World World Scientific

www.worldscientific.com

Mathematical Models and Methods in Applied Sciences [
Vol. 15, No. 3 (2005) 325{341 \
¢ World Scienti ¢ Publishing Company

MOVING BANDS AND MOVING BOUNDARIES WITH
DECREASING SPEED IN POLYMER CRYSTALLIZATION

RAMON ESCOBEDO and VINCENZO CAPASSOY

Milan Research Center in Industrial and Applied Mathematics
and
Dipartimento di Matematica
Universita degli Studi di Milano, Via C. Saldini 50, 20133 Milan, Italy
escobedo@math.uc3m.es
Ycapasso@mat.unimi.it

Received 24 June 2003
Revised 17 May 2004
Communicated by N. Bellomo

A deterministic model of polymer crystallization, derived from a previous stochastic one,
is considered. The model describes the crystallization process of a rectangular sample of
a material cooled at one of its sides. It is a reaction{di usion system, composed of a PDE
for the temperature and an ODE for the phase change of a polymer melt from liquid
to crystal. The two equations are strongly coupled since the evolution of temperature
depends on a source term, due to the latent heat developed during the phase change, the
nucleation and growth rates are functions of the local (in time and space) temperature.
The main di erence with respect to the previous model is the introduction of a critical
temperature of freezing in these functions. The paper does not contain detailed analytical
aspects, that are left to subsequent investigations. A qualitative analysis of the proposed
model is carried out, based on numerical simulations. An interesting feature shown by
the simulations is that the solution exhibits an advancing moving band of crystallization
in the mass distribution, as well as a moving boundary in the temperature eld, both
advancing with the same decreasing velocity. For some values of the parameters, which
are typical of the physical problem, the advance takes place by jumps due to regular
stops of the most advanced point of crystallization. The duration of these halts increases
as the applied temperature decreases. This may indicate that the crystallization time is
not a monotone function of the applied temperature. A simpli ed mathematical model
is eventually proposed which reproduces the same patterns.
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1. Introduction

Crystallization of polymers, as various similar processes, consists of at least two
processes. A nucleation (birth) process describing the time and location of spots in
the material where crystals start to grow, and a growth process of the nucleated
crystals. Both processes are coupled with the temperature, since the kinetic param-
eters of birth and of growth depend signi cantly upon the local temperature eld,
and vice versa, the temperature eld is coupled to the crystallization process due
to the production of latent heat and the possible dependence of the parameters of
the heat conduction upon the phase (liquid or solid).*

All processes described above are of a random nature since the birth process,
and the consequent geometry of the crystalline phase, are random. However, under
usual industrial conditions, a multiple scale assumption can be made, since at the
typical spatial scale of the temperature eld, many crystals of small size are pro-
duced; this allows a deterministic approximation (homogenization) for the spatial
density of the crystalline phase and consequently of the temperature eld. Such an
approach has been carried out in a rigorous way via suitable laws of large numbers in
Refs. 2 and 3.

As a consequence, at the macroscopic scale, the crystallization process may
be modelled as a reaction{di usion system in which a deterministic ODE for the
crystalline density is coupled with a deterministic PDE for the temperature eld,
via the kinetic parameters of birth and growth on one hand and the latent heat
on the other hand. These kinetic parameters are the rate functions of nucleation
and growth. They have been recovered from the stochastic model, and adapted
to the deterministic one. In particular, we have introduced a critical temperature
above where no nucleation and no growth can take place. We have also taken into
account the possibility that the rate functions may present a jump at the critical
temperature.

