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Abstract A reduction of a recent model of crystallization is presented. After
adimensionalization, we solve it numerically. The temperature field exhibits
oscillations and the crystallization process exhibits jumps. In fact, there is an
advancing front of crystallization outside which the degree of crystallinity is
constant. For sufficiently large samples, the model (a PDE and a ODE) can
be reduced to a pair of ODEs for the parameters which defines the front.

1 Introduction

Crystallization is a mechanism of phase change in polymeric materials. If an
experiment is started with a liquid (the polymer melt) and the temperature
is subsequently decreased below acertain point (the melting point of the ma-
terial), crystals appear randomly in space and time and start to grow.

It is well known from experiments that the kinetic parameters of nucleation
and growth strongly depend upon temperature. It is relevant to take this
dependence into account when dealing with heterogeneous temperature fields.

A major difficulty arises in this context, due to the intrinsic randomness of
the crystallization process that implies a randomdecomposition of the domain
in which the process is taking place. This implies randomness in the temper-
ature evolution due to the dependence of the parameters upon the phase and
the dependence of the localization of the latent heat at the growing boundaries
of the crystalline phase. All this implies a nontrivial double stochasticity on
the crystallization process due to announced dependence of the parameters of
the nucleation-growth process upon temperature.

To overcome this complicacy we may take into account that, under typical
industrial conditions (many and small crystals) the stochastic temperature
field may be approximateb with an averaged deterministic one. If we are just
interested in the evolution of the crystallinity (volume density of the crystal
phase), then we may approximate the stochastic system with a fully deter-
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ministic one, as in [CMS03], by using an interacting particle system coupled
with the temperature field, and proceed via laws of large numbers [VCO03].

A nonlinear reaction-diffusion system is obtained including an ODE for
the degree of crystallinity y(x,t) and a PDE for the temperature field T'(x, t):

Oy

S = Py) ba(T) + v aly) b (T) (1)
o =09 +acp) bo(D). (2)

In this model morphologies and their geometrical properties are lost, in such
a way that a symmetry in the y-direction may be assumed without a loss
of generality to write the model in a one-dimensional form. Thus, (z,t) €
(0, L) x (0,+00), where L is the length of the material. The other parameters
are as follows: ¢ is the diffusion coefficient, ag is the non-isothermal factor,
vg is the initial mass, the function ¢(y) is the starting nucleation mechanism,
and p(y) describes the growth process with a typical logistic expression due
to consumption of the available liquid material:

p(y) = {ﬁ‘/(l —y) in [0,1] aly) = { (1-y)? in [0, 1] (3)

0 outside ’ 0 outside

The functions by (T) and bg(T) express the dependence of the nucleation
and growth rates upon temperature. They are typically given by exponential
functions, e.g. by (T) = N e ANT—Teet) po(T) = G e Pe(T—Tret)  where Thes is
a temperature of reference, typically equal to zero. A recent argument [EC03]
suggests the convenience of introducing explicitly a threshold crystallization
temperature 1's, above which no nucleation nor growth can take place. Then,
assuming that Sy = g = B, we can adopt the general form by (T) = N 6(T)
and bg(T) = GO(T), where

e PT=Ter) if T < Ty,
o(T) = { 0 if 7> T;. )

Dimensionless Problem

Numerical simulations in [EC03] have shown that a strong competition exists
between two mechanisms: cooling at £ = 0 and heating due to the latent
heat associated with the growth of crystals. It is then convenient to write
the equations in a dimensionless form. For that, we define a frequency v =
Bag G e PTr ~ 1.14 5! and two dimensionless parameters € < 1 and § < 1,

1 N
6:,37024X10_3 and 5:1)0G

and we scale the variables: f=uvt, &= \/Z z and T = B(T — Ty).  (6)
(o

=4x1072, (5)

Then, by dropping the ~’s, the dimensionless equations are written as follows:
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% = [5 +(1—=28)y+ (6 - 1)y2] 0(T), (7)
%—:: = 271; +y(1-y)0(T), (8)

e TifT <0,

where  6(T) = { 0 T >0 9)

and they may be solved subject to the initial and boundary conditions

y(2,0)=0 and T(z,0)=1, Vzel0,L]; (10)
T (L
T(0,t) = Tapp <0 and % =0, Vt>0. (11)

These conditions correspond to the experimental situation in which the sample
is cooled at one of its side (z = 0) with an applied temperature Ty,p. The
length scale is L = y/v/o = 23.87, and so is the size of the sample.

