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Abstract

In this work we obtain a nontrivial estimate for the size of the set of triples
(a, b, c) 2 F⇤

q

⇥ F
q

⇥ F
q

which correspond to stable quadratic polynomials
f(x) = aX2 + bX + c over the finite field F

q

with q odd. This estimate is an
step towards the bound O(q11/4) conjectured in a recent work of A. Ostafe
and I. Shparlinski.
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1. Introduction

Let F
q

be a finite field of q elements with q odd. For a polynomial f(X) 2
F

q

[X] we define the following sequence:

f (0)(X) = X, f (n)(X) = f (n�1)(f(X)), n � 1.

We say that f 2 F
q

[X] is stable if f (n) is irreducible over F
q

for all n � 0. In
the following, we only work with polynomials of degree 2, that is,

f(X) = aX2 + bX + c 2 F
q

[X], with a 6= 0.

Our aim is to study the number of triples (a, b, c) 2 F⇤
q

⇥F
q

⇥F
q

which corre-
sponds to these stable polynomials. According to [1], we denote this number

⇤
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as S
q

. This problem is related with the measure of multiplicative character
sums.

Now, we give a brief introduction in order to maintain the paper self con-
tained. We assume that the reader has a minimum knowledge of commutative
algebra, specially in multivariate polynomials. In any case, these results may
be found in [2]. Let us denote by � = �b/(2a) the critical point of f , that
is, the zero of the derivative f 0. The adjusted orbit of f is defined as:

Orb(f) = { f (n)(�) | n > 1 }
[

{ �f(�) }.

It can be proved (see [3] and [4]) that a quadratic polynomial f over F
q

is
stable if and only if Orb(f) contains no squares.
The measure of the number of squares of a set can be performed by means
of character sums. In particular, it can be done using the only nontrivial
quadratic multiplicative character � of F

q

. The Weil bound for character
sums will be useful to estimate the bounds of S

q

and can be presented in the
following form (see Chapter 5 of [5]).

Lemma 1. Let � be the multiplicative quadratic character of F
q

and let

F (X) 2 F
q

[X] be a polynomial of positive degree that is not, up to a multi-

plicative constant, a square polynomial. Let d be the number of distinct roots

in its splitting field over F
q

. Under these conditions, the following inequality

holds: ������

X

x2Fq

� (F (x))

������
 (d� 1)q1/2.

2. Estimate of Sq

This section is devoted to find an estimate of the bounds for S
q

. Our
main result is the following one.

Theorem 1. For any q odd, the number S
q

of stable quadratic polynomials

f 2 F
q

[X] verifies

q2 � 1

4
 S

q

 q14/5.

First, using Proposition 3 of [6], we will establish the lower bound. We can
distinguish two di↵erent cases:
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1. If q ⌘ 1(mod 4) the adjusted orbit of the polynomial of F
q

[x] given by
f

b

(X) = (X � b)2 + b is Orb(f
b

) = {b,�b}. This orbit does not contain
any squares provided that b is not a square of F⇤

q

. Since there exist
(q � 1)/2 elements such that they are not squares in F⇤

q

, we have, at
least, (q � 1)/2 of such stable quadratic polynomials.

2. If q ⌘ �1(mod 4) and u, v 2 F
q

are such that u2 + v2 = �1, the
adjusted orbit of the polynomial f

u

(X) = (X � 4u2 � 2)2 + 4u2 is
Orb(f

u

) = {�4u2,�4v2}, which does not contain any squares of F
q

.
From Lemma 6.24 of [5] we know that there exist q +1 solutions of the
equation u2 + v2 = �1 in F2

q

. Since f
u

= f
v

if and only of u2 = v2,
there are at least (q + 1)/4 of such stable quadratic polynomials.

Next result shows that for each stable quadratic polynomial f(X) we can
obtain q � 1 di↵erent ones.

Lemma 2. For any quadratic stable polynomial f(X) and a 2 F⇤
q

,

g
a

(X) =
f(aX)

a
2 F

q

[X]

is an stable polynomial.

Proof. It is trivial to notice that

g(n)
a

(X) =
f (n)(aX)

a

for all n � 0. So if h(X) | g
(n)
a

(X), then h(a�1X) | f (n)(X).

