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Abstract. The nonlinear congruential method is an attractive alterna-
tive to the classical linear congruential method for pseudorandom num-
ber generation. In this paper we present new discrepancy bounds for
sequences of s-tuples of successive nonlinear congruential pseudorandom
numbers of higher orders modulo a composite integer M.

1 Background

For an integer M > 1, we denote by Zj; the residue ring modulo M. In this paper
we present some distribution properties of a generalization of pseudorandom
number generators, first introduced in [7], defined by a recurrence

Unt1 = f(g1(Uns oo Un—rg1)s ooy Gr(Uny oo Un—ry1))  (mod M), (1)

where
f(X17"'7XT)7 gl(X17"'7XT)7"'7 gT(X:l?"'?XT) E ZM[X17"'7XT]

for n > r — 1 with some initial values ug, ..., ur_1.
To study this pseudorandom number generator, we define the sequence of
polynomials fi(X) € Zp[X], with X = X;,..., X, by the recurrence relation

fr(X) = fia(1(X), .., 90(X)) (mod M), k=1 (2)

where fo(X) = f(X).

It is obvious that () becomes periodic with some period ¢ < M". Through-
out this paper we assume that this sequence is purely periodic, i.e. U, = Up4y
beginning with n = 0, otherwise we consider a shift of the original sequence.
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Although the distribution of nonlinear congruential generators has been stud-
ied extensively, see [5I6/9] for instance, much less is known for its higher orders
analogue. A result for a class of polynomials for prime moduli was established
in [7], where this was later extended to a larger family of polynomials in [§]. In
this paper we show a generalization of this result to a larger class of pseudoran-
dom number generators.

1.1 Notation and First Results

This section begins with some notation. It will be assumed that N, A;, B; and
b; represent integer positive numbers and 0 is the r-dimensional 0 vector. The
elements of Z); will be identified with the integers {0,..., M — 1}. For this
reason, we can define e (z) = exp(2miz/M) for any element z € Z ;.

For a polynomial f, G is the ged of the coefficients of nonconstant monomials
with M.

We will denote f®)(X) = f(X) (mod p) of total degree d’ for a polynomial f
with integer coefficients and total degree d. Finally, we define degy_ f, the degree
of the coefficient X,. of the polynomial f, to be degy, modulo every prime factor
p of M.

Lemma 1. Given a polynomial in the ring Zy[X],

dy dr

FX)=>"00> b XX (mod M)

with degx f > 1, total degree d, then exist polynomials
hi(Xp), ..., he_1(X,) of degree less than d([logd]| + 1) such that

9P (X)) = [P (a1 + AP (X,), . a1 + AP (X)), X)) (3)

is a nonconstant polynomial for any p|M, p /G and any values
ai,...,ar—1 € Zp-

Proof. Let p|M be a prime number not dividing G and D = [logd] + 1. By the
definition of G, we note that f(P)(X) is not a constant polynomial and it can be
expressed as f®)(X) = h(X1,..., X,_1)X% 4/ (X) where f(X) is a polynomial
of degree stricly less than d’ in X,.. If d = 0 then f®)(X) = h(Xy,..., X,_1),
but in any case h is a not a constant polynomial.

Let IF be an extension field of degree D over Z,. By the cardinality of IF,
there exist &1,..., &—1 € IF such as h(&,..., &—1) #0.

It is easy to check that

fOX + 68X, X+ 60X X)) =h(E,. ., &)XY + (X)) (4)

where d > d” > 0 and f”(X) is a polynomial with total degree less than d’ — 1
in X,. Let E be a extension field of degree d + 1 over IF' and let 8 be a defining
element of E over both Z, and E, i.e. E = Z,(6) = IF(9).



On the Distribution of Nonlinear Congruential Pseudorandom Numbers 197
The evaluation of the polynomial in (@)
fPa +&0,... a1+ 610, 0) #£0,  ai,..., a,1€Z,  (5)

because the degree of the minimal polynomial of 8 over IF is d 4 1.

Fori=1,...,r—1, each element &0 can be expressed as h\"’ (0), where hgp) (X,) €

Z,1X,]. Applying the Chinese Remainder Theorem to the different polynomials
hz(-p) (X,) for each prime p|M, we find the corresponding h;(X,). By construction,

P (ay + hgp) (X)), ., ar—1 + hfﬂ)l(XT), X,) is not the zero polynomial by (&)
for any integer values a1, ..., ay_1.

Now, we proceed to define a family of polynomials depending on g1 (X),. .. ,g,(X)
which will be the main subject of the article.

Let IK be a field. We denote by 7 as the set of polynomials, f, such that
Zj;é a; (fr+j(X) — fi+;(X)) is nonconstant, where f;(X) are defined by (@)
and a; € IK, with at least one a; # 0 and k # [.

Here is a sufficient condition for a certain polynomial to be in class 7. To
prove the result, we need some background.