Numerical simulations of this reaction{di usion system show that the solution
exhibits an advancing moving band of crystallization in the mass distribution, and
a moving boundary in the temperature eld, both advancing at a decreasing veloc-
ity. The fact that the speed is not constant, that is, that two di erent space seg-
ments of the same length have di erent times of crystallization, is a relevant aspect
for the industrial process, and of great interest from the mathematical point of
view. Systems with such a property have not received so much attention in the
previous literature, as it is mentioned in Refs. 4{7. Whereas reaction{di usion sys-
tems of the form uy = uxx + F(u) have been extensively studied (see e.g. Xin*
for an overview of recent relevant literature), in most cases the study has been
carried out under the assumption that the solution exhibits a travelling wave form
with constant speed, and consequently the change of variable = x ct pro-
vides a correct approach of the problem. This has been the case for the (sim-
plest case of) Kolmogorov, Petrovsky and Piskunov, or Fisher nonlinearity where
f(u) = u(l u); the Zeldovich nonlinearity f(u) = u™(@ u), m > 2; the
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bistable nonlinearity f(u) = u(l u)( u), 2 (0;1); the Arrhenius combustion
nonlinearity e B=Y(1 u), E > 0, and more general nonlinearities where f(u) is a
non-negative Lipschitz continuous function in (0,1) such that f(u) = 0in[0; T][ flg.
In 1996, numerical simulations for the case f(u) = u?(1 u) have been carried out
by Sherrat and Marchant.® They found wavefront solutions with variable shape
and speed, and they also mention this absence of literature about problems whose
solutions exhibit wavefronts with nonconstant speed. This work has been con rmed
by Needham and Barnes in 1999 with an asymptotic analysis,® and later by Malham
and Oliver in 2000 with functional analytic methods.” Recently, Sneyd and Sherrat®
have reported another case in which f(u) = uin[0; Jand f(u)=1 wuin( ;1]
where they obtain waveform solutions with variable speed. Our model presents a
new kind of nonlinearity, f(u) = e Y (where and are real positive values),
which, to our knowledge, has not been studied yet. Moreover, the reaction{di usion
equation of our model is coupled to a nonlinear ODE.

The paper is organized as follows. In Sec. 2 we present our deterministic model
in detail. In particular we introduce the main modi cations with respect to the
stochastic one, and we present a qualitative argument to justify this change. In
Sec. 3 we solve numerically the new model. We analyze the results by means of
new parameters which characterize the solution and emphasize the new features. In
Sec. 4 we present a simpler model which reproduces the same patterns and might
serve as a basis for future studies. Finally, our conclusions are presented in Sec. 5, as
well as our comments on further directions and a description of some open problems
arised from our study.

2. The Model

The experimental situation consists of a rectangular sample of length L of a given
material characterized by the heat-di usion coe cient and the rate functions of
nucleation and growth. The sample is cooled at one of its sides by applying a low
temperature Tapp (see Fig. 1). For values of Tapp under the threshold of nucleation,
some nuclei appear in this part of the sample and, depending on another threshold

=
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Fig. 1. The experiment: a cooling device at temperature Tapp is assembled to the left side of
a sample of length L. The heat conductivity of the material is characterized by the di usion
coe cient
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temperature, the nuclei can grow. After a certain interval of time, whose length
depends on the control parameter Tapp, the whole sample is fully crystallized.

The model presented in this paper is intended to be useful for the control of the
crystallization process in industrial applications, both with respect to the cost of the
cooling mechanism and the quality of the nal product. The cost can be controlled
by measuring the crystallization time as a function of the applied temperature and
the quality of the product by monitoring the homogeneity of the process. Both
aspects have been considered in this study.

In materials in which the di usion of temperature is symmetric in the y and z
directions, the problem can be simpli ed to a one-dimensional sample of length L
cooled at the left side x = 0. The variables are the temperature eld T(x;t) and a
measure of the degree of crystallinity y(x;t) 2 [0;1], such that y = 0 where there are
no nuclei and y = 1 for fully crystallized regions. These variables evolve according
to the following coupled system of two nonlinear di erential equations (one partial
and one ordinary):

oy

= Mba(M) +vo ©)b(T); 2.1)
2
@@—I= %TTZHG V)b (T): 22)

This system is derived from a stochastic system obtained from physical principles.
The stochastic model is reported in Ref. 2. Here vp, and ag are the initial mass, the
di usion coe cient and the non-isothermal factor respectively, which are assumed
to be constant. The functions (y) and (y) account for the starting of nucleation
and the mechanisms of aggregation and saturation of nuclei, respectively.? They
are given by

_y@ y) in[0;1] _((1 y)? in[0;1]
0 outside W)= 0 outside

) (2.3)

See Fig. 2(a).