Notice that, since f(X) has degree 2, f(X) 6= g
a

(X) for all a 6= 1. So, the
number of stable quadratic polynomials is a multiple of q � 1. This result
with the bounds obtained for q ⌘ 1(mod 4) and q ⌘ �1(mod 4) leads us to
the lower bound of Theorem 1.
Now, we will establish the upper bound of Theorem 1. Using previous
notation, we define F(k)(a, b, c) = f (k)(�), where a, b, c are variables and
� = �b/(2a). From [1], we have that

S
q

 1

2K

X

a2F⇤
q

X

b,c2Fq

KY

k=1

(1� �(F(k)(a, b, c))), 8K 2 Z+.
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Expanding the products and rearranging the terms, we conclude that there
are 2K � 1 sums of the shape

(�1)µ

X

(a,b,c)2F⇤
q⇥Fq⇥Fq

�

 
µY

j=1

F(kj)(a, b, c)

!
,

where 1  k1 < . . . < k
µ

 K. This sum can be transformed in

X

(a,b,c)2F⇤
q⇥Fq⇥Fq

�

 
µY

j=1

F(kj)(a, b, c)

!
=

X

(a,b,c)2F⇤
q⇥Fq⇥Fq

�

 
µY

j=1

F(kj)(a, b, c + b + b2)

!
(1)

Before deducing our upper bound, we prove a fundamental lemma.

Lemma 3. For fixed integers k1, . . . , kµ

such that 1  k1 < . . . < k
µ

 K,

the polynomial

µY

j=1

F(kj)(a, X, c�X/2 + X2/4)

is a square only for at most 24K+1q choices of (a, c).

Proof. We divide the proof in two steps:

• First, we prove that for any index k
i

there are at most 24K+1q pairs
(a, c) such that F(ki)(a, X, c�X/2 + X2/4) has a multiple root.

• Then, we will see that, for almost all choices of the pair (a, c), the
polynomial

Q
µ

j=1 F(kj)(a, X, c�X/2 + X2/4) is not a square.

Each F(ki)(a, X, c � X/2 + X2/4) is a polynomial of degree less or equal to
22ki < 22K . Its coe�cients can be seen as rational functions of degree at most
2ki < 2K in both a and c. So, the resultant of F(ki)(a, X, c�X/2+X2/4) and
its derivative with respect to X, F

0

(ki)
(a, X, c�X/2+X2/4), is a polynomial

of degree at most 24K+1 in both a and c. Then, if this polynomial is not
identically zero, it will have at most 24K+1q roots, that is, there will be at
most 24K+1q pairs (a, c) such that F(ki)(a, X, c�X/2 + X2/4) has a multiple
root.
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Now, we will show that the polynomials

F(ki)(a, X, c�X/2 + X2/4), F
0

(ki)(a, X, c�X/2 + X2/4)

do not share any common factor. It su�ces to give a specific example, valid
for any finite field F

q

. Let us consider f(X) = (X � b)2 + b. For this
polynomial � = b; so F(ki)(1, X,�X/2 + X2/4) = X and F 0

(ki)
(1, X,�X/2 +

X2/4) = 1 for all k
i

.

Finally, notice that the degree of F(kµ)(a, X, c�X/2 + X2/4) is 22kµ . If the
coe�cients (a, c) are neither a root of the leading coe�cient of F(kµ)(a, X, c�
X/2+X2/4), nor one of the 24K+1q pairs which make the resultant r(a, c) = 0,
then the polynomial has 22kµ di↵erent roots in some extension field. Also,

deg

 
µ�1Y

j=1

F(kj)(a, X, c�X/2 + X2/4)

!
 22kµ � 1

and the polynomial
µY

j=1

F(kj)(a, X, c�X/2 + X2/4)

contains at least one simple root.

Combining Lemma 3 and the Weil bound (Lemma 1), we obtain S
q

< q3/2K+
2Kq5/2 + 24K+1q2. Choosing 2K = q1/5, we get S

q

< q14/5. Theorem 1 is
proved.

3. Final Remarks and Comments

Lemma 2 is still true for polynomials of higher degree. However, f(X) and
g

a

(X) no longer have to be di↵erent for all a 6= 1. For instance, for any q
odd, if f(X) = X3 and a = �1, then g�1(X) = f(X). Thus, the number of
stable polynomials has not to be a multiple of q � 1. Finally, we highlight
that this Lemma is also true for fields of characteristic zero, as can be seen
in Lemma 6 of [7].
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