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Abstract

The paper is devoted to the obtention of some analytical properties of
the maps that give optimal transportation plans for the L2-Wasserstein
distance. We take advantage of the monotonicity of such optimal trans-
portation plans to discuss their measurability and continuity. As a main
result of independent interest we obtain the a.e. continuity of monotone
(in the sense of Zarantonello) operators.
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1 Introduction

The Monge-Kantorovich mass-transportation problem is one of the
best known formulations of a widely treated problem in diverse areas
of Mathematics (see the book by Rachev [9] for a detailed account,
or [6] for a recent survey). In this formulation the objective is to
minimize the total cost of transportation of a mass whose location
is initially given by a probability measure P to a final location given
by another probability measure Q.

Our framework will be the following: We will assume that the
probabilities are defined on the Borel sets of the euclidean space
<p, p ≥ 1 with its usual inner product 〈·, ·〉 and norm ‖ ‖ and that
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the cost of transportation of a unit mass between its initial x and
final y locations is measured by ‖x−y‖2. Let us denote by P2 the set
of the probability measures P on <p verifying that

∫
‖x‖2dP <∞,

and, given P,Q ∈ P2, let M(P,Q) be the set of the probability
measures on <p×<p with marginal distributions P and Q. The L2-
Wasserstein distance between P and Q is the value W (P,Q) defined
through

W 2(P,Q) := inf
{∫
‖x− y‖2 µ(dx, dy), µ ∈M(P,Q)

}
. (1)

The infimum in (1) is attained, so that to find W (P,Q) it is
enough to obtain, in some probability space (Ω, σ, ν), a pair (X0, Y0)
of random vectors (r.v.’s) with distribution laws L(X0) = P and
L(Y0) = Q, verifying that∫
‖X0 − Y0‖2 dν = inf

{∫
‖X − Y ‖2 dν, L(X) = P, L(Y ) = Q

}
(= W 2(P,Q)).

Such a pair (X0, Y0) is called an (L2-)optimal transportation plan
(in short, o.t.p.) for (P,Q). However, even in this “easy” frame-
work concerning the transportation on Euclidean spaces, it is widely
assumed that only the one-dimensional problem admits a general
explicit solution.

In [3] it was proved that, under continuity assumptions on P ,
the L2-optimal transportation plan (X0, Y0) can be represented as
(X0, ψ(X0)) for some suitable optimal map ψ. Therefore ψ defines
an optimal plan for the transportation. A remarkable fact is that the
optimality of a map ψ is essentially independent of the distribution
of X0 (see [7]).

It is well known that, in the real case, the optimal maps coincide
with the increasing arrangements. The increasing maps also play an
important role in the multivariate case, but the appropiate concept
of increasing map to be handled is that of monotone operator in the
sense of Zarantonello:

Given D ⊂ <p, a mapping H : D → <p is said to be Z-increasing
if for every x, x′ in D, it satisfies that 〈H(x)−H(x′), x− x′〉 ≥ 0.

As a main fact about the structure of the o.t.p.’s on <p, there
exist some recent results related to their monotonicity even in the
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case in which the cost of transportation is related to the Lq-norm,
1 ≤ q <∞ (see [3], [10] for q = 2 and [11], [12], [13], [8] for general
q).

In this paper we first include some technical results which com-
plete and justify some non-obvious steps of the proofs in [3] that
allow us to conclude that every optimal map is a.s. Z-increasing
(Theorem 2.3). Then we obtain some properties of the Z-increasing
maps which, in consequence, are also satisfied by the o.t.p.’s. In par-
ticular, paralleling the fact that the increasing functions on the line
have at most a denumerable set of discontinuity points, in Theorem
2.8 we will prove the almost everywhere continuity of the multidi-
mensional Z-increasing functions. This basic property has been the
main tool for the proof in [4] of the consistency of Montecarlo pro-
cedures to get approximations to the o.t.p.’s, which, so far, is the
only practical way to (approximately) determine o.t.p.’s.

2 The results.

The symbol λp will denote the Lebesgue measure on <p, and absolute
continuity of a measure µ with respect to λp will be denoted by
µ � λp. Given a pair of r.v.’s (X, Y ), Sx(Y ) denotes the support
of a regular conditional distribution of Y given X = x and #A
denotes the cardinal of the set A. Given a vector v ∈ <p, we denote
by < v > the linear space spanned by v, and the superscript ⊥

denotes the orthogonal subspace.
A precise formulation of the Z-increasing character of optimal

maps is provided by the following statement (whose proof, valid for
separable Hilbert spaces, can be found in Theorem 2.3 and Corollary
2.4 of [3]).