Once we have xed the mechanisms of nucleation and growth, we have to provide
the rates at which they occur. The coe cients of (y) and (y) in Eqg. (2.1) are
precisely these nucleation and growth rate functions, by (T) and bg(T) respectively.
They are actually the same quantities as in the corresponding stochastic model.
They depend upon the temperature T and, in the temperature range of interest,
typical expressions are:

bn(T)=Ne N Ty po(T)=Ge o Ten: (2.4)

Here N and G are the nucleation and growth factors, N and ¢ the nucleation
and growth exponents, and T is a temperature of reference (usually Trer = 0).
Expressions (2.4) have been obtained via statistical regression analysis in Ref. 2
and Ref. 6 therein.

In the stochastic interpretation, for small values of T the probability that a
nucleation takes place is large, whereas for a large value of T this probability is



Moving Bands and Boundaries with Decreasing Speed 329

1 N
\\
\
08 F \ By)
\ ————
. N <)
\
06 \
N
\\
\
04 N
AN

B ~ 75

02t S

N
0 . =
0 0.2 0.4 0.6 0.8 1 100
y
(a (b)

Fig. 2. Coe cients and rate functions of the model. (a) Functions of the crystallinity. (y):
mechanism of nucleation, (y): mechanisms of aggregation and saturation of nuclei. (b) Nucleation
and growth rates by (T) and bg (T), respectively. Inset: cuto at T = T¢, introduced in our model.

very small. Above a certain critical temperature, a nucleation will practically never
occur. In a deterministic model we cannot consider probabilities of occurrence of
events: something occurs or not. Only the rate at which it occurs may be controlled.

The system of equations shows this important di erence between the two
models. Sincey = 0att =0, (y) isequal to 1 and then y; > 0 at any time
t 0, everywhere in the sample. This induces nucleation and growth fromt =0
on, so that y(x;t) > 0 for all t = 0. In this way, for any applied temperature
Tapp 2 R complete crystallization of the sample is only a matter of time, something
that may not be realistic. This cannot happen in the corresponding stochastic model
due to the small probability of nucleation when T is greater than a certain critical
temperature, in such a way that a nucleation almost never takes place far from the
cooling side, until the local temperature has become su ciently small.

The above discussion suggests that, for a deterministic model, a threshold
temperature T¢ must explicitly appear such that, by (T) = 0; for T T¢. Moreover,
for T < T¢, nucleations certainly take place, and the smaller is T, the greater its
rate is.

This condition can be introduced in two ways in the expression of by (T):

Opt. 1: Truncating the exponential function in expression (2.4) at T = T¢. Then
bn will be a discontinuous function of T at T = Tk.

Opt. 2: Modifying the function by (T) in the interval [0; T¢] to have a decreasing
continuous function such that by (T¢) =0 and by (T) =0 if T > Tk

At our understanding, there is no experimental basis to decide which option is the
most realistic one. Option 2 may be preferred due to the continuity of the modi ed
function. But Option 1 is the general case (Option 2 being a particular case of
discontinuity with a jump of size zero), and is mathematically more interesting
since the variety of cases is (not surprisingly) richer.
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Both options can be taken into account by de ning the nucleation rate as follows:

b (T) = N e NT e NTr fT <Ty, -
VST T T Y
where 2 [0;1] is a measure of the discontinuity of bny(T) at T = T¢: =0
corresponds to Option 1 and = 1 to Option 2. The parameter allows to vary

continuously from one option to the other.

The same modi cation may be applied to the growth rate function. As before,
the growth is not a matter of time at every temperature and a threshold must
exist, above which the nucleated crystals cannot grow. This temperature Tg is not
necessarily equal to T¢. In fact, there are three possibilities:

T < minfTg; T¢g: there is nucleation and growth.

Te < T < T¢: there is nucleation, but no growth. This occurs in materials where
the nuclei have to be cooled at a lower temperature in order to be able to grow.
T¢ <T < Tg: there is no nucleation, but if there are some crystals in the sample
(from a previous situation in which T was less than T¢, or from a heating e ect
due to the growth), then they are growing.

