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Abstract

We say that two probabilities are similar at level « if they are contaminated
versions (up to an « fraction) of the same common probability. We show how
this model is related to minimal distances between sets of trimmed probabili-
ties. FEmpirical versions turn out to present an owverfitting effect in the sense
that trimming beyond the similarity level results in trimmed samples which are
closer than expected to each other. We show how this can be combined with a

bootstrap approach to assess similarity from two data samples.
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1 Similarity vs. Homogeneity

Classical goodness of fit deals with the problem of assessing whether the unknown
random generator, P, of a data object, X, belongs to a given class F. This includes
two-sample problems in which two different random objects are observed and we

focus on checking whether a certain feature of the corresponding random generators
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coincides. The case in which X is a collection of i.i.d. random variables X7,..., X}
with common distribution P, X, is another sequence of i.i.d. r.v.s X2 ... X2
with law P, and the goal is to assess whether 0(P;) = 0(P,) for some function 6(-)
(including, for instance, §(P) = P) is a homogeneity problem, to which a large
amount of literature has been devoted. Our starting point is that it is often the case
that the researcher is not really interested in checking whether P € F or whether
P, = P,. Tmagine the case of a pharmaceutical company trying to introduce a new
(and cheaper) alternative to some reference drug. The regulatory authorities will
approve the new drug if its performance with respect to a certain biological magnitude
does not differ from that of the standard drug. Both drugs could produce a similar
outcome on most patients. Though, if there is a fraction of them for which the
results are clearly different, then the new drug is very likely to be rejected by a
homogeneity test, while, in fact, the cheap alternative has a similar performance
for most individuals. As another example, consider the comparison of two human
populations which were initially equal but have received inmigration with different
patterns. In these situations the relevant assumption to check is not homogeneity,

but rather similarity in the following sense.

Definition 1. Two probability measures P, and Py on the same sample space are

a-similar if there exist probability measures Py, P{, Py such that

Pl = (1 — 81)P0 + Elpll
P2 = (1 — 82)P0 + €2P2,

with0 < e <a,i=1,2.

Definition 1 measures the overlap between P; and P, in agreement with other
possible measures of similarity (see, e.g., the section “Similarity between Populations”
in Gower, 2006). Our goal in this work is to present a method for assessing similarity
of the unknown random generators Py, P» of two independent i.i.d. samples. Our
procedure yields also an estimate of the common core of the two distributions.

Our approach is based on trimming. Trimming procedures are of frequent use
in Robust Statistics as a way of downplaying the influence of contaminating data
in our inferences. The introduction of data-dependent versions of trimming, often
called impartial trimming, allows to overcome some limitations of earlier versions of

trimming which simply removed extreme observations at tails. Generally, impartial



trimming is based on some optimization criterion, keeping the fraction of the sam-
ple (of a prescribed size) which yields the least possible deviation with respect to a
theoretical model. Today, impartial trimming constitutes one of the main tools in
the robust approach to a variety of statistical settings (see e.g. Cuesta et al, 1997;
Garcia-Escudero et al, 2008; Maronna, 2005; Rousseeuw, 1985). The first approach to
model validation based on impartial trimming is (to our best knowledge) the one in
Alvarez-Esteban et al (2008, 2010b). The problem considered there can be rephrased
as follows. Given two independent i.i.d. samples of univariate data with unknown
random generators Pj, P», we want to assess whether P, = L(¢;(Z)), i = 1,2, for
some random variable Z defined on a probability space (€2, F,P) and nondecreasing

functions, ¢1, @9, such that

P(e1(2) # v2(2)) < a

(see Subsection 2.2 for further discussion). Despite the interest of this approach, we
believe that the similarity model given by Definition 1 is often more natural and
useful in applications. Some technical related results and the connection with the
optimal transportation problem have been reported in Alvarez-Esteban et al (2010a).
A somehow related approach based on density estimation can be found in Martinez-
Camblor et al (2008).

As we will show in Section 2, the similarity model of Definition 1 can be expressed
in terms of a minimal distance between the sets of trimmings of the probabilities
P;, i = 1,2. These are the sets of probabilities that one obtains from a fixed one
by removing or downplaying (up to some degree) the weight assigned by the original
probability. When we look for the minimal distance between trimmings of the em-
pirical measures based on two samples we are highlighting the part of the data that,
hopefully, comes from the common core F,. From a descriptive point of view, this
gives an interesting tool for the comparison of data samples.

A distinctive feature of our proposal concerns the rates of convergence. If P,,
Q) are the empirical distributions based on two samples of univariate data (of equal
size for simplicity), we will trim up to an a-fraction of data from both samples in
order to minimize some distance, d(-,-), and if we write P, ., Qn. for the opti-
mally trimmed empirical distributions we will have d(P, o, Qn.o) < d(P,, @,). Trim-

ming procedures generally give a balanced compromise between efficiency and ro-



bustness, and increasing the level of trimming has a moderate effect on the efficiency.
Thus, for univariate i.i.d. data coming from equal random generators we typically
have d(P,,Q,) = Op(n~*?) and d(P, ., Qna) = Op(n~Y?), but it is not true that
d(Pr.a, Qna) = op(n~1/2) (see, for instance, Theorem A.1 in Alvarez-Esteban et al,
2008). However, for our procedure over-trimming (i.e. trimming beyond the similarity
level) will produce an over-fitting effect, namely, d(P, o, Qn.o) = op(n"*/?). That will
be the key for the statistical application of the procedure. Roughly speaking, if two
random samples are trimmed more than required to delete contamination then two
samples far more similar than expected are obtained, and, it is feasible to distinguish
this pair of trimmed samples from any other pair of non-trimmed non-contaminated
samples. We formalize this idea in Section 2. As in Alvarez-Esteban et al (2008) our
choice for the metric d is the Lo-Wasserstein distance.

This overfitting effect can be combined with a bootstrap procedure to consistently
decide if the underlying distributions of two i.i.d. samples are similar in the sense
of Definition 1 as we show in Section 3. This statistical procedure should be also
useful in other frameworks of model validation. The consistency of our procedure is
independent of the kind of contaminations. However, as expected, inliers are harder to
detect than outliers. In this proposal this is reflected in the fact that in the presence
of inliers we have to consider small resampling sizes. This is discussed in Section
4, where we present some simulations showing the performance of our bootstrap
procedure over finite samples. We also include the analysis of a real data set.

For the sake of readability we have moved to an Appendix most of the proofs,
together with some additional results on rates of convergence.

Throughout the paper P will be the set of Borel probability measures on the real
line, R, while F, will denote the set of distributions in P with finite p—th absolute
moment. If F is a distribution function, F~! will denote its generalized inverse or
quantile function. Given P, Q € P, by P < Q) we will denote absolute continuity of
P with respect to ), and by fil—g the corresponding Radon-Nikodym derivative. Unless
otherwise stated, the random variables will be assumed to be defined on the same
probability space (2, o, ). Weak convergence of probabilities will be denoted by —,,
and £(X) (resp. £X) will denote the law (resp. the mean) of the variable X. The

indicator function of a set A will be 14 and ¢ will denote the Lebesgue measure.



2 Trimming and overfitting

2.1 Trimmings of a distribution

Trimming an a-fraction of data in a sample of size n can be understood as replacing
the empirical measure by a new one in which the data are reweighted so that the
trimmed points have now zero probability while the remaining points will have weight

1/n(1 — «). By analogy we can define the trimming of a distribution as follows.

Definition 2. Given « € (0,1), we define the set of a—trimmed versions of P by

Ra(P)::{QEP: Q< P, %Slia’ P—a.s.}. (2)

This definition has been considered by several authors (see e.g. Gordaliza, 1991;
Cascos and Lopez-Diaz, 2008; Alvarez-Esteban et al, 2008). It allows the considera-
tion of partial removing of the points in the support of the probability. This flexibility
results in nice properties of the sets of trimmings, making R, (P) a convex set, com-
pact for the topology of weak convergence (see Proposition 2.1 in Alvarez-Esteban et
al, 2010a).