Theorem 2.1 Let P ∈ P2 and assume that there exists an orthog-
onal basis, {vn}pn=1, such that, for each n and almost everywhere ω
in < vn >

⊥, the conditional distribution function on < vn > given
ω is continuous. Let (X, Y ) be an optimal transportation plan for
(P,Q) defined on the probability space (Ω, σ, ν). Then we have that:

a) P{x : #Sx(Y ) = 1} = 1.
b) ν ⊗ ν{(ω, ω′) : 〈X(ω)−X(ω′), Y (ω)− Y (ω′)〉 < 0} = 0.
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From statement a) it is evident that if (X, Y ) is an o.t.p. for
(P,Q) and we consider the ν-a.s. defined choice function x→ H(x),
where H(x) is the only element in Sx, then we obtain that Y =
H(X), ν-a.s. and that, from b),

P ⊗ P{(x, x′) : 〈H(x)−H(x′), x− x′〉 < 0} = 0. (2)

The hypotheses in Theorem 2.1 are trivially satisfied by proba-
bility measures that are absolutely continuous with respect to λp.
Therefore, for simplicity, we will generally assume that the proba-
bility measure P satisfies this property.

Two open questions remain concerning H, its measurability and
the existence of a P -probability one set D in which H is a Z-
increasing map. Both two questions are solved in Theorem 2.3.
In it we apply Lemma 2.2 which is taken from [10]. In this lemma
∂f denotes the subdifferential of the function f .

However, with respect to the second question, we want to remark
that it is not trivial that (2) implies the existence of a P -probability
one set on which H is Z-increasing, in spite of the fact that this has
been taken for granted sometimes (see [3] and [14]).

Lemma 2.2 Let P,Q be probability measures on <p. The pair (X, Y )
of <p-valued random vectors is an optimal transportation plan for
(P,Q) if and only if there exists a lower semicontinuous proper con-
vex function f on <p such that Y ∈ ∂f(X) ν-a.s.

Theorem 2.3 Let (X,Y) be an optimal transportation plan for (P,Q)
and assume that P � λp. Then there exists a P-probability one set
D and a map H : D → <p such that

a) Y = H(X), ν-a.s.
b) H is Borel-measurable.
c) H is Z-increasing on D.

PROOF.- With respect to the first question, letD := {x : #Sx = 1}.
Measurability of D when Y is a real r.v. can be easily proved by
handling a conditional distribution function F (y/X = x) of Y given
X = x and noting that the set {x : #Sx = 1} coincides with⋂
k∈N

{
x : sup

{
F (y/X = x)− F (y′/X = x) : y, y′ ∈ Q, 0 < y − y′ < k−1

}
= 1

}
.
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Now let {fn}pn=1 be defined by fn(y) := 〈y, en〉 for some orthonor-
mal basis {en}pn=1. If P (·/X = x) is a regular conditional distribu-
tion of Y given X = x, then Fn(z/X = x) := P (fn(Y ) ≤ z/X = x)
are conditional distribution functions of fn(Y ). Moreover the corre-
sponding supports verify that

{x : #Sx(Y ) = 1} =
⋂
n

{x : #Sx(fn(Y )) = 1},

and, if we denote this set by A, we have that, if B is a Borel set,
then

{x ∈ A : H(x) ∈ B} = {x ∈ A : P (B/X = x) = 1}.
Therefore we have proved that there exists a P -probability one

measurable set A and a map H whose restriction to A is measurable
and such that (X,H(X)) is an o.t.p.

An equivalent condition to Y ∈ ∂f(X), ν-a.s., is that 〈X, Y 〉 =
f(X) + f ∗(Y ), ν-a.s. (where f ∗ denotes the conjugate function of
f). Thus, taking into account the measurability of the involved
functions (f ∗ is also a lower-semicontinuous proper convex function)
and Lemma 2.2, we have that U = {x ∈ A : H(x) ∈ ∂f(x)} is a P -
probability one measurable set. Since the subdifferentials of lower-
semicontinuous proper convex functions are Z-increasing operators
(see Theorem 2.3 in [1]), c) is also proved.

From the point of view of the o.t.p.’s Theorem 2.3 covers our
objectives, but it does not suffice to answer the question: Does the
condition (2) imply the existence of a P -probability one set on which
H is Z-increasing?, because not every Z-increasing map is an o.t.p.
The answer to this question is also positive from the following result,
whose proof can be found in [5].

