(u) = D¢(u), Yu € IF,.
Proof. Let F,,(X) be irreducible over IF, and let iy and po = uf be its roots

in Fp. Because pi™ = pipg = 1 or pd™" = pypus = —1 we derive that
F,(X)|X?%2 — 1 in this case.



It is also easy to see that if F,(X) has to simple roots in IF, then
F,(X)|X% ! — 1, because the order of any of the two roots divides the order
of I}, as a multiplicative group, which is g — 1.

Recalling that the sequence D.(u),e = 0, ..., satisfies a linear recurrent
relation (1) with the characteristic polynomial F,, we obtain the desired
result. O

It is well known that Dickson polynomial commute with respect the com-
position, see for instance [5].

Lemma 4. For any positive integers e and f, we have
De(Dy(X)) = Dey(X) = Dy(De(X)).

The factorization of Dickson polynomials is also well known. Here, we
give a reduced version of Corollary 3.13 of [5].

Lemma 5. Let n be an odd positive integers and assume that IF,r contains
a primitive n—th root of unity. Then

(n=1)/2
DX, ) =X [ (X*+aB)

k=1
where (B, = p* — p*.
Using the last Lemma we can proof this global result:

Lemma 6. Let D,.(X),k; € L a family of Dickson polynomials where r
and e are odd integers. Then, if d; 20 (mod s),Vi where

H D, (X, )% (3)

then the polynomial is not, up to a multiplicative constant, an s—th power.

Proof. Put n = re" = max{re*i|k; € L} and take K the splitting field of
D, (X, ).

Let p € K be a primitive n—th root of the unity. Conditions in Lemma
5 are satisfied.



By this Lemma, we have:

(reN—-1)/2

D,on(X,0) = X H (X% + af}).

With the same notation we have:

(reNfl—l)/Q
Dyov-1(X,0) =X (X2 +aB%),
k=

—_

which directly implies that D,.v-1(X, @)|D,.~ (X, «). Using this argument,
we get that D, x; (X, @)|D,ov-1 (X, a), k; # n.

By Corollary 3.14 of [5], all the roots of D, (X, a) are simple. Taking one
root of D, .~ (X, «) which is not a root of D, ~-1(X,a) we have finished. O

3 Main result

Now we have enough tools to get a general estimate for the sums S, with a
purely periodic sequence u,, n =0, 1,. .., satisfying (2).

We remark that if ug # 2, then F, (X) = X?2—uo X+, 3 = —1,1 has not
multiple roots and thus Lemma 3 applies. Let us denote by ¢ the smallest
positive integer for which D.(ug) = Dy(ug) whenever e = f (mod t). By
Lemma 3 we have either ¢|2¢ + 2 or t|g — 1.

We also remark that if up = 2 (mod ¢) then u, = 2 (mod ¢) for every
n=1,2,.... Thus we can take t = 1 in this case.

It is easy to see that T' is the multiplicative order of e modulo .

Theorem 7. For every fixed integer v > 1,

1S, =0 (Tlf(21/+1)/21/(1/+1)t1/2(u+1)p(u+2)/41/(1/+1))

where the implied constant depends on v.

Proof. We put
h— (tu/(uﬂ)Tfu/(u+1)q1/2(u+1)w '

Because t > T, for this choice of h we obtain h > ¢*/?#+1) thus Lemma 1
applies.



It is easy to see that 7' is the multiplicative order of e modulo ¢. Because
the sequence u,, n =0,1,..., is purely periodic, for any k € Z,, we have:

T

S =Y X(Densr (o). (4)

n=1

Let IC be the subgroup of U, generated by e. Thus #K =T. We select r
as in Lemma 1 and let £ be the subset of K which satisfies the corresponding
congruence. We denote L = #L. In particular, L > hT'/t.

By (4) we have
LS, = ZZX entk (Ug))

n=1 kel

Applying the Holder inequality, we derive

E X D gt uO

kel

2v
L2V|SX|2V < TZzlfl Z (5>

n=1

Let ', 1 <" <t —1, be defined by the congruence r’ = 1 (mod t). By
Lemma 4 we obtain

Denir(ug) = Dentrpyr (tg) = Dyper (Dyren(ug))  (mod q).

Obviously, the values of e, n = 1,...,T, are pairwise distinct modulo ¢.
Thus, from the definition of ¢, we see that the values of D,.n(ug) are pairwise
distinct modulo ¢g. Therefore, from (5) we derive

Z X rek

kel

2v

L2V|SX|2V S T2V—1 Z

uelF,

Denoting F = {re* | k € L} we deduct

> X (Dy(w)

feF

< TNy ZX<HDf] (Dy,, (u ))q2>-

fiyeees for€F uelFy

2v

L2V|SX‘2V < T21/71 Z

uelFy
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For the case that no f;, € {fi,..., fot1,..., for} appears only once then
there are at most p differents values in {f1,..., f,11,..., for}. Hence, there
are at most L* possible cases. For those selections, we shall use the trivial
bound, which gives the total contribution O(L"q).

Otherwise, taking into account that deg Dy = f and eliminating all the
s—th powers, we conclude that the polynomial

v

Vs, (X) =[] (Dg,(X)(Dy,, (X))77)

j=1
is, up to a multiplicative constant, not an s-th power by Lemma 6. Now, we
calculate a bound on the number of possible distinct roots of the polynomial:

deg ¥ < max f; <maxf <h.
BVt = I8N, i S XS <

Using Lemma 2, we obtain that the total contribution from such terms is
O(L*hq'/?). Hence

L¥|S,[* = O (T2y—1 (L' + L2”hq1/2)) ‘
So this leads us to the bound
1S, * =0 (T2u—1 (L7q + hql/2)) .
Recalling that L > hT'/t, we derive
S, =0 (T2”_1 (tuT—uh—yq X hql/Q)) '

Substituting the selected value of h, which balances both terms in the above
estimate, we finish the proof. O

4 Remarks

Assuming that 7 = t'*°() the bound of Theorem 7 takes the form
|Sx| =0 (T1—1/2V+0(1)q(l/+2)/41/(l/+1)) .

Therefore for any § > 0, choosing a sufficiently large v we obtain a nontrivial
bound provided T > ¢'/2+9.
On the other hand, if t > T = ¢'*t°(), then taking v = 1 we obtain

Sy = O (¢"/*+V). (6)
We want also to remark that, the case when e is even, the polynomial D.(X)

is not divisible by X. So, this case is covered by the results of [1].
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