In this paper we use the quadratic Wasserstein distance, WW,, namely, the minimal
quadratic transportation cost between probabilities with finite second moment. W,
metrizes weak convergence plus convergence of second moments. We refer to Section
8 of Bickel and Freedman (1981) for further details on W,. On the real line W, is
simply the L, distance between quantile functions, that is W2(Py, P) = fol(Ffl(t) —
F; 1 (t))2dt if F; ' is the quantile function of P;. Trimmings are also well behaved with
respect to W;, as shown in Alvarez-Esteban et al (2010a). For instance, for P € F,
Ra(P) is a compact subset of F, for W, (see Proposition 2.8 in Alvarez-Esteban et

al, 2010a). A simple consequence is that in

WQ(RQ(Pl), RQ<P2)) = min Wg(Rl, RQ) (3)

Ri€Ra(P;)
the minimum is indeed attained. A remarkable result is that the minimizer is unique

under mild assumptions. We refer again to Alvarez-Esteban et al (2010a) for a proof.

Proposition 1. If P, P, € F5, 0 < a < 1 and Py or P, has a density then there
exists a unique pair (P o, Pay) € Ra(P1) X Rao(Py) such that

Wa(Pra, Paa) = Wa(Ra(P1), Ra(F2)),
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provided Wa(Ro(P1), Ro(FP2)) > 0.

The connection between trimmings and the similarity model of Definition 1 is
given by the next result. Here dpy denotes the distance in total variation, namely,

dry(P1, Py) = supg |P1(B) — Py(B)|, where B ranges among all Borel sets.
Proposition 2. For a € [0,1) the following are equivalent:

(a) Py and Py are a-similar.

(b) Ra(P1) NRa(Ps) # 0.

(¢) dry (P, Py) < a.
If Py, P, € F5 then (a) or (b) are equivalent to

(d) WQ(RQ(P1)7Ra<P2>> =0.

Proof. If (a) holds then Py(A) < ﬁPi(A) for all Borel A. In particular Py < P; and,
if A; = {42 > (1—a)™'}, obviously Py(4;) = 0 and Py € Ra(P1) NRa(F2), showing
(b). Assume now (b) and take Py € Ro(P1) N Ra(FP2). Then (1 — a)Py(A) < Pi(A)
for all A. If @ = 0 then (c) holds trivially. Otherwise define P/(A) = (P;(A) — (1 —
a)Py(A))/a. Then P! is a probability and dry (P, Py) = adry(P], Py) < «, that
is, (c) holds. Finally, we assume that (c¢) holds and take p to be a common o-finite
dominating measure for P, and P and write f; and f5 for the corresponding densities.
Then (see, e.g., Lemma 2.20 in Massart, 2007) drv(P1, P2) = 1— [(fi A fa)du (where
a A b means min(a,b)). Write € = dry (P, P») and assume € > 0 (the case ¢ = 0 is
trivial). We set f/ = (fi— fiA f2)/e,i=1,2and fo = (fi A f2)/(1 —¢€). fo, f1, f5 are
densities with respect to u. We write Py, P;, Py for the associated probabilities. Then

(1) holds with ; = €5 = ¢ < . Equivalence of (b) and (d) follows from compactness

of the sets of trimmings. [J

Remark 1. It follows from Proposition 2 that Wa(Ra(P1), Ra(P2)) > 0 if and only
if dpy(Py, Py) > «, that is, dpy (P, P2) is the minimal level of trimming required to
make P; and P, equal. Also, if dry (P, P») = «, then the probability Py with density
fo=(fiA f2)/(1 —a) with respect to p (as in the proof above) is the unique element
in Ro(P1)NRy(FPz). This means that, as in Proposition 1, there is also a unique pair,
namely, (FPy, Py) € Ra(P1) X Ro(P2) such that

WQ(P(), Po) - WQ(RQ(Pl),Ra(Pg)) - O
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This extends the result in Proposition 1 to the case drv (P, P2) > «a.

Proposition 2 shows that the similarity model (1) can be expressed in terms of dif-
ferent metrics. In fact, (d) would remain true if Wy were replaced by any other metric
for which the sets of trimmings are compact. With applications in mind, W, turns
out to be a more convenient choice. In order to assess (1) from two samples of i.i.d.
data with empirical distributions P;, and P, say, we will have dpy (P, Pyym) =1
almost surely (provided P, and P, have densities) and we cannot use (at least in a
naive fashion) formulation (c). On the other hand, W, is well behaved in this respect
and empirical versions of both the minimal distances and the minimizers are consis-
tent estimators of their theoretical counterparts. This is the content of the following

result.

Theorem 1 (Consistency). Let {X,},, {Yn}, be two sequences of i.i.d. random
variables with L(X,) = P, L(Y,) = Q, P,Q € F,, and write P,, Q,, for the empirical
distributions based on the samples X1,..., X, and Y1, ...,Y,,, respectively. Then, if

min(m,n) — oo,
Wa(Ra(Fr), Ra(@m)) = Wa(Ra(P), Ra(Q))  as.
Further, if P or Q < £ and dry(P,Q) > a then
Wa(Pras Pa) — 0 and Wo(Qum.a, Q) — 0 a.s.,

where (P, Qo) = argming cp. (p) ryera(@) Va1, R2) and (Poo, Qma) are defined

similarly from P,, Q..

2.2 Similarity vs. common trimming.

In Alvarez-Esteban et al (2008) it is shown that R, (P) can be expressed in terms of
the trimmings of the uniform law on (0,1), U(0,1). This set can be identified with
the set C, of absolutely continuous functions h : [0,1] — [0, 1] such that, A(0) = 0,
h(1) = 1, with derivative A’ such that 0 < A’ < ﬁ For a such function h, it is useful

to write P, for the probability measure with distribution function A(P(—o0,t]). Then

Ra(P) = {Py: heCu). (4)



Hence, we can measure the deviation between the sets of trimmings of P and @

through
I]:l(Pa Q) = hGiCIi WQ(Ph7 Qh)

We call 7, (P, Q) the common-trimming distance between P and Q. If P and @) have

quantile functions F~! and G~ then a simple change of variable shows
1
Wa(Po @) = [ (107 @) = G0 w)
0
1
= [ -6 W)y
0

Thus, 7,(P,Q) = 0 if and only if (({y € (0,1) : F~Y(y) # G™*(y)}) < a. It follows
easily from this that 7, (P, Q) = 0 if and only if there is a random variable Z defined

on a probability space (€2, F,P) and nondecreasing, left continuous functions, @1, @2,

with L(¢1(Z)) = P, L(2(Z)) = @ such that

P(p1(Z) # 02(2)) < a. (5)

In contrast, since dry(P,Q) = min{P(X # Y) : L(X) = P,L(Y) = Q} (see, e.g.,
Lemma 2.20 in Massart, 2007), we see that Wh(Ra(P), Ra(Q)) = 0 if and only
L(p1(Z)) = P, L(pa(Z)) = Q for some random variable Z and measurable (not
necessarily monotonic) ¢; such that (5) holds. In summary, two random objects
are a-similar iff they are different transforms of a common random signal and the
transforms differ from each other with probability at most a; they are equivalent in
terms of common-trimming iff they are different monotonic transforms of a common
random signal and the transforms differ from each other with probability at most a.
In the, somewhat artificial, event that we believe that our two samples come from
a monotonic, possibly different transform of some original signal, then the common-
trimming similarity model is reasonable. Otherwise, the similarity model (1) is the
natural choice. For a less technical illustration of this idea we show in Figure 1 the
different effect of independent and common trimming. We have taken P = N(0, 1),
@ = 0.8N(0,1) +0.2N(4,1) and three values of the trimming level, o. In the first
row we show the densities of P, (blue line) and @, (red line), with (P,,Q,) =
argmin p e (p) Roera(Q) WVo(fl1, R2). In this case, trimming a = 0.2 results in P, =
(., that is, trimming removes contamination. The second row shows the densities of

Py, (blue line) and @y, (red line), with hq = argmin ,co Wa(Py, Qp). Clearly, Py,



and @y, are different and this remains true no matter how close to 1 we choose a.
If trimming is used with the goal of removing contamination and assessing that the
core of the two distributions are equal, then it is clear that the common trimming

approach fails to do so.