Then an expression similar to (2.5) can be written for bg(T). For simplicity, and

without loss of generality, we assume that T = Tf and that = §n = . This
allows us to introduce the following general rate function (T):
C
(T) = 1 e T e Tt ifT <T¢; 2.6)
1 e 0 ifT  Te '

The nucleation and growth rates then become by (T) =N (T) and bg(T) =G (T),
respectively. The size of the discontinuity at T¢ is given by ¢ = (Tf) = [(1

e Tr]=(1 e ). Using (2.6) the equations can be rewritten more clearly in
the following form:

oy

Gr = Y@ MHWN@ v (T 2.7)
oT _  @%T _
o oe +asGy(l vy) (T): (2.8)
They must be solved together with the boundary and initial conditions:
y(x;0) =vyini forx2[0;L]; (2.9)
T(x;0) =Tin for x 2 (O;L]; (2.10)
T(O;t) =Tapp foralt O (2.11)
0TD _ 5 forant o (2.12)

@x
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Table 1. Typical values and units of the parameters.

Symbol Physical meaning Typical value  Units
Tapp Applied temperature 0{100 °C
Di usion coe cient 0.002 m2s 1
Tini Initial temperature 100 °C
Yini Initial crystallinity 0 {
Tf Nucleation temperature 70 °C
Te Growth temperature 70 °C
Tref Reference temperature 0 °C
N Nucleation factor 20 s 1
G Growth factor 5 s 1
N Nucleation exponent 0.1 “cy !
G Growth exponent 0.1 ©o) !
Vo Initial mass 0.01 {
ac Non-isothermal factor 2500 °C
L Length of the sample 10 3 m

A possible control parameter of the problem is the applied temperature Tapp. The
rest of the parameters account only for the characteristics of the material and are
considered constant along our analysis. See Table 1 for typical values.?

Simple physical considerations on the equations show that the problem describes
an excitable medium. The excitability depends on the relation between the applied
temperature Tapp and the general threshold Ts:

If Tapp T¢, then (T) =0 for all t 0. The equations become y; = 0 and

Ty = Txx, S0 that y(x;t) remains equal to zero and T (x; t) is the solution of the

heat equation with boundary conditions T(0;t) = Tapp and Tx(L;t) = 0. The
nal state is:

y(x;t) O forall (x;t) 2[0;1] R;
T(Xt) Tapp forallx2[0;1] ast ¥ +1:

There is no nucleation, no growth, and no crystallization at all.

If Tapp < T¢, then (T) is no longer zero at x = 0 and y; receives a positive
contribution from (y). Near this point the crystallinity y(x;t) is positive and
grows according to (y). This increases the temperature in this region. Then a
competition starts between the cooling process at x = 0 and the heating process,
due to the growth of nuclei (it is assumed that nucleation does not contribute to
the variation of the temperature). This competition lasts until the crystallization
is completed at time t = tcryse; then only the cooling process persists, and the
temperature falls to Ty, in all the samples. The nal state is:

yix;t) 1 forall x 2[0;1] and all t  teryst;
T(Xt) Tapp forallx2[0;1]and all t  teryst:
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The material has been \excited" by an applied temperature lower than the crit-
ical value; there has been nucleation and growth of crystals, and it has been
crystallized.

3. Numerical Simulations

We have solved numerically Egs. (2.7){(2.8) with initial conditions (2.9){(2.10) and
boundary conditions (2.11){(2.12), simulating the following experiment. At to =0
a cooling temperature Tapp greater than Ty is applied at the left side of the sample
X = 0: T = 70°C < Tapp = 90°C < Tinj = 100°C. At time t; =5 10%s the
temperature has been di used in all the samples. Then a temperature lower than
Tr is applied: Tapp = 50°C < T¢ = 70°C. The crystallization process starts and we
keep Tapp at the same value under T¢ until the crystallization is complete.