Theorem 2.4 Let P � λp be a probability measure. Let T be a set
such that P(T)=1 and suppose that H : T → <p is a map which
verifies that

P ⊗ P{(x, x′) : 〈x− x′, H(x)−H(x′)〉 < 0} = 0.

Then there exists a P-probability one set D such that H is Z-
increasing on D.

5



Now we address the study of the a.s. continuity of the Z-increasing
maps, for which we will use some additional notation and a previ-
ous result which we state as a lemma. This lemma is included in
Theorem 1.5 in [1] and it will be generalized in Lemma 2.7.

We will denote by H : D ⊂ <p → <p a Z-increasing map defined
on the measurable set D; {e1, ..., ep} is a fixed orthonormal basis in
<p, and, given x ∈ <p, we denote xj := 〈x, ej〉, j = 1, ..., p. We base
our proof of the continuity on the study of the maps

Hj(x) := 〈H(x), ej〉 and ~Hj(x) := Hj(x)ej, j = 1, ..., p.

Lemma 2.5 Assume that D= <p and let {xn}n be a convergent
sequence in <p. Then the sequences {Hj(xn)}n, j = 1,2,...,p, are
bounded.

Proposition 2.6 Let H : <p −→ <p be a Z-increasing map. Then
H is almost everywhere continuous with respect to the Lebesgue mea-
sure.

PROOF.- Since H =
∑
j
~Hj(x), the result will be proved if we show

that Hj, j = 1, ..., p, is λp-a.e. continuous. For that, let us assume
that H1 is not λp-a.e. continuous and let D(H1) be the set of dis-
continuities of H1. It is well known (see, for instance, the footnote
in p. 343 of [2]) that the set of discontinuities of every function is
Borel-measurable.

On the other hand, by handling a sequence {Kn}n of compact sets
such that Kn ↑ <p, the hypothesis implies that λp [D(H1) ∩ Kn] > 0
for some n. Hence, from Lemma 2.5, we obtain that the function
H1 is bounded by a constant K on the measurable non-null set
M := D(H1) ∩ Kn.

Let V1(x) := {x + αe1 : α ∈ <}. There exists x0 orthogonal
to e1 such that V1(x0) ∩ M is not denumerable (if this set were
denumerable for every x0 in < e1 >

⊥ then λp(M) > 0 would not be
possible). Since H1 is bounded on any compact set, we can define

H1(x+) := lim sup
y→x

H1(y) and H1(x−) := lim inf
y→x

H1(y).

Also, for every δ > 0, let us define the sets
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B1
δ := {x : H1(x+) > H1(x) + δ}, B2

δ := {x : H1(x+) < H1(x)− δ},
C1
δ := {x : H1(x−) < H1(x)− δ}, C2

δ := {x : H1(x−) > H1(x) + δ}.

Since B1
δn ∪ B

2
δn ∪ C

1
δn ∪ C

2
δn ↑ D(H1), as δn ↓ 0, the nondenu-

merability of the set V1(x0)∩M implies the existence of δ > 0 such
that one of the sets

B1
δ∩V1(x0)∩M , B2

δ∩V1(x0)∩M , C1
δ∩V1(x0)∩M , or C2

δ∩V1(x0)∩M

is not denumerable. Assume, for instance, that the set B1
δ ∩V1(x0)∩

M is not denumerable. Then there exists a sequence {yn}n in this
set such that

〈yn, e1〉 < 〈yn+1, e1〉, ∀n ∈ N .

If we show that H1(yn+1) ≥ H1(yn+) the proposition will be
proved because, by definition of B1

δ , we would then have that

H1(yn) > H1(y1) + (n− 1)δ,

and this would contradict that H1(yn) ≤ K, ∀n ∈ N .
To simplify the notation we only consider the case n = 1. Let

{xm}m be a sequence which converges to y1 and such that limmH
1(xm) =

H1(y1+). Then

0 ≤ 〈H(y2)−H(xm), y2 − xm〉 =
∑
j

(Hj(y2)−Hj(xm)) (yj2 − xjm).

But, from Lemma 2.5, the sequence {Hj(xm)}m is bounded and
limm(yj2 − xjm) = 0, if j ≥ 2; therefore we have that

0 ≤ lim inf
m

(H1(y2)−H1(xm)) (y1
2 − x1

m)

= lim inf
m

[
(H1(y2)−H1(xm)) (y1

2 − y1
1) + (H1(y2)−H1(xm)) (y1

1 − x1
m)
]

= lim inf
m

(H1(y2)−H1(xm)) (y1
2 − y1

1),

because limm(y1
1−x1

m) = 0 and {H1(xm)}m is bounded. From these
inequalities it is evident that H1(y1+) ≤ H1(y2).
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Finally we will obtain an extension of the previous result to cover
situations where H is defined on a proper subset of <p and a prob-
ability measure P is considered instead of the Lebesgue measure.