2.3 The overfitting effect of trimming

In this subsection we keep the notation of Theorem 1 and assume that we deal with
two independent samples, Xi,..., X, i.id. P; Yy,.... Y, i.id. Q. We write P,, Q,,
for the empirical measures and P, o, Qm,o are minimizers of the W, distance between
trimmings of the empirical distributions P, Q,,.

It follows from Theorem 1 that Wh(P, o, @m.o) — 0 a.s. when the similarity model
(1) holds true and we may wonder about the rate of convergence in this limit. Note
that under homogeneity, that is, if P = ) and taking n = m for simplicity, we have

under integrability assumptions

V@ (2 [ B0 ) ©)

where B is a Brownian bridge and f and F~! are the density and quantile functions
of P (this follows easily, for instance, from Theorem 4.6 in del Barrio et al, 2005).
Thus, random samples from homogeneous generators have empirical distributions

1/2 " \while, for nonhomogeneous random generators

at Wh-distance of exact order n~
Wh(P,,Q,) — Wh(P,Q), a positive constant. Likewise, in the common-trimming
model of Subsection 2.2, if h,, o is such that 7o (P, @n) = Wa((Pa)hnas (@n)h,..) and
we write Pn,a = (P)hn.a @n,a = (@n)hn,. (the optimal trimmings of the empirical
measures), then under 7, (P,Q) = 0 we have that /2Ws(P,.,Qna) converges in
law to a non-null limit (Theorem A.l in Alvarez-Esteban et al, 2008) whereas if
7.(P,Q) > 0 then WQ(]-:’WQ, Qna) converges a.s. to a positive constant.

In the similarity model (1) the gap between the null and the alternative is of higher
order. If P and () are not similar at level o then Wh( P, o, Qo) — Wa(Po, Qn) > 0
(Theorem 1). On the other hand, if dyy (P, Q) < « then our next result shows that

VIWa (P 0y Qo) — 0 in probability.

Theorem 2. Assume P,(Q) € F5 are supported in a common interval and have strictly

positive densities with bounded derivatives. Assume further that n/(n +m) — X\ €



,1). o, € (0, satisfies oy, > dpy (P, + =%~ jor some r, — 00, then
(0,1). If (0,1) fi drv (P, Q) + 2= f h
VIWL(Py o, Q) — 0 in probability. (7)

We give a proof of Theorem 2 in the Appendix. A similar overfitting effect is
observed if a sample is overtrimmed to optimally fit a given model: if X;,..., X,, are
iid. P, P, = argminger, p) ) Wo(R, Q) and Wa(Ra,(P),Q) = 0 for some ap < «
then (see Theorem 5 in the Appendix)

VW (Py.a, Q) — 0 in probability.

Empirical evidence of this over-fitting effect is shown in Figure 2. A random sample
of size n = 1000 from a U(0,1) distribution was taken. This sample was trimmed
using the proportions o = 0, 0.1, 0.3 in order to obtain a sample as close to the U(0, 1)
as possible. We denote by F the distribution function of P, , and in Figure 2, we
represent the empirical processes D2(t) = n'/2(F(t) —t), t € [0,1] for a = 0,0.1,0.3.

Since the true random generator and the target are the same, no trimming is
required in this case to remove contamination and for a > 0 we are over-trimming.
Observe that D%! and D23 do not differ too much from each other, while they are

quite far from the untrimmed version.

3 A bootstrap assessment of similarity

We show in this section how we can use the overfiting effect of trimming for the
assessment of the similarity model (1). Theorem 2 says that trimming beyond the
similarity level kills randomness and results in (trimmed) samples that are more
similar to each other than random samples coming from the same generator. We
will use a bootstrap approach to generate suitable random samples from a common
generator and compare the optimally trimmed distance to the distance computed on
the bootstrap replicates.

Again, we will assume that we observe two independent random samples X, ..., X,
iid. P, Yy, ....Y, iid. Q, write P,, @,, for the empirical distributions and, given
a, € (0,1),

(Pron Qman) = arg min Ws(Ry, Ry),

Rl eRan (Pn)7R2 eRan (Qm)

so that WQ(Pn,an7 Qm,an) = W2 (Ran<Pn)7 Ran (Qm))
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We consider now the pooled probability

Rn,m = mpn,an

R, is a random probability measure concentrated on {Z1, ...., Z, 4, }, where Z; = X
forj=1,..,n,and Z; =Y, ,for j=n+1,...,n+m.

Conditionally given the data, we draw new random variables, X7, ..., X, Y|*, ..., Y >,
iLid. Ry, with m' = [n'm/n] and n’ to be chosen later. We will use the notation P*
for the bootstrap probability, that is, the conditional probability given the original
data {X, }n, {Yim}m. Finally, by P’ and @, we will denote the empirical measures
based on X7,..., X} and Y|",..., Y

m/

respectively. Now, we define

n' +m/

i} . n'm/ <O
pn,m =P { ; WQ P/, WQ nananan)} . (8)

Py is the bootstrap p-value for the similarity model (1), with rejection for small
values of it. In practice p;,,, can be approximated by Monte Carlo simulation. We
note that if na,, and ma,, are integer, typically the trimming process will not produce
partially trimmed points and P, ., and @y, , will be the empirical measures on the
sets of non-trimmed data. If we take a,, — «, then if the similarity model fails
Wy (Pra,s @m.an) Will be large, while Wy (P
similar distributions Ws(P,, o, s Qm.a,) Will vanish at a faster rate than Wh(P}, Q%)

*,, Q%) will vanish. On the other hand, for
and rejection for small bootstrap p-values will result in a consistent rule. We make

this precise in our next result.

Theorem 3. With the above notation, assume that P,Q) € Fors for some § > 0
and have densities satisfying the assumptions of Theorem 2. Assume further that
n/(n+m) — X € (0,1) and take i, = a+ K/v/n Am with K > 0. Then, if n’ — oo
and n’ = O(n),

(i) if drv(P, Q) < a then pj, ,,, — 1 in probability.
(ii) if dry (P, Q) > a then p;,,, — 0 in probability.

A proof of Theorem 3 is given in the Appendix. In order to make this result
usable in practice for testing the similarity model (1) at a given level, we still need to
control the probability of rejection at the boundary of the null hypothesis, that is, in

the case dry (P, Q) = «. In this case we write again Py for the common part of P and
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Q in the canonical decomposition in Remark 1. If P, € R, (P) and Q,, € Ra, (Q),
with o, as in Theorem 3, are such that W5(P,,Q,) — 0 then, by uniqueness, we
have WQ(ﬁn,P[)) — 0. We introduce the following assumption about rates in this

convergence: If P, € R, (P), Qn € Ra, (Q) then, for some p € (0, 1]
Wa(Po, Qn) = O(n™7%) = Wy(Py, By) = O(n~"). (9)

Under this assumption we can control the type I error probability using our next

result.

Theorem 4. Under the assumptions and notation of Theorem 3, if P and QQ are such

that dry (P, Q) = « and satisfy (9), taking n’ — oo, n' = o(n”) and

vall—a)
S T W)

with v € (0,1), then limsup, P(p;, ,, < B) < B+1.

Oy =+

The main consequence is that we can test the similarity model (1) at a given level
p+v € (0,1). If we reject for p;; ,, < (3 then the procedure will be conservative, having
asymptotic level at most  + v but, nevertheless, the test will consistently reject the
similarity model if it fails. We devote the next section to showing the performance of
this procedure.

