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Abstract. We prove a new bound for multiplicative character sums of
nonlinear recurring sequences with Rédei functions over a finite field
of prime order. This result is motivated by earlier results on nonlinear
recurring sequences and their application to the distribution of powers
and primitive elements. The new bound is much stronger than the bound
known for general nonlinear recurring sequences.

1 Introduction

Let p be a prime, IF, the finite field of p elements, and F'(X) a rational function
over IF,,. Let (u,) be the sequence of elements of IF,, obtained by the recurrence
relation

Unt1 = Flug), n>0, (1)

with some initial value uy € IF',. Obviously, this sequence eventually becomes

periodic with least period T' < p, but we may restrict ourselves to the case where

(un) is purely periodic since otherwise we can consider a shift of the sequence.
Let x be a nontrivial multiplicative character of IF,,. We consider character

sums
T

Sy = Z x(un).
n=1

Bounds on Sy, can be applied to obtain results on the distribution of powers and
primitive roots modulo p in the sequence (u,,) in a standard way, see e.g. [8].

In the special case of linear recurring sequences these sums are well-studied,
see [3,4,11].

When F(X) € IF,[X] is a polynomial of degree at least 2, in [8] under some
natural restrictions on F(X) the general but rather weak upper bound

S = 0 (T"/2p!2(logp) 1/?)
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and an analog for sums over parts of the period were given which are nontriv-
ial whenever T > p(logp)~!. Here the implied constant depends only on the
degree of F'(X). Note that each mapping of IF,, can be represented by a polyno-
mial. However, a representation as rational mapping can provide much stronger
results.

For example, in the special case

F(X)=aX""?+b, aclF}, belF,

the much stronger result
SX =0 (T1/2p1/4)

was obtained in [7], which is nontrivial whenever 7' > p'/2. Since 2P~2 = x~! for
all z € IF; the sequence (u,) can up to at most one sequence element be defined
with the rational function F(X) = aX ! +b.

In [2] we investigated another special class of nonlinear recurring sequences
(1) constructed via Dickson polynomials F(X) = D.(X) € IFp[X] defined by the
recurrence relation

De(X) = XDe_1(X) = De_o(X), e=23,...,

with initial values
Dy(X) =2, Di(X) =X.

Under the condition ged(e, p>—1) = 1, which characterizes the Dickson permuta-
tion polynomials, see [5, Theorem 3.2], we obtained nontrivial bounds provided
that T > p'/2*¢ and if T = p't°(1) we obtained

S, =0 (p7/8+o(1)> ‘

This article deals with the special class of nonlinear recurring sequences (1)
constructed via Rédei functions defined in the sequel, which have some similar
properties as Dickson polynomials.

Suppose that

r(X) = X? - aX - B € FyX]
is an irreducible quadratic polynomial with the two different roots £ and { = &P
in IF,2. Then any polynomial b(X) € IF,2[X] can uniquely be written in the
form b(X) = g(X) + h(X)¢ with g(X), h(X) € IF,[X]. For a positive integer e
we consider the elements

(X +8)° = ge(X) + he(X)E. (2)

Note that g.(X) and h.(X) do not depend on the choice of the root & of r(X).
Evidently, e is the degree of the polynomial g.(X), and h.(X) has degree at
most e — 1, where equality holds if and only if ged(e, p) = 1, see [5, p. 22] or [10].
The Rédei function R.(X) of degree e is then given by

R0~ {5
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The following facts can be found in [9]. The Rédei function R.(X) is a permu-
tation of IF,, if and only if ged(e,p + 1) = 1, the set of these permutations is a
group with respect to the composition which is isomorphic to the group of units
of Z,11. In particular for indices m,n with ged(m,p+1) = ged(n,p+1) =1 we
have

Ry (Rn(u)) = Rin(u) = Ry(Ri(uw)) for all u € TF,,. (3)

For further background on Rédei functions we refer to [5,9, 10].
We consider generators (u,,) defined by

Un+1 = Re(un)a n > 0, ng(eap+ 1) = 1;

with a Rédei permutation R.(X) and some initial element uy € IF,. The se-
quences (u,) are purely periodic and the period length T' divides ¢(p + 1),
where ¢ denotes Euler’s totient function. For details we refer to [9, Lemma 3.5].

Although we follow the same general method of bounding character sums as
in [2] the details of the crucial step that a certain auxiliary polynomial, see (6)
below, is not of the form ag(X)®, where s denotes the order of ¥, is much more
intricate.

2 Preliminaries

For an integer ¢ > 1 we denote by Z; the residue ring modulo ¢ and always
assume that it is represented by the set {0,1,...,¢ —1}. As usual, we denote by
U; the set of invertible elements of Z;.

We recall Lemma 2 from [1].

Lemma 1. For any set K C U; of cardinality #K = K, any fited 1 > 6 > 0
and any integer h > t° there exists an integer r € Uy such that the congruence

rk=y (modt), ke, 0<y<h-1,

has K
L.(h) > <

solutions (k,y).

We also need the Weil bound for character sums which we present in the
following form, see e.g. [6, Theorem 5.41].