The generalization of Lemma 2.5 is not trivial because Theorem
1.5 in [1] holds for sequences which converge to an interior point in
the domain of H. Nevertheless, in Lemma 2.7 we generalize Lemma
2.5 by assuming that the probability P verifies certain additional
property which is always satisfied if P � λp (see [5] for a proof).

Given x ∈ <p and δ > 0 we denote by B(x, δ) the open ball with
radius δ centered at x and, if x, z ∈ <p and δ, α > 0, we denote by
S(x, z, δ, α) the set

B(x, δ) ∩ {y 6= x : ang(1− x, z) < α},

where ang(1−x, z) denotes the angle between the vectors 1−x and
z.

Given x in the support of a probability P , let us say that P
satisfies property C at x if for every z ∈ <p and δ, α > 0, we have
that P [S(x, z, δ, α)] 6= 0. We will say that P satisfies property C, if

P{x : P [S(x, z, δ, α)] > 0, ∀z ∈ <p, δ and α > 0} = 1.

Lemma 2.7 Let {xn}n ⊂ D be a sequence that converges to a point
x where P verifies C. Then the sequences {Hj(xn)}n, j = 1, 2, ..., p
are bounded.

PROOF.- If we suppose that {Hj(xn)}n is not bounded for some
j then there exists a subsequence (which we can identify with the
original one) such that if we denote

J+ := {j : Hj(xn)→ +∞} and J− := {j : Hj(xn)→ −∞},

then J+∪J− is not empty and the sequences {Hj(xn)}n are bounded
if j /∈ J+ ∪ J−.

Given ε > 0, let us define

Aε := {y 6= x : yj > xj + ε, j ∈ J+ and yj < xj − ε, j ∈ J−}.

The probability P satisfies property C at x, so that there ex-
ists ε > 0 such that P (Aε) > 0. Consider x0 ∈ Aε and set K :=
supj|Hj(x0)| and
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K∗ := sup
(
K, supj /∈J+∪J− { supn|Hj(xn)|}

)
.

Trivially K∗ <∞ and we have that

〈H(x0)−H(xn), x0 − xn〉 =
∑
j

(Hj(x0)−Hj(xn)) (xj0 − xjn) ≤

2K∗
∑

j /∈J+∪J−

|xj0−xjn|+
∑
j∈J+

(
Hj(x0)−Hj(xn)

)
(xj0−xjn)−

∑
j∈J−

(
Hj(xn)−Hj(x0)

)
(xj0−xjn)

which converges to −∞ because the differences {|xj0 − xjn|}n are
bounded for every j and they are greater than ε/2 from an index
onward if j ∈ J+ ∪ J−. But this is not possible because H is an
increasing map.

Now, taking into account that property C is satisfied by abso-
lutely continuous measures and the preceeding argument we can
conclude with the following result.

Theorem 2.8 Let H : D ⊂ <p → <p be a Z-increasing map and let
P � λp be a probability measure such that P (D) > 0. Then

P{x ∈ D : H is not continuous at x} = 0.

9



Acknowledgement. Authors want to thank to an anonymous ref-
eree and professor N.H. Bingham who suggested several modifica-
tions which have considerably improved the paper.

References

[1] BARBU, V. (1976). Nonlinear semigroups and differential equa-
tions in Banach spaces. Noordhoff International Publishing:
Leiden.

[2] BILLINGSLEY, P. (1986). Probability and measure. Wiley:
New York.

[3] CUESTA-ALBERTOS, J.A. and MATRAN, C. (1989). Notes
on the Wasserstein metric in Hilbert spaces. Ann. Probab. 17,
1264-1276.

[4] CUESTA-ALBERTOS, J.A., MATRAN, C. and TUERO-
DIAZ, A. (1996). Optimal transportation plans and conver-
gence in distribution. J. Multivariate Anal. To appear.

[5] CUESTA-ALBERTOS, J.A., MATRAN, C. and TUERO-
DIAZ, A. (1996). Properties of the optimal maps for the L2-
Wasserstein distance. Technical Report.

[6] CUESTA-ALBERTOS, J.A., MATRAN, C., RACHEV, S.T.,
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