Turning to the meaning of condition (9), rather than pursuing an involved, tech-
nical analysis we include a couple of illustrative examples that show that the best
possible rate p depends on the degree of separation between the contaminating distri-
butions P/, Pj in the canonical decomposition. In the well-separated case (when the
distance between the supports of P| and Pj is positive), then (under additional tech-
nical conditions) we can take p = 1 and we have that the optimal trimming, P, ,,,
approaches the common part, Py, at the parametric rate: Wh(P, q,,, Po) = Op(n~1/2).
Without this separation we cannot take p greater than 4/5 and we have a nonpara-
metric rate of convergence: Wh(Py.q,, Po) = Op(n~%/%). In our examples we assume
P and @ to have bounded support; this is enough for applications, since a monotonic
transformation of the data could achieve boundedness while preserving the distance

in total variation.

Example 1. (The well-separated case.) Assume P and () are probabilities on the real
line with quantile functions, F~! and G~! such that G7'(t) = F~'(t4+a),0 <t < 1—«

12



and F~! has a bounded derivative (as in Figure 3 (a)). Then drv(P,Q) = « and,
taking o, = a + \% for some K > 0 and writing F, for the common part in the
canonical decomposition for P and @, we have that if P, € Ra, (P), Qn € Ra, (Q)
then,

Wa(P,,Q,) = O(n~Y?) = Wy(P,, Py) = O(n~/?).

Example 2. (The non-separated case.) We assume now that P and @ differ only in
location and have a symmetric, unimodal density. Without loss of generality we write
F(-+p/2) and F(-—p/2) for the distribution functions of P and @, respectively and
f for the density associated to F. We suposse that F' has bounded support and f
is strictly positive on it. Further, we assume f to be continuously differentiable with
/" < 01in (0,sup(supp(F))). If p and « satisfy 1 —a = 2(1 — F(p/2)) = 2F(—p/2)
then dry (P, Q) = a (see Figure 3 (b)). Now, if P, € Ra, (P), Qn € Ra, (Q) then,

Wu(P,, Q) = O(nY2) = Wy(P,, Py) = O(n~%?).

A proof of the claims in the last two examples is sketched in the Appendix.

We conclude this section presenting a simple upper bound for the transportation
cost between empirical measures. This result, together with Theorem 2, is the key in
our proofs of Theorems 3 and 4 and has some independent interest. The proof is also
included in the Appendix. Here Xj,...,X1,;X21, ..., X2, are iid. R*-valued
random vectors with common distribution P and Y7 1,...,Y7,;Y21, ..., Ys,, are i.i.d.
Q. We write P,; and P, for the empirical measures based on X ,...,X;, and
Xa1, ..., Xom, respectively and, similarly, @, 1 and @y, 2 for the empirical measures

based on the Y; ;. Let us define
Sn,m = Wp(Pn,la Pm,2) and Tn,m = Wp(@n,b Qm,Q)-
Proposition 3. With the above notation, if p > 1 then

WolL(Snm)s L(Thmm)) < 2W,(P, Q).

4 Empirical analysis of the procedure

In this section we explore the performance of the procedure for finite samples. The

section is divided in two subsections that respectively address the analysis of a planned
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simulation study, and of a case study. To simplify our exposition we will assume equal
sizes in the two samples through the first subsection. All the computations have been

carried out with the programs available at http://www.eio.uva.es/~pedroc/R

4.1 A simulation study

We consider first an example which illustrates the overfitting effect on the bootstrap
p-values. We generate 200 pairs of samples of size n = 1000 obtained from the N(0,1)
and the 0.9N(0,1)-+0.1N(10,3) distributions. Then, for each pair of samples we carry
out the bootstrap procedure (1000 bootstrap replicates in each run) for trimming
levels @ = 0.09 and 0.11. At this point an important caution when dealing with
mixtures should be made, namely the distinction between the level (0.1 in our case)
of the “contaminating” distribution in the mixture, and the similarity level between the
non-contaminated and the contaminated distributions. Of course both distributions
are similar at level 0.1, but they are in fact similar also at a lower level (recall the
canonical decomposition in Remark 1). For example, since the supports of the U(0, 1)
and U(1,2) distributions are disjoint, then the minimum level of similarity between
the U(0, 1) and the 0.9U(0,1)+0.1U(1, 2) distributions is 0.1, but between the N (0, 1)
and the 0.9N(0,1) + 0.1N(y, 3) is strictly lower for every p. For instance, this level
is 0.0484 if © =0, 0.0653 for p = 3; or 0.0989 when p = 10.

Figure 4 shows the absolute frequencies of the bootstrap p-values, pj, ,, obtained
in this example.

As stated above, the similarity level between the considered distributions is 0.0989.
Thus, the probability of obtaining an observation from the non-common part in the
mixture is 0.0989. Taking into account sample sizes and the number of samples con-
sidered, the expected number of times in which we obtain at most 110 ‘contaminating’
observations in both samples is 158.13. In these cases, after 0.11-trimming, we will
be comparing similar samples and should have no evidence against similarity. We
note that 158 is slightly below the observed frequency in the right bar of the right
histogram in Figure 4. On the other hand, the expected number of times in which
the amount of ‘contaminating’ data exceeds 90 in both samples is 132.02. In this
event 0.09-trimming is unable to remove contamination and we should have strong
evidence against similarity. We can check that 132 is close to the observed frequency

in the left bar of the left histogram in Figure 4.
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The comments above suggest that the p-values are very sensitive to the effective
proportion of contamination in the data. This is further illustrated with the plots in
Figure 5 which show the curves of bootstrap p-values conditioned to different ranges
of contaminating proportion in the second sample (the amount of data coming from
the N (10, 3) distribution). In this figure we observe that the transition from p-values
close to 0 to p-values close to 1 is very fast along the trimming level. In other words,
the effect of under (over) trimming becomes apparent very quickly.

We show next a simulation study to illustrate the power performance for finite
samples of the bootstrap procedure introduced in Section 3, when the trimming level,
Q,, is determined as in Theorem 4. We consider two different cases, comparing
samples of the same size, n, of P = N(0,1) versus );, ¢ = 1,2. In the first case

1= (1—=¢)N(0,1) + eN(10,1); the contamination is due to outliers. While in the
second case, the contamination is due to inliers, and Q)3 = (1 — )N (0, 1) +eN(0, 3).
In both cases the null hypothesis is Hy : dry (P, Q;) < 0.1 and we use 1000 bootstrap
pairs of samples to obtain pj, ,, rejecting Hy if p; , < 0.05 = 5. Then, we compute
the rejection frequencies in 1000 iterations of the procedure, obtaining the values
shown in Tables 1 and 2. We do this for different values of € (then, different values of
v =dry(P,Q;)) and different resampling orders n’ = n”. The simulation shows that
the bound given in Theorem 4 is approached for moderate sizes in the first case (see
Table 1, v = 0.10). However, in the second case, the procedure is conservative. The
main conclusion is that in both cases the contamination is detected, but the case in
which the contamination comes from inliers, this detection is more difficult.