We start defining a homomorphism of polynomial rings ¢ : K[X3,..., X,] —
Polynomials g1(X), ..., g-(X) are said to be algebraically independent if the

application ¢ is injective. ¢* denotes the composition of the function ¢ k times
with ¢° being the identity map.

Lemma 2. Let f(X) be a polynomial in K[X] and ¢1(X),..., ¢-(X) be al-
gebraically independent and IF be an extension field of IK. Suppose that there
exists (bi,..., b.), (c1,..., ¢) € IF" two different zeros of the polynomials

gl(X)v"'v gT(X) with f(clv"'v CT)%f(blv"'v b’l“)7 thenfET

Proof. Suppose that k > [, and exist ag,..., as—1 € IK with ag # 0 satisfying;
s—1

> im0 aj (frt5(X) — fi;(X)) = K, where K € K.
Then

305 (s (%) = Fis(X0) = 61 (320 0 (s (X) = sy (X))
§=0

and this implies K = Zj;é aj ((f1+5(X)) = (fi—k+1+5(X))) because ¢ is an
injective map.

By equation (2)), we notice that for k # 0, we have that fi(b1,..., b,) =
fe=1(0,...,0) = fx(c1, ..., ¢r), so substituting in the equation both points and
subtracting the result, we get that ag = 0.

The last remark in this section is that conditions in this criterion can be tested
using Groebner basis.
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1.2 Exponential Sums and Previous Results

We start by listing some previous bounds on exponential sums which will be
used to establish our main results.

The first Lemma is the well-known Hua-Loo Keng bound in a form which is
a relaxation of the main result of [I1] (see also Section 3 of [3] and Lemma 2.2
in [6]), followed by its multidimensional version.

Lemma 3. For any polynomial f(X) = bg X% + ... + b1 X + by € Zp|[X] of
degree d > 1, there is a constant co > 0 where the bound

Z en(f(x))| < ecodpi=vdgh/d

T€ZN

holds, where G = ged(bg, ..., by, M).

Lemma 4. Let f(X), with total degree d > 2 and degree greater than one in
X, be a polynomial with integer coefficients, with G = 1. Then the bound

S enlfl@r,..., )| < eodon ) ppro1/ (@ o)

holds, where cqy is some positive constant.

Proof. We recall the univariate case that appears as Lemma [Bl Then let
g(X) = f(Xl + hl(Xr)7X2 + hQ(XT), e ,XT)

where h;(X,.) are the polynomials defined in Equation (B]). It is easy to see that

> en(flarmem))| =Y enlglar, ez 2|

where the summations are taken over xy,xs ..., x, € Zys since (x1,..., ) —
(1 + hi(xy), x2 + ho(zy), ..., z,) merely permutates the points. By Lemma [I]
for any selection x1, ..., x,_1 this polynomial is not constant modulo p and the

gcd of the coefficients of ¢ and M are coprime. Hence, applying Lemma [B] we
have

Z erv(g(xr, ..., 7))

T1,T2...,2rELM
< Z Z eyv(g(xr,za...,2,))
L1, Tr1€LNM | TrE€ELM

< ecod2(1og d+1)Mr—1/d2(log d+1)

We obtain the last step by noting that the degree of g in X, can be bounded by
d*(logd + 1) and so we are done.
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This now allows us to state and prove the following Lemma.

Lemma 5. Let f(X) be a polynomial with integer coefficients with
degx [ > 1 and total degree d. Recalling the definition of G,

S enl(f(@r ... a))| < e 0B N (G ) Gos dtD

T1..., 2 €L\

Proof. We let

fa(@y, .. ) = (f(z1,.. 0 20) = £(0))/G
and m = M/G.
Then,

Z ev(f(zy,...,2p))| = Z ey (f(z1,...,2.) — f(0))

L1, TrEZL N L1, TrELNM

=G" Z em(fG<$17""xT))

L1y, TrELm

Now fa(x1,...,x,) satisfies the conditions in Lemma [ so:
G| S emlfolan,. o a))| < Gt o (g oz d

and so the result follows.

Lastly, we will make use of the following lemma, which is essentially the multi-
dimensional version of Lemma 2.3 of [6].

Lemma 6. Let f(X) € Zy[X] be a polynomial such that f®) € T for every
p|M and let

s—1 dy d,
D a; (i (X) = fr (X)) =D > bi i XX
=0

11=0 i =0

where k # 1. Recalling the definition of G, the following equality
G = ged(ao, - .., as—1, M) holds.

Proof. We put A; = a;/G and m = M/G, j =0,...,s — L. In particular,

ged(Ag, ..., As—1,m) = 1. (6)
It is enough to show that the polynomial
s—1
H(X) =Y Aj (fir(X) = fr15(X))
j=0

is nonconstant modulo any prime p|m, for k # [.
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By definition, we have

s—1

HOX) =3 A; (#2,%) = f2(X))  (mod p)
j=0

and H)(X) can not be a constant polynomial, since f(?) € 7 and so we are
done.