We rst describe the evolution of the temperature eld and the mass distribu-
tion. These distributions are then characterized by means of three new parameters.
We nally obtain the time of crystallization, and discuss in detail the patterns and
features of the solution which are important for the industry. This is done for =0,
the most interesting case, which gives a jump of size ¢ 9 10 4

Figure 3 shows the evolution of the temperature eld T (x; t) and the crystallinity
distribution y(x;t) during a complete crystallization process. We may look at the
evolution of T (x;t) from the top-left point to the bottom-right point of Fig. 3(a),
whereas the evolution of the crystallinity must be regarded in the opposite way,
taking into account that the x{t axes have been inverted in Fig. 3(b), patterns and
features being more visible under these respective angles.

Let us discuss what might have happened. As soon as the cooling device is
applied at x = 0, temperature tends rapidly to Tapp at all points in the sample.

M}M’nm%'mm'nmwmmnw""n i

I
i ‘,“,' i u u\ﬂuu

(@ (b)

Fig. 3. Time evolution of the temperature eld T (x;t) and the distribution of the crystallinity
y(x;t) for Tapp = 50°C. Note that the x{t axes have been inverted in (b) to show clearly the
evolution of the pro le of the crystallinity.
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Fig. 4. Pro les of the temperature eld and the crystallinity for three equidistant instants of
time, for Tapp = 50°C. T (X; t;j) is a ramp which connects the boundary condition at x = 0 to the
temperature T¢. The point of connection is denoted by vertical dashed lines. The moving band of
y(X; tj), between two vertical dashed lines, is also located at this point.

The time it takes to convey information in the form of a changed temperature over a
distance L is O(L2= ). Then, for a sample of length L = 1, at time t;  0:5 103s,
the temperature is already equal to the temperature applied at x = 0 in all the
samples: for all x 2 [0; 1]; T (X;t1) = Tapp. In this interval of time, the temperature
has remained above T¢ and then there is no nucleation nor growth.

At time t = t;, the crystallization process starts. The temperature near x = 0 is
now lower than the critical threshold and some crystals are nucleated in this region.
Growth is so fast that complete change of phase, i.e. y = 1, is reached almost
immediately after nucleation starts. After a short transient of about 5 10°s,
the pro le of the crystallinity becomes similar to a moving front. As well, the
temperature pro le appears to be like two straight lines whose intersection is located
near the most advanced point of crystallization. See Fig. 4, where we have depicted
T(x;t) and y(x;t) at three instants of time.

We will refer to these characteristic shapes as the moving boundary of the
temperature eld and the moving band of the crystallinity. The crystallization is
completed when the band reaches x =1, at time t 32 10%s. At this time there
is no more growth and the temperature di uses to Topp in the whole sample. The

nal state of the sample is a full crystallization, where y = 1 for all x 2 [0;1].
In industrial applications, the cooling can be stopped because the crystallization
is done.

An important remark is that the speed of propagation of both the boundary
in T(x;t) and the front of y(x;t) is not constant but decreasing in time. This
can be observed in the curvature of the upper plateau in the crystallinity distri-
bution of Fig. 3(b). A decreasing velocity of the crystallization front has a great
importance for industry, because it means that a one-dimensional geometry is not
the best strategy to use. To cool at both sides of the sample at a lower (and less
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expensive) temperature can be more interesting, as we will show later. The use of
other geometries, like cylindrical samples with the cooling device applied inside the
sample, is also suggested by this result.

Despite the fact that the crystallization front velocity is not constant, an
averaged velocity can be calculated, by dividing the length of the sample by the
time the front takes to cover this distance, the so-called crystallization time. In
other words, the crystallization time tcrys is the time the sample takes to be com-
pletely crystallized for a given applied temperature. This magnitude is useful for
industry as a measure of the convenience of cooling at Tapp to complete the crys-
tallization. It can also be used to estimate the e ectiveness of the crystallization
procedure. Taking into account that small applied temperatures are more expensive
to be reached (and to be maintained), the chemical engineers will be able to select
the optimum strategy of cooling.