We close this subsection with a comparison to classical testing procedures that
could be adapted to the setup of similarity testing. We recall from Proposition 2
that testing a-similarity of P and @ is equivalent to testing whether sup, |P(A) —
Q(A)| < a, with A ranging among all (measurable) sets. If we focus on sets of type
A = (—o0, z] then we could test the null hypothesis Hy : sup,cp |F(z) — G(z)| < «
using the Kolmogorov-Smirnov statistic: D,, = sup,cg |Fn(z) — G,(z)|, where F,
and G,, denote the empirical d.f.’s based on the X; and the Y}, respectively (and we
have assumed for simplicity samples of equal size). It is known (see Raghavachari

(1973)) that, provided sup,cg |F(z) — G(x)| = A > 0, /n(D,, — \) converges weakly
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to Z)\(F, G) = maX(Zl, ZQ) with

Zi= s BiG@AN-BuG@), Z=  swp  By(G(x)—~Bi(Glr)-N),

{0:F(2)—G(z) =)} {0:G(2)—F(z)=A}
where Bj, By are independent Brownian bridges on (0,1). With standard argu-
ments it can be shown that P(Z\(F,G) > t) < P(Zy > t) for t > 0, with Z, =
SUPg<y<1_» B1(x + A) — By(x). Hence, if we choose 2 such that P(Z, > z(ﬁ)) =0,

then the test that rejects when

1
D, >a+——=29
n

vn

is asymptotically of level 3 for testing Hy : sup,cg |F(z) — G(z)| < a. The critical
value 2{” can be approximated by Monte Carlo simulation. We could try to use this
procedure for testing the a-similarity model. Tough, since we can find distributions
which are arbitrarily close in Kolmogorov-Smirnov distance but far frome each other
in total variation distance, this alternative procedure can fail badly. We show this
in our last simulation study. We have taken P = N(0,1) and @ = 0.70N(0,1) +
0.15N(2.35,1) 4+ 0.15N(—2.35,1), a mixture with three normal components. Here
we have sup,cg |P(—00,2] — Q(—o0,z]| = 0.1 and dry(P,Q) = 0.2 and we test
Hy : dry(P,Q) < 0.1 at level 0.05. We show the observed frequencies of rejection
for D,, and our bootstrap procedure based on W, as in Theorem 4 with p = 4/5,
v = 0.01. In this case we reject for bootstrap p-values larger that 0.04 to make the
asymptotic probability of type I error less than 0.05. We have considerd sampling
sizes n = 100, 300,500 and 1000 and have produced 10000 replicates of the tests in
each case. We see that the Kolmogorov-Smirnov test fails to detect the disimilarity,

even for large sample sizes, while the bootstrap procedure suggested in this paper

works reasonably for moderate sizes.

4.2 A case study

The data from this case study come from an admission exam to the Universidad de
Valladolid. 308 exams on the same subject were randomly assigned to 2 markers.
The distribution of the exams was not exactly balanced and markers received 152
and 156 exams, respectively. Each exam was given a grade between 0 and 10 points.
In the admission exams some marking criteria are given to the markers with the

goal of making the grading process “homogeneous”. The main goal of this study
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is to determine whether the markers are using or not the same common criteria.
It is allowed some degree of deviation from this common pattern for each marker.
Therefore, we would like to assess the similarity of the samples of marks for the
different markers.

The use of non-parametric methods strongly rejects, at level 0.05, homogeneity
between the considered marking’s distributions (Wilcoxon-Mann-Whitney, p-value=
0.000; and Kolmogorov, p-value=0.003). In Figure 6 we show the histograms corre-
sponding to the full data sets and the progressive effects of best trimming, minimizing
the Wasserstein distance between the remaining subsample distributions. The white
portions of the bars represent the trimmed observations when the trimming size is
a = 0.05, the union of the white and yellow portions are the trimmed observations
when a = 0.1, and the orange portions complete the trimming corresponding to
a = 0.15. Notice that the best trimming is far from being symmetric.

In Table 4 we have included the p-values corresponding to the bootstrap procedure
introduced in Section 3. In every case, for fixed § = 0.05 and taking «,, as in Theorem
4, we used 1000 bootstrap samples to compute the p-values for the null hypothesis
Hy : dry(P,Q) < a. In general terms, these p-values show that both samples are
not 0.05-similar, but they can be considered 0.10-similar. The considerations made in
Section 3 about condition (9), show the convenience of using resampling orders less
or equal to n*/®, as we don’t know if the supports of the contaminating distributions

are well separated or not.

A Appendix: Proofs

A.1 Proof of Theorem 2

Our proof is based on a parallel result for the one-sample case. Let P, be the em-
pirical measure based on i.i.d. r.v.s Xi,..., X, with common distribution P. In
the particular case P = Q and a = 0 we have nW3(P,,Q) = Op(1) under sufficient
integrability assumptions (see, e.g., del Barrio et al, 2005). From the obvious bound
Wo(Ra(Pn), Q) < Wh(P,, Q) we see that nW3(Ra(P,),Q) = Op(1). Our first result
here shows that, in fact, nW32(R.(P,), Q) = op(1) even if P # Q.

Theorem 5. Assume that QQ € Ra,(P) for some ag € [0,1), where Q is supported
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in a bounded interval, having a density function which is bounded away from zero on
its support, and with a bounded derivative. If oy, > g + 1,/\/n for some sequence

0<r, — oo then

VW, (Ra, (Pn), Q) — 0 in probability as n — oo.

Proof. Arguing as in the proof of Proposition 2 we can check that @ € R,,(P)
is equivalent to P = (1 — ag)@Q + apP’ for some distribution P’. Hence, we can
assume X, = (1 — U,)Y, + U, Z,, where {Y,,},.,, {Z,},» and {U,}, are independent
ii.d. sequences with laws @), P’ and Bernoulli with mean «q, respectively. Write
N, =37, I(U; = 1). Then N, follows a binomial distribution with parameters n and
ap. Hence, \/n(N,/n — ag) — /ao(1 — ap)Z, with Z standard normal. We assume
w.l.o.g. that convergence holds, in fact, a.s..Write n’ = n — N,,, Xl, . ,X'n/ for the
Y;’s in the sample with associated U; = 0 (the uncontaminated fraction of the sample:
Xl, o, X, are iid. Q@) and P, for the empirical measure on the X,;’s. Observe that
P, € R, (P,) with é, = N, /n. Now we note that given «, 5 € [0,1), if Q € Ro(P),
then R3(Q) C Rayp_ap(P). Hence, Ra, (Py) C Ra, (Py) for d, = (o — dy)/(Gn)

provided «,, > a,, which eventually holds. Consequently,
Wa(Ra, (P), Q) < Wa(Ra, (Pur), Q)-

Thus, the result will follow if we prove it in the particular case P = @) and ag = 0.
We proceed in this case writing F' and f for the distribution and density functions

of P. Recalling the parametrization in (4) we have

W(Ro, (). P) = min WH(P)s. P) = i [ (P07 0) = P (0)as

and we see that nW3(R,, (P,), P) = minpec, M, (h), where

— ' p"—<t>_ n -1 -1 ? l
M) = [ (Gt = VA o) - P o) o

and p,(t) = /nf(F7Y())(E 1 (t) — F~1(t)) is the weighted quantile process. W.l.o.g.
we can assume that {X,,}, are defined in a sufficiently rich probability space in which

there exist Brownian bridges B,, satisfying
|pn(t) — B(t)] Op(logn), ifv=0

nt?7"  sup = = . (10)
<<i-1 (H1=1))” Op(1), if0<v<1/2

3=
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(this is guaranteed by Theorem 6.2.1 in Csérgé and Horvath (1993)). Now, defining

Y [ _Bu) (F-1 _ -l c
3,0 = [ (s = VA ne) - £ 0)) Wt

and assuming w.l.o.g. that a;,, <1 — ¢ for some § > 0 we have that

1/2

- 12 & (pn1/2 1 (1 (palt) = Ba(t) ’ _
b Mo ()2 — N,y (h) |§(5/0 ( i ) dt> o(1).