Lemma 2. Let x be a multiplicative character of I, of order s > 1 and let
F(X) e IFp[X] be a polynomial of positive degree that is not, up to a multiplica-
tive constant, an sth power of a polynomial. Let d be the number of distinct roots
of F(X) in its splitting field over IF,. Then we have

> x(F(x)| < (d—1)p'2

zelF,
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3 Main result

Let ¢ be the smallest positive integer for which R.(ug) = Ry(uo) whenever e = f
(mod t). Note that t|p+ 1 and T is the multiplicative order of e modulo ¢.

Theorem 1. For every fized integer v > 1 and nontrivial multiplicative char-
acter x of IF, we have

1 _2v41 1 v+2
SX =0 (T 2v(v+1) tz(u+1)p4u(u+1)) ,
where the implied constant depends only on v.

Proof. We put

b= [tuil Tul"lpﬁw )

Because ¢ > T, for this choice of h we obtain h > p*/2(*+1)_ thus Lemma 1
applies.
Because the sequence (u,,) is purely periodic, for any k € Z;, we have:

T
Sy =Y x(Renss (u))- (4)

Let I be the subgroup of U; generated by e. Thus #KX = T. We select r
as in Lemma 1 and let £ be the subset of K which satisfies the corresponding
congruence. We denote L = #L. In particular, L > hT/t.

By (4) we have

T
LSy =Y > X (Rentr(ug)).
n=1keLl
Applying the Holder inequality, we derive

T 2v
L2V|SX|21/ < T21/—1 Z

n=1

> X (Rt (uo))

kel

()

Let 1 < 7' <t —1, be defined by the congruence ' = 1 (mod t). By (3) we
obtain
Ren+k (Uo) = RenMTW(uo) = R,,,ek (eren (UO)) (I’IlOd p).

Obviously, the values of ’e™, n = 1,...,T, are pairwise distinct modulo ¢. Thus,
from the definition of ¢, we see that the values of R,.n (ug) are pairwise distinct.
Therefore, from (5) we derive

2v

L2V|SX‘2V < T2V*1 Z
u€lF,

S X (Ryer (w))

kel
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Denoting F = {re* | k € L} we deduct
2v
LQV‘SX|2V < T2v—1 Z Z X (Rf(u))
uelF, | feF

v

<7t 3 3 x| T (B ) (Br ())

f1,- f2v €EF uelF, Jj=1

For the case that no integer in the set (f1,..., fu+1,-.-, fo,) appears only
once we use the trivial bound p for the inner sum. Since in this case there are
at most v different values in (f1,..., fut1,..., fo,) there are at most L such
cases, which gives the total contribution

O(L"p).

Otherwise, to apply Lemma 2 we have to show that the polynomial

v

Uty g (X) = T (98, O (X) (i (X) g, (X))P72) (6)

j=1

is not, up to a multiplicative constant, an sth-power of a polynomial, where
s > 1 denotes the order of x. We cancel all elements which appear in both
sets {f1,...,fu} and {fo41,...,for}. Let f > 1 be the largest number in
{f1,--, for} which is not eliminated. We may assume f < p. We show that
g7(X) has a zero which is neither a zero of any hyp (X) with f/ < f nor a zero
of any g (X) with f/ < f.

With (2) we obtain

(X +9" = (X + Q" = (€ = Ohw(X).
Hence, hi(xo) = 0 if and only if

<x0+£>’“:1, o

xo +¢

ie., (zg + &)/(xo + ¢) is a k-th root of unity. Similarly using

X+ =X +OF = (¢~ Egr(X)
we get gx(xo) = 0 if and only if
($0+§>k _ ¢ — (!
zo + ¢ ¢ '

Let a > 1 be the order of (P71, i.e., alp+1, put [ = af and let p be a suitable
primitive /th root of unity in an appropriate extension field of IF,,, which exists
since f < p and thus ged(l, p) = 1, such that

_&—pC
-2

20
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is a root of g;(X). Obviously we have g/ (zp) # 0 for f' < f. It can easily be
seen with (7) that hy (z) # 0 for f’ < f since otherwise we had ol =1

Taking into account that the number of distinct roots of ¥y, . r, (X) is less
than 2vh and it cannot be an sth-power, Lemma 2 applies. We obtain that the
total contribution from such terms is O(L?hp'/?). Hence

LS, [* = 0 <T2u71 (Lup+ L2”hp1/2)) .
So this leads us to the bound
1S, 2 =0 (T2”_1 (L_”p n hpl/Z)) _
Recalling that L > hT/t, we derive
|SX|2V -0 (T2y—1 (tle—l/h—yp n hp1/2>) _

Substituting the selected value of h, which balances both terms in the above
estimate, we finish the proof. ]

Remark. As for the bound for Dickson polynomials we mention the following
simplifications.
Assuming that 7' = t'7°(1) the bound of Theorem 1 takes the form

SX =0 (T171/2V+0(1)p(l/+2)/41/(1_/+1)) .

Therefore for any § > 0, choosing a sufficiently large v we obtain a nontrivial
bound provided T' > p'/2+9,
On the other hand, if t > T = p'T°() | then taking v = 1 we obtain

|SX| -0 (p7/8+o(1)> )
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