Figure 5 shows the crystallization time tcryst(Tapp) for two di erent strategies of
cooling. The solid line corresponds to the left-cooling case, compared to the case in
which the cooling is applied at both sides of the sample (dashed line).The following
argument holds. Suppose that a cooling e ort can last at most 20 10%s. Using only
one cooling device, the applied temperature must be Tapp,  35°C, that is 35°C
below T¢. Using two cooling devices, Tapp  60°C is cold enough to obtain the same
result. This strategy seems to be economically much more convenient although two
cooling devices would then be needed. This is not surprising; it just means that the
variation of teryst is directly proportional to Tapp. What is interesting to observe
(also because it was unexpected) is that this variation is not linear: the di er-
ence between the two freezing mechanisms is greater as the applied temperature is
smaller, that is, as smaller is the time (i.e. the money!) spent in the process.

From a mathematical point of view, the interest is also in the fact that the
front is not a travelling wave with constant speed. As we have mentioned above
in the introduction, the typical tools of the previous literature on travelling waves
studies are not directly applicable to this case and we have to consider new methods

80 T T T

x10%
60

Cooling at x=0
— = — Cooling at both sides

I cryst

80

Fig. 5. Crystallization time vs applied temperature for two di erent experimental situations.
Solid line: cooling only at x = 0. Dashed line: cooling both sides of the sample, x =0 and x = 1.
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to analyze the problem. Our idea is to characterize the temperature eld and the
crystallinity distribution by means of three parameters.

Three regions can be distinguished in the sample during the crystallization
process: the empty region, in whichy = 0 and T = Tg, the crystallized region,
in whichy =1 and T is a straight line joining (x; T) = (0; Tapp) With T = T¢, and
a third narrow region located between them. These three intervals can be described
by means of the abscissas, X (t), X1 (t) and X (t), of three points de ned as follows:

X (t) = m?xfx 2 [0; 1= y(x; t) = 1g; (3.1)
Xi(t) = mtinfx 2 [0; 1]= y(x; t) = Og; (3.2
Xp(t) = mtinfx 2[0;1]=T(x;t) = Teq: 3.3)

The physical meaning is as follows. At each instant of time, the point x (t) is the
last fully crystallized point, X\ (t) is the fully crystallized point of crystallization,
and x,(t) is the rst point at which the temperature does not allow any nucleation.
The empty region is [0; x (t)], the crystallized region is [Xi (t); 1], the moving band
is [x (t); X1 (t)] and the moving boundary is xp(t). Figure 6 shows the location of
these points at a given instant of time. Their corresponding trajectories are depicted
in Fig. 7. The last gure can be understood as an alternative representation of the
solution of the problem equivalent to Figs. 3 (a) and (b).

Here the decrease of the velocity is more visible and easily measurable. Small
oscillations of the moving boundaries can be observed, a fact of great interest and
not previously detected.

The curve of x,(t) exhibits small oscillations of the temperature eld, and
there are short time stops in the advance of xi (t). These unexpected features are
mathematically interesting and very important from an industrial point of view.

71 T T

0.7 0.74 0.78 0.82

Fig. 6. Detail of the temperature eld (left scale of ordinates) and the crystallinity distribution
(right scale) pro les for a given instant of time. We have introduced three new parameters, the
abscissas of three characteristic points: x is the last fully crystallized point, xi1 is the most
advanced point of crystallization, and X, is the rst point at which the temperature does not
allow any nucleation. Note that only part of the sample is depicted.
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Fig. 7. Characterization of y(x;t) and T (Xx;t) by means of x (t), X1 (t) and x,(t) during the
crystallization process corresponding to Tapp = 50°C. The decrease of the velocity is clearly
perceptible and small oscillations of the temperature boundary and stops in the crystallization
front are detected. Inset: zoom of the squared region at t  10%s.
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Fig. 8. Evolution of x (t), X1 (t) and X, (t) when Tapp = 10°C. The amplitude of the oscillations
of Xp(t) and the stops of X1 (t) are greater than when Tapp = 50°C.

Depending on the duration of the stops at di erent applied temperatures, the crys-
tallization time can be a non-monotone function of Tqpp.