The last equality follows from (10), taking v = 0, because, since f is bounded below

= (50 () — Ba(t)\? logn (! 1 B
/1 < f(F1(D)) ) <=5 ) PO = o),

Thus, the conclusion will follow if we show minpec, N,(h) — 0 in probability or,

n

equivalently, if we show that minyec, Nn(h) — 0 in probability, where

_ ' B(t) —/n -1 _ 1 ’ /
w0 = [ (G — VA he) - £ 0)) W0

and B is a fixed Brownian bridge. To check that min,cc, N,(h) — 0 in probability
we observe that minyec,, N,(h) < § mingeg, R, (k), where
Rtk = [ (G2l VP ko) - )
o \S(F(1))
and G, is the set of real valued, absolutely continuous functions on [0, 1] such that
k(0) = k(1) = 0 and —y/n < K/(t) < r, for almost every t. We assume w.l.o.g.
Ty < Ty for every n. Then G, ,, C G, pnt1 for every n and also that G := U,;>1G, 5 is
the set of all absolutely continuous functions on [0, 1] such that £(0) = k(1) = 0 and
k' is (essentially) bounded. From our hypotheses it follows easily that, for k € G,
LBt — k()
r) =m0 = [ (i)

and hence mingeg, ,, R, (h) — 0 (therefore nW3 (R, (Py), P) — 0) will follow if we
show that infyeg R(k) = 0. But this can be checked easily by noting, for instance,
that choosing k,, to be the function that interpolates B(t) at knots i/n, i =0,...,n

and is linear in between we have k,, € G and R(k,) — 0. O

Proof of Theorem 2. First note that we can assume that P and () are supported
in a bounded interval (otherwise, conditioning on bounded intervals of increasing
size we would obtain the conclusion). We write ag = dry (P, Q) and take Py as in

Remark 1 (we take u to be Lebesgue measure there). Then Py € R,,(P) holds with

19



P and F, playing the roles of P and () there and the density of F, satisfies the
assumptions in Theorem 5 (in fact fo = (f A g)/(1 — ap) has a bounded derivative
a.e., but this suffices for the strong approximation in the proof of Theorem 5). Hence,
VIWh(Ra, (Pn), Py) — 0 in probability and similarly for /nWs(Ra, (@), Po). The

triangle inequality for W, yields the conclusion. [

A.2 Asymptotic theory for the bootstrap

The behavior of the bootstrap p-value under the alternative follows from the next

result.

Proposition 4. Assume X, 1,..., Xnw;Yn1, .., Yo are t.i.d. random variables
with common distribution P, € Fy such that Wa(P,, P) — 0. If P% and QF, de-
note the empirical measures on Xy, 1,...,Xnn and Y1, ..., Y, 0, respectively, and
n',m' — oo then

Wa(Pr, Q) — 0 in probability.

ml

Proof. By Proposition 3 it is enough to consider the case P, = P for all n. But then
P, —, P a.s. by the Glivenko-Cantelli Theorem while the Law of Large Numbers
gives convergence of second order moments. These two facts imply that Wy (P}, P) —
0 and similarly for Wh(Q%,, P) . O

Now we take care of the null hypothesis. The next result will be useful for P and
(@ away from the boundary. Its proof is analogous to that of Theorem 2.1 in Bickel
and Freedman (1981).

Proposition 5. Assume X, 1,..., X, are i.i.d. random variables with common

distribution P, € Fy such that Wa(Py, P) — 0. If X, v := % Z?;l X, then

\/E(Xn,n’ - ,un) —w N(07 0-2)7

where ji, = E(X, ) and o is the variance of P.

Proof of Theorem 3. We will assume for simplicity n = m and n’ = m/. The
general case can be handled with strightforward modifications. We consider first the
case dry (P, Q) > «a. In this case we have (Theorem 1) that Wa(P,.a,, Pa) — 0 and
Wa(Qn.a,s Qo) — 0 a.s.. Since

Wi(aP, + (1 —a)Py,aQy + (1 — a)Qq) < aWi (P, Q1) + (1 — a)Wi (P, Qy)
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for probabilities P;, Q; € F» and a € [0,1] (see, e.g., Alvarez-Esteban et al, 2010a) it
follows that Wa(Ryn, APy + (1 — A\)Q,) — 0 a.s.. Note that

p:;n =P ( * \l WQ nan7Qnan)) .

Now, Theorem 1 implies that Wa(Po.a,, @na,) — Wa(Ra(P),Ra(Q)) > 0, while
n/n’ is bounded away from 0 by assumption. This together with Proposition 4 gives
(ii).

We assume now that dry (P, Q) < a. Then Theorem 2 ensures that \/nWa(P,.q,,,
Qn.a,) — 0 in probability. Now, if P;, P» are probabilities in F, with means fi, o
and P;, P, are their centered versions, then it is easy to check that W2(Py, P,) =
(111 — p2)? + W3(Py, P,) and, therefore W3 (Py, Py) > (p1 — p2)?. Let X, and Y
respectively denote the means corresponding to the X’s and Y’s bootstrap samples,

and p, be the mean of the parent bootstrap distribution, R, ,. Then
_ _ _ _ 2
WWE (P Qi) = 0 (X = ) = (VA = ) = Vil (V= i)

From the Glivenko-Cantelli Theorem we have a.s. tightness of {P,}, and {Q,}n
and, as a consequence, of P, ,, and @, (see Proposition 2.1 in Alvarez-Esteban et
al, 2010a). We can assume, taking subsequences if necessary, that P, ., —. P and
Qn.a, —w Qo for some probabilities Py, Q. A little thought shows that, necessarily,
Py € Ro(P) and Qp € Ra(Q). Since Wh(Py 4, Qna,,) — 0, necessarily Py = Qg €
Ra(P) N R4(Q). Also, since P,Q € Fs, the Strong Law of Large Numbers shows
that the map z? is uniformly integrable with respect to {P,}, and {Q,}, a.s., hence
also with respect to {Py, 4, }n and {Qn.a, }m- Thus, perhaps through subsequences,
Wy (Pra,, Po) — 0 and Wa(Qn.an, Po) — 0, hence Wh(R,, ,, Py) — 0 for some Py €
Ra(P) NRa(Q).

The function that sends P to its variance is continuous in F» for the W, metric.
Hence, since R, (P) NR,(Q) is compact, the variance attains its minimum there. Let
us write of = Minger, (P)nR. (@) Var(R). Then oo > 0 (a trimming of a probability
with a density has a density, hence, cannot have null variance) and if we write o2 for

the variance of Py we have

p;,n = P (WW2(P )>\/_W2< naanan))
> P (yg;f’(x‘;,—f/;,)\> YW, ( mn,Qnan>)
(15200 =Yl > EWal(Paa,s Qo) ) -
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Thus, Proposition 5 and the fact that /nWs (P a,, @n.a,) — 0 yield that Ppn — 1
in probability, showing (i). O

Proof of Theorem 4. As in the proof of Theorem 2, we assume that X, =
(1-U,)A, +U,B,, Y, = (1 =V,)C,, + V,D,, with {A,.},, {Bun}n, {Cn}n, {Dn}n,
{Un}n, {Vi}n independent i.i.d. sequences of which {A,}, and {C,}, have com-
mon distribution Py while {U,}, and {V,}, are Bernoulli with mean «. We write
N, =", I(U; = 1) and M,, = > I(V; = 1). Also we put nj = n — N,,
ny = n — M, and write X1, ... 7Xn/1 and Yi,. .. ,}7”/2 for the data corresponding to
U; =0 and V; = 0, respectively.

On the set E,, := (N,, < nay,, M, < na,,), the empirical measures on Xy, ... ,anl
and Y7, ... 7§~/n/1 (which we denote P, , and @n/) satisfy P, 1 € Ra,(P,) and Qné €
R, (Qn). Hence, we have Wa(P, 0,y Qnoa,) < Wg(Pn ,Qn ). Thus,

P(py, < B) < P(EY) +P((5, < B) N Ey),
where

]ID*(\/_WQP*,, Q%) > /n(l — a)Ws(P, )
By the CLT we have P(EY) — ~. Hence it suffices to control P((p;, < ) N E,).
It Ji,...,Jw, Li,..., Ly are i.i.d r.v.’s with law Py, independent of the data (both
original and bootstrap) and g/, v, are the empirical measures, then, Theorem 3 and
the fact that Wy(L(aX), L(aY)) = aWs(L(X), L(Y)) for a > 0 imply

Wa( L (V' Wa (P, Q) LV Wy (i V) < 20 Wa (R, P).-

By Lemma 1 below \/WWQ(RWH, Py)Ig, — 0 in probability. Now, the assumptions
on P and Q yield that vVn/'W(pi,, V) converges weakly to a non-null limiting dis-
tribution as in (6) (with a proof as in Theorem 4.6 in del Barrio et al, 2005). We call

1 the limit probability measure. Then
155, = n((v/n(1 — a)Wa(Pry, Quy), 00)) I, — 0
in probability. As a consequence,
P((5: < §) N E,,) ( (v/n(T = a)Wa(Prr, Qs ), 50 ))gﬂ)mEn>—>0.