The slow time-scale 7 = et shows that the temperature is almost all the
time at its stationary state. Furthermore, in the regions wherey =0ory =1
the temperature is the solution of T, = 0, i.e. a straight line.

2 Numerical Solution

We have solved the problem (7)—(11) with ¢ = 4 x 1073, § = 4 x 1072,
Tapp = =5, Tini = 1 and L = 30, with a discretization of 301 spatial nodes
(i.e. Az=0.1) and a time-step At = 1.6 x 1075 which ensures that there will
be no spurious oscillatory effects in the Crank-Nicholson scheme we used. The
solution exhibits an oscillating moving boundary in the temperature field and
a crystallization front which experiments stops in its advance. See Fig. 1.
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Fig. 1. Solution of (7)—(11): (A) Oscillating moving boundary in the temperature
field at height T' = Ty = 0. (B) Crystallization front, exhibiting stops in its advance.

More details can be found in [EC03] and in [CES03], where a free boundary
problem has been written for the moving boundary in the temperatute field.
There, the solution is characterized by three time-dependent parameters which
determine the position of the boundary in T' and the front in y (see Fig. 2).
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Fig. 2. Profiles of T'(x,t) and y(z,t) at a given instant of time in which the front
has advanced sufficiently far from the cooling point z = 0. Horizontal dashed lines
are the respective zero-axis. The white square is z, the moving boundary of T'(z, t),
and the black squares denote the mass front [z, z.]. See (12), (13) and (14) bellow:

zp(t) = mtln{:E €[0,L]/ T(x,t) > Tf}a (12)
To(t) = m?,x{ar €[0,L]/ y(z,t) = 1}, (13)
z,(t) = mtin{:c € [0,L]/ y(z,t) = 0}. (14)

3 Reduction of the Model

In the asymptotic limit of a very large sample, the following argument may
be applied. Let ¢y be a fixed instant of time at which the mass front is moving
in the interior of the sample. Then, spliting the area under y(z,t) we obtain

1 za(to) Zw (to) 1
/ y(a:,to)dx=/ y(z,to) da:+/ y(z, to) da:+/ y(z,to) dx
0 0 x

«(to) zw (to)

ww(to)
= 4 (to) +/ y(z, to) dz, (15)
.’/Ea(to)

where use has been made of that y = 1 in [0, z,(t0)] and y = 0 in [z (t0), L].

If the front is sufficiently far from the cooling point = = 0, its width can
be neglected with respect to the travelled distance (see Fig. 2), so that the
integral can be droped in (15). Then,

Talto) & /0 y(z to) da. (16)

Deriving this expression with respect to time and using Eq. (7) yields:

8 L Tw
%@%gﬁyWWWZ/

Spliting again the integral, and using the values of y in each interval, we obtain

e[a +(1—28)y+ (6 — 1)y2] o(T)dz. (17)

Tw (t) L
Fa(t) ~ /h,(t) e[a +(1—20)y+ (@ —-1)y ] 8(T) dz + /w) €S6(T) dz. (18)
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Here T(z,t) is a monotone function of 2 which in [z, L] is greater than T
(see [CESO03]) so 8(T) = 0 in this interval. On another hand, § can be neglected
with respect to 1 (but not with respect to y, which may be zero). Then,

zp (1)
oy / o B0 =)o) ds (19)

A similar argument can be used for T'(z,t). At a given time to, T(x,to) is
made of two straigh lines (recall the argument of the slow time scale). Then,
1
= Tapp Tt (to)- (20)

L
/ T(z,t0) dz ~
0 2
As before, derive, replace with Eq. (8) and split the integral to obtain:

1 . ar |t [o®
~Tapp &p(t) ® —| + / y(1—y)0(T) dx. (21)
2 837 0 wa(t)

The slope of T'(z,t) at x = L is given by the b.c. (11), and at z = 0 by the
straigh line which joins (0, Tapp) with (z4,0), that is, —Tpp/2p. Then,

) 2 2 [=®
B0 % s+ / L, VA neD e (22)
The first term of the RHS of (22) is always positive, and the second term is
always negative; this explains that x; could move backwards, producing the
oscillations observed numerically in the temperature field.

The reduced model (19)-(22), which describes the crystallization process
in a large sample when the front is advancing far from the cooling point,
can also be a proof of the fact that the physics of the crystallization process
happens mainly in the interior of the band [z, xs]. It is also a sustain for the
formulation of a free boundary problem in the temperature field (see [CES03]).

Further directions on this problem include to obtain approximations the
temperature field and the mass distribution in the interior of the band, in order
to find a closed system of equations to obtain x;, which is the parameter of
main interest for industry.
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