Let us describe these oscillations and stops in detail. Figure 8, corresponding
to Tapp = 10°C, shows a case where these are more visible. The temperature eld
exhibits small oscillations of x,(t), and the advance of the front of crystallinity
jumps due to regular stops of the most advanced point of crystallization X (t). The
inserted small gure illustrates the following argument which shows that the stops of
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xi are a consequence of the oscillations of the temperature. At timet 2:1 10 3s,
Xp(t) has reached an advanced position at x  0:58. In the region where X < xp(t),
the nucleation has begun, so y(x < xp;t) > 0 and X, (t) is just ahead x,(t). When
the temperature eld oscillates while t 2 [2:2;2:8] 10 3s, X,(t) decreases and the
temperature ahead of X, (t) becomes smaller than T¢. Then, no nucleation can
take place and x, (t) cannot go forward. Obviously, the nucleated crystals cannot
disappear, i.e. Xy (t) is a non-decreasing function of time, so X, (t) remains constant,
as can be seen in the gure. During this interval of time, the advance of the band
is stopped until the temperature returns over T¢ att  2:85 10 3s.

Figure 9 shows that crystallization occurs by lling the sample by bands. At
time labelled (1), xi (t) stops at x  0:5 and waits until time (6), when the band is
almost fully crystallized. At time (6), X1 (t) moves again and stops immediately at
time (7) -out of the gure, where the next band will be lled later.

Apart from the fact that the advancing speed is a decreasing function of time, an
important observation can be made about these new patterns. Along our numerical
simulations, the duration of the stops is always the same during the whole process
of crystallization. Moreover, the length of the horizontal segments of the curve
of xi(t) in Fig. 8 is always the same. On the other hand, the width of the band
X1 (t) x (t) decreases during the crystallization process. This means that di erent
space segments of the same length have di erent times of crystallization.

From the industrial point of view, it is crucial to control this phenomenon,
because it can produce undesirable inhomogeneities in the resulting material,
a ecting its physical properties (mechanical strength, conductivity, ...). From the
mathematical point of view, the source of this band Il-in mechanism is very inter-
esting. It can be due either to the competition between the cooling and the reheating
processes mentioned in Sec. 2, or to the choice of the rate function (T), or to a
combination of both reasons or to a completely di erent one. Attention will be paid
to this problem elsewhere.
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Fig. 9. The crystallization is done by bands. Detail of y(x;t) in x 2 [0:375; 0:525] for 11 instants
of time: t 2 [1:188;2:484], with t = 0:144. At time (1), X1 stops and waits until time (6), when
the band is almost fully crystallized. At time (6) it moves again, and stops at time (7).
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Another important observation which is gained from numerical simulations is
that the length of the stops increases if the applied temperature decreases or the
di usion coe cientincreases. These e ects were also unexpected (a priori, a greater
di usion gives a faster cooling, i.e. a faster crystallization), and can have important
consequences for the choice of the most e ective crystallization procedure. It might
happen for example, that for a certain set of values of the parameters of the prob-
lem (i.e. for a certain material), the last of the stops is so long that a very low
temperature of cooling can be counter-productive. We have not found this appar-
ently paradoxical set of values, nor proved its nonexistence, but this would be the
case if the increasing monotonicity of the crystallization time function of applied
temperature seen in Fig. 5 would change at small values of Tapp. Then an opti-
mal applied temperature would exist for which the crystallization time would be
minimal.

The numerical simulations have produced important results for a global
evaluation of the cooling procedure. Unexpected results and new patterns have
been discovered which are mathematically interesting and have important conse-
quences in industry. The detailed description carried out in this paper may pave the
way to a more thorough exploration of multidimensional spatio-temporal patterns
associated with polymer crystallization processes.

4. A Simpler Mathematical Model

The numerical simulations suggest a simpli ed mathematical model which
reproduces the same results and may be useful for further analysis.

To obtain this simpli ed model, we take the linear approximation of the rate
function (T) by means of the Taylor expansion of the exponential around Tg.
That is,

B C 1(T); ifT <Tg;
(M= 0 if T Te (4.1)
where
e Tr
1(T):l . T 1 + (T¢g T): 4.2)

The results are shown in Figs. 10 and 11, where we have represented the
crystallization time teryse(Tapp) and the monitoring parameters x (t), xi (t) and
Xp(t), for the case in which (T) is discontinuous ( = 0).

The simpli ed model reproduces the same results for the crystallization time
with a high precision. This means that the dependence of the physics of the