But

P ((((V/n(T = Wiy, Quy),00)) < B) N B, )
P (n((v/n(L = a)Wa(Pry Quy).20)) < 8)) = 5.
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since, as above, y/n(1 — «) W2 Qny) converges weakly to 7. This completes the
proof. [

The following technical result has been used in the proof of Theorem 4.

Lemma 1. With the notation and assumptions of Theorem /,

\/EWQ(R,L”, PO)]En = Op(]_).

Proof. We use the parametrization in (4). We have P, ., = (Po)n,, Qn.an = (Qn)i,,
for some hy,, 1, € C,,. Writing F;1, G-1, F~! and G~! for the quantile functions of
P, Qn, P and Q we have W?(Poa,, Qna,) = [[Ey o byt — Gt ol H]o, with || - ||

denoting the usual norm in L,(0, 1), namely, ||b]|3 = fol b*. Now

IE oy =Gyl ol ) — (F o bt = G ol

n n n

<|Etoht —F loh s+ |Gyl ol =G ol M),
1

< —(|F = F Yo+ |G -G

= m(” n H2 H n H2)7
where we have used that fol(F_l(h_l(t))—G_l( t))2dt = fo “Yx)?h (x)dx.
The assumptions on P and @ ensure that, as in (6 ), \Fot=F 2+ ||G';1 -G Yo =

Op(n~='/2). On the other hand, on E,,
1E o byt = G o 1l = WalPaaws @nian) < Wa( Py Quy) = Op(n™'/3),

Combining this two facts we see that Wy (B, Qn, ) 5, = ||[Ftoh ' =G ol |21k, =
Op(n~1/%) and using (9) that Wy(P,,, Py) = O(n="/?). Since Wy(Ps,, Pra,) =
Op(n=2), we conclude that Wy(P,.a,, Po)ls, = O(n~?/?). Convexity and a simi-

lar argument for @), ,, yield the result. U

Proof of Example 1. The fact that dry (P, Q) = « follows from noting (with some
abuse of notation) that for F~' € R (P) and G~' € Ro(Q)

F7Ht) < F Y a+ (1 —a)t) < GH1).

Hence, the probability Py with quantile Fy, *(t) = F~'(a + (1 — a)t) is the unique
element in Ry (P) N Re(Q). Next we observe that, for F~! € R, (P),

(1)

IN

F o, + (1 —ay)t)

IN

Fytt) + (F Mo + (1 —an)t) — FHa+ (1 — an)t)).
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Similarly, if G7' € Rq,(Q), G1(t) > F;'(t) — (F " (an + (1 — an)t) — F Yo +
(1 — ay,)t)) and, combining both inequalities we get |Fy t(t) — F~'(t)| < |F~'(t) —
)|+ [ FHan + (1 —ay)t) — F 1 (a+ (1 — a,)t)] and the bound follows from the

triangle inequality.

Proof of Example 2. We write F; for the distribution function of Fj, hence,
Fy'(y) = w/2+F((1-a)y) fory € (0,1/2] and Fy ' (y) = —p/2+F(a+(1—a)y)
for y € [1/2,1). Similarly, we write £, and G,, for the distribution functions of P,

and Q,, respectively. Necessarily, P,(0,00) < 1_1%(1 —F(4) =1 (1 + ﬁ)

We write 8, = 5 — Pn(O,oo). It follows from the fact that Wg(lf’n,@n) — 0 that

W, (Pn,Po) — 0 and, therefore, that 3, — 0. We give next a lower bound for
(15 Q,) assuming that (8, > 0. If this is the case

Ft) < —g +F a1 —an)(t—=Fa) +505), t€(0,5+08) (11

On the other hand G, '((1 — a,)t) > /2 + F~1((1 — a,)t). Standard computations
show that there is a unique a = a(83,) > 0 such that F'(a—%5)—F(a+5)+a = (1-a)B,
and that

—g +F Y a+ (1—a)(t—B) < p/2+ FH((1—a)t)

for t € (= F(—a— %), ). From this we get that

WQ(pna Qn) 2 V gl(ﬂn) — Sn,l - 371,27 (12)

where g1(3) = 51*{2[1 1/2)/(1— )(p%—F*l((l—a)t)—F*l(a—f-(l—a)(t—ﬁ)))zdt, Snl =
Fapr2 - ((1 —)t) = FH (L= an)t)dt, 8% = [o u ooy (F 0+
(1—a)t—0Bn) — F ' a+ (1 —a,)(t— 6+ %))th. A routine use of Taylor

e=
expansions yields limg_o. 955(/) = (1 —a)¥? JJI((;)” > 0 and also s2, = O(v/Bn™)
2 k)

and s7, , = O(y/Byn~"). From this and (12) we obtain
Bn = O(n—Q/S)’ (13)

with a similar bound being satisfied by v, = % — Qn(—oo, 0).
We turn now to the upper bound for WQ(Pn, Py). From the triangle inequality we
get



We consider next [ (F;' — F; )2, Since P, € R, (P) we have
2

Fri(t) < =8 4+ FYan+ (1—ay)t), te(0,1). (14)

F;l(t)z—ngF Yo+ (1—an)t+ 55, te(d1) (15)
(this follows upon noting that £, (3+) > 0 and F;1(t) = F~1(h~'(t)), h™! grow-
ing with slope at least 1 — «,). For t € (;, ) (14) and (15) still hold if we
replace F7' by F;'. Hence, in this case f — Fyh)? < f + (1—
an)t) — F~ (o, u—%wﬁ%wﬁzww

If 3, > 0, then, arguing as above, we have

F0) 2 =S+ F o+ (—a)t =) +75), teG+8.1. (10

while (11) holds in (0,1 4+ 3,). Now we use the bound (fél(ﬁn_l — Fy )12 <
(fl%w"(ﬁn_l — FyH)2)V2 4 (f§+ﬂn(ﬁ7jl — Fy1H2)Y2 and proceed as follows. For
t 26 (3 + Bn,1) (14) and (16) hold again after replacing F-' by F;'. This and
the triangle inequality yield

(félwn(ﬁn_l - F071)2> "
S <f%1+,8n(F_1(06 +(1—a)t)— F Y a+(1—a)(t-— ﬂn)))gdt> 1/2

2 ([ 0+ (1= a)t) — P~y + (1 - a)t %))%lt)m

=/ 92(Bn) + 28n.3. (17)

For the interval (3, 1+0,) we write G '(t) = £+ F~'((1—a,)t) (the minimal quantile
mmmmn<>>me?Wﬁhw?ﬂWsu?WﬁhgﬂWﬂ+
(f§+6n(G_ o H)?)/2. We observe now that G—'(t) > G, '(t) and also that, for
t 62 (3.3 +06n), 4+ Fa+(1—a)(t— ) <0< L+ F1((1—a)t). Combining
these facts with (11) we obtain

B0 =GO < |EH) - G

HETH((L = an)t) = F7H((1 = a)t)]

HE o+ (1= an)(t = Bu) + 507) — FHa+ (1= a)(t = Ba))].
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As a consequence,
1 - 1/2 - o~
(f12+ﬂn<FrL_1_F()_1)2> SW2(Pn’Qn>

+ (f?ﬁ"(u FF Y (1—a)t)— FYa+(1- a)t))2dt)1/2

2 ([ (1= an)t) = P = apt2ar)

1/2

+ (S F (1= an)(t = Ba) + 5) = F (e + (11— a)(t - B,))%dt)
= W2<Pn7 Qn) + V 93<Bn> + 2371,4 + Sn 5,

where g3(3) = fé“j(,u + F7Y((1 —a)t) — F Y (a+ (1 — a)t))?dt. Again a Taylor

expansion shows that g3(3,) = O(82) = o(n™!). Similarly, we get s,; = o(n™1),

j =4,5, and, as a consequence

<f1%+ﬁn( ~7;1 o Fo—l)2> 1/2 _ O(n71/2)‘ (18)

2

Now collecting the estimates in (17) and (18) we obtain

(E (Bt = F0_1)2>1/2 < V02(Bn) + 2805+ O(n™12). (19)

We note next that F~' has a bounded derivative and, as a consequence, s3 3 = O(n™").