1.3 Discrepancy

For a sequence of N points

N-1
F = (’Yo,nv Tt 75*1,’”«)”:0 (7)
of the half-open interval [0,1)%, denote by A its discrepancy, that is,

Tr(B)

Ap = N

—|B

)

BC[0,1)®
where Tr(B) is the number of points of the sequence I" which hit the box

B = [a07ﬁO) XX [as—lvﬁs—l) c [Oa 1)8

and the supremum is taken over all such boxes.
For an integer vector a = (ag,...,as—1) € Z° we put

s—1
lal = _max_Jail,  r(a) = l:lomax{|ai|,1}. (8)

.....

We need the Erdos—Turdn—-Koksma inequality (see Theorem 1.21 of [4]) for the
discrepancy of a sequence of points of the s-dimensional unit cube, which we
present in the following form.

Lemma 7. There exists a constant Cs > 0 depending only on the dimension s
such that, for any integer L > 1, for the discrepancy of a sequence of points (7)
the bound

N-1 s—1

1 1 1 .

Ap < Cy 7 + N g @ E exp | 2wt E a;iVj,n
o<la|<L n=0 Jj=0

holds, where |a|, r(a) are defined by (8) and the sum is taken over all integer
vectors
a= (CL(),..., asfl) cZ’

with 0 < |a| < L.

The currently best value of Cj is given in [2].
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2 Discrepancy Bound

Let the sequence (u,) generated by () be purely periodic with an arbitrary
period t. For an integer vector a = (ag,...,as—1) € Z° we introduce the expo-

nential sum
N—-1 s—1
N)=> em D ajuni;
n=0 =0

Theorem 1. Let the sequence (uy,), given by () with a polynomial fP)(X) € T,
for every prime divisor p of M, with total degree d and degy, f > 1, be purely
periodic with period t andt > N > 1. The bound

_ 1/2 7 7/2 —-1/2
e, T [Sa(N)] o(N M™% (log log(M/G)) )

holds, where G = ged(ag, . .., as—1, M) and the implied constant depends only on
s and d.

Proof. The proof follows a strategy first seen in [9].
Select any a = (ag, ..., as—1) € Z° with ged(ag, .. .,as—1, M) = G.
It is obvious that for any integer k£ > 0 we have

N-1 s—1
- Z ey Zajun+k+j < 2k.
n=0 j=0
Therefore, for any integer K > 1,

K|Sa(N)| < W + K2,

where
N—-1K-— s—1 N—-1|K-1 s—1
E E E AjUntk+s || < E E ey E QjUp 4 k+j
=0 k=0 §=0 n=0 | k=0 §=0
Accordingly, letting x = x4, ..., z,, we obtain
2
N-1|K-1 s—1
<N Y enr | > ajfrrs (tns .o tnry1)
n=0 | k=0 §=0
2
—1 s—1
<N g em E a; [+ ()
x€Z7, | k=0 §=0

N

K—-1 s—

N Z en aj (fre+j (X) = firj (%))
= 0

XEZ 4 Jj=

>
Il
=)
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If £ = [, then the inner sum is trivially equal to M". There are K such sums.
Otherwise the polynomial Zj;é a; (fr+j (X) — fir; (X)) is nonconstant since

f®) € T. Hence we can apply Lemma [ and Lemma [B] (so that we only need
consider aj,j = 0,...,s — 1, instead of the coeflicients of f) to the inner sum,
obtaining the upper bound

BCOdS(K+s—2) M’I"*l/dS(K+572) Gl/dS(K+572)

for at most K2 sums and positive constant ¢y and noting that
d*(logd + 1) < d3.
Hence,

3(K+s—2) _ 3(K+s—2) 3(K+s—2)
W? < KNM" + K2Ne®? MY/ G/ .

Now, without too much loss of generality we may assume (d + 1)3E+s=2) > 2,
Next we put K = [loglog(M/G)/(3clog(d + 1))], for some ¢ > 2 to guarantee
that the first term dominates and the result follows.

Next, let Dy(N) denote the discrepancy of the points given by

Un Un+sfl>
— ... =0,...,N—1
(M, ) M ) n ) ) )

in the s-dimensional unit cube [0, 1)%.

Theorem 2. If the sequence (uy), given by ({d) with a polynomial fP)(X) € T,
Jor every prime divisor p of M, with total degree d and degy, f > 1 is purely
periodic with period t with t > N > 1, then the bound

Dy(N)=0 (Nfl/zMT/Q(log loglog M)*®/(log log M)1/2)

holds, where the implied constant depends only on s and d.

Proof. The statement follows from Lemma [7] taken with
L= [Nl/QM*W(loglogM)l/ﬂ

and the bound of Theorem [I] where all occurring G = ged(ao, ..., as—1, M) are
at most L.
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