Similarly, we find that go(3,) = O(3?). Summarizing,

(R = r) " = oo,

2

A similar analysis works for foé(égl — F;H? and completes the proof. [

Proof of Proposition 3. We take (Xj1,Y11) to be an optimal coupling for P and
Q with respect to the ||z — y|[P-cost and (X;;,Y1,), 2 < i < n, and (Xy;,Ya;),
1 < j < m, independent copies of (X11,Y11) (hence E|X;; — Yi[|P = WE(P,Q)).
Then S, ,,, = min,(a(r))? and T,,,, = min, (b(r))*/?, where

am) = > mll X — Xl

1<i<n,1<j<m

b(m) is defined similarly replacing X;; by Y;; and 7 takes values in the set of n x m
matrices with nonnegative entries m; ; such that » 0, ., mi; = L and D i<icn Wi = o

We observe next that, by the triangle inequality,

1/p
|a(m)"? — b(m)"/P| < ( > migll (X — Xay) — (Vg —YQ,j)Hp)

1<i<n,1<j<m

1 1/p 1 1/p
< (= X1 — Yial? - Xoi —Yosl?] .
< (3 pmenr) (5 X o)

1<i<n 1<j<m
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As a consequence, we have that | S, , —1},m| is upper bounded by the right-hand side
of the above display and, from the elementary inequality (a + b)P? < 2P~ 1aP 4 2P=1pP

for nonnegative a, b, we get

E(Spm — Tpm)? < 2P7'E|| X1 — Y|P + 2P E|| Xy — Yo P

= PWI(P,Q).

This completes the proof. [
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Table 1: Observed rejection frequencies for Hy : dry (P, Q1) < 0.1, P = N(0,1),

Q1= (1—-¢)N(0,1) +eN(10,1), where v = dpy (P, Q1) and 5 = 0.05.

p 1 4/5 2/3 1/2

v n |~ 005 001|005 001| 0.05 0.01]| 0.05 0.01

100 0.008 0.001 | 0.016 0.003 | 0.043 0.006 | 0.047 0.007

0-10 1 309 0.030  0.007 | 0.040 0.015 | 0.059 0.017 | 0.065 0.019

M 1000 0.052  0.009 | 0.092 0.016 | 0.008 0.018 | 0.114 0.022

100 0.130  0.044 | 0.207 0.090 | 0.246 0.130 | 0.252 0.170

0-15 1 309 0.587 0.386 | 0.648 0.458 | 0.687 0.507 | 0.703 0.556

M 1000 0.996 0.980 | 0.998 0.985 | 0.998 0.986 | 0.999 0.990

100 0.576 0403 | 0.685 0515 | 0.732 0585 | 0.738  0.624

0201 309 0.990 0.973 | 0.992 0.981 | 0.993 0.985 | 0.993 0.986

U 1000 1 1 1 1 1 1 1 1

100 0.919 0.842 | 0.953 0.893 | 0.969 0.917 | 0.970 0.929

025 | 309 1 1 1 1 1 1 1 1
c 05

1000 1 1 1 1 1 1 1 1

Table 2: Observed rejection frequencies for Hy : dry(P,Q2) < 0.1, P = N(0,1),

Q2= (1 —¢)N(0,1) +eN(0,3), where v = dry (P, Q2) and 5 = 0.05.

P 1 4/5 2/3 1/2

v n |~ 005 001|005 001|005 001|005 o0.01
100 0 0 0 0 0 0 0 0

0-10 1 309 0 0 0 0 0 0 0 0
T 0 0 0 0 0 0 0 0
100 0.002  0.000 | 0.002 0.001 | 0.002 0.001 | 0.003 0.001

015 | 309 0.013  0.003 | 0.016 0.005 | 0.017 0.006 | 0.027 0.008
T 0.185 0.089 | 0.196 0.100 | 0.210 0.103 | 0.235 0.120
100 0.037 0.017 | 0.048 0.022 | 0.060 0.023 | 0.065 0.027

020 | 309 0.397 0253 | 0.418 0279 | 0437 0.293 | 0.490 0.330
M 1000 0.992 0.979 | 0.994 0.979 | 0.995 0982 | 0.994 0.983
100 0.254 0.146 | 0.277 0.163 | 0.301 0.189 | 0.324 0.195

025 | 309 0.924 0.846 | 0.928 0.856 | 0.936 0.866 | 0.949 0.888
T 1000 1 1 1 1 1 1 1 1
100 0.565 0.426 | 0.599 0456 | 0.620 0484 | 0.654 0.508

0-30 1 300 0.096 0.993 | 0.998 0.993 | 0.998 0.993 | 0.999 0.995
M 1000 1 1 1 1 1 1 1 1
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Table 3: Observed rejection frequencies for Hy : dry(P,Q) < 0.1, P = N(0,1),
Q =0.70 N(0,1) + 0.15 N(2.35,1) + 0.15 N(—2.35, 1) at level 0.05.

n 100 300 500 1000
D, | 0.007 0.004 0.003 0.002
W, | 0.007 0.091 0.320 0.875

Table 4: Bootstrap p-values arising from the introduced bootstrap methodology, ap-
plied to the similarity analysis between markers (3 = 0.05).

p 1 4/5 2/3 1/2
a |~| 005 001|005 001/ 0.05 0.01]| 0.05 0.01
0 0 0 0 0 0 0 0 0
0.05 0.059 0.133 | 0.016 0.058 | 0.007 0.034 | 0.005 0.019
0.10 0.884 0.975 | 0.717 0.865 | 0.567 0.708 | 0.371 0.597
0.15 1 1 1 1 1 1]0.997 0.999
0.20 1 1 1 1 1 1 1 1
a=0 a=0.1 a=0.2

00

Figure 1: Densities of optimally trimmed P and @ with independent trimming (first

row) and common trimming (second row).
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(Fa()-1)

Figure 2: Trajectories of the uniform empirical process (black) and two variants based

on trimming. The trimming levels are a = 0.1 and a = 0.3 (green and red curves).

(a) Separated contaminations (b) Non-separated contaminations

aP’ (1-a)P aQ’

Figure 3: Canonical decomposition in the separated (left) and non-separated (right)

cases.
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N(0,1) vs 0.9*N(0,1)+0.1*N(10,3) N(0,1) vs 0.9*N(0,1)+0.1*N(10,3)
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Trimming level: 9% Trimming level: 11%

Figure 4: Histograms, for different sizes of trimming, of the bootstrap p-values ob-

tained from 200 pairs of samples from P = N(0,1) and @ = 0.9N(0,1+ 0.1N(10,3)

distributions.
N(0,1) vs 0.9*N(0,1)+0.1*N(10,3) (n=100) N(0,1) vs 0.9*N(0,1)+0.1*N(10,3) (n=300)
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Figure 5: Curves of boostrap p-values obtained varying the trimming level («). Colors
depend on the real proportion of data coming from the N(10,3) distribution in each

particular sample.

Marker 1 Marker 2

Figure 6: Best trimmings between markers 1 and 2, in the example of Subsection 4.2,

a = 0.05 (white), a = 0.10 (white+yellow) and a = 0.15 (white+yellow-+orange).
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