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Abstract

Let P be a probability distribution on IRd and let C be the family of the uniform probabili-
ties defined on compact convex sets of IRd with interior non-empty. We prove that there exists
a best approximation to P in C, based on the L2-Wasserstein distance. The approximation can
be considered as the best representation of P by a convex set in the minimum squares setting,
improving on other existent representations for the shape of a distribution. As a by-product
we obtain properties related to the limit behavior and marginals of uniform distributions on
convex sets which can be of independent interest.
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1 Introduction

Descriptive measures of the shape of a distribution P are very often based on values
or figures related to the minimum squares setting. These are the cases of the mean,
variance, covariance matrix, regression,... This is also the case of the concentration
ellipsoid of P , defined through the property that the uniform distribution on it has
the same mean and covariance matrix as P .

A different approach, also related to the minimum squares setting, can be adopted
by considering the uniform distribution on every ellipsoid and choosing that nearest
to P in the L2 sense. This is the approach introduced in [?] and [?], making use of
the natural version of the L2-distance for probability measures: the L2-Wasserstein
distance. The procedure very often has the serious drawback of computational diffi-
culties, but also the obvious advantages deriveing from the fact that the subsequent
“analysis by eye” is based on a more accurate approximation to our distribution

∗Research partially supported by DGESIC, grants PB98-0369-C02-00,01 and 02.
aThese authors have also been supported by PAPIJCYL grantVA53/00B.

1



than that given by the concentration ellipsoid. Within a more general framework
the process can be generalized by defining a kind of figure or pattern and obtaining
the best approximation, based on the L2-Wasserstein distance, to our distribution in
terms of uniform distributions supported by figures of the pattern. An application
of those ideas to the goodness of fit tests can be seen at [?], [?] and [?].

In this work we begin the exploration of the possibilities of this model applied to
the family of compact convex sets. This family could give much more information
about the shape of the distribution than that given, for example, by the ellipsoids.
In contrast, its study has a notable complexity even for proving the existence of a
best approximation, which is the main objective of the work. As a by-product which
can be of independent interest we will obtain some properties related to the limit
behavior and marginals of uniform distributions on convex sets.

The use of simulation procedures to obtain an approximation to the solution of
this problem is justified by our results in this paper and those in [?].

We will assume that all the random vectors (r.v.’s) in this paper are defined on
the same rich enough probability space (Ω, σ, µ) and, unless explicitly stated, all of
them will be IRd-valued, d ≥ 1. We will consider the usual Borel σ-algebra, βd, and
norm, ‖ · ‖, in this space. Given the r.v. X we will denote by PX its probability
distribution.

We will denote by P2 the family of all probabilities defined on βd with finite
second order moment. Given P,Q ∈ P2, the Wasserstein distance between them is
defined as the square root of

W 2(P,Q) := inf
{∫
‖X − Y ‖2dµ : PX = P and PY = Q

}
.

In this paper we are interested in the following problem. Let C be the family of
the uniform probabilities defined on compact convex sets of IRd with a non-empty
interior. Obviously C ⊂ P2. Given P ∈ P2, we are interested in finding conditions
to assure that there exists QP ∈ C such that

W 2(P,QP ) = inf
Q∈C

W 2(P,Q). (1)

We will denote the infimum of the expression in the term on the right by W 2(P, C).
As has been pointed out, the interest of this problem from a statistical point of

view arises from the fact that the shape of the support of QP could give important
hints on the general shape of P . Moreover, W 2(P, C) can be employed as an alter-
native parameter to measure the flatness (as opposed to the peakness) of P . These
aspects have been analyzed in [?].

Some additional notation to be employed will be the following. Given P ∈ P2,
σ(P ) will denote its standard deviation. If x ∈ IRd and H is a subspace, xH will
denote the projection of x on H. Given S, a non-empty subset of IRd, and x ∈ H
we will denote by

SH(x) := {z ∈ S : zH = x}
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the section of S on x. To avoid unnecessary complications in the notation, we will
suppress the subindex H in SH(x) if the subspace is clearly identified.

2 Preliminary results

In order to show that the infimum in (??) is reached, we need to assume some
regularity condition on P . Notice that, for instance, there is no sense in trying
to approximate a distribution which is concentrated in a point by a continuous
distribution. Thus, from now on, we will assume that P is absolutely continuous
with respect to the Lebesgue measure on IRd, λd. This condition suffices to obtain
the following result which relates our distance between probabilities with the mass
transportation problem (see [?]).

Proposition 2.1 Let P,Q ∈ P2. If P is absolutely continuous with respect to λd,
then, there exists a measurable map HP,Q : IRd → IRd such that if X is a r.v. with
distribution P , then

1. The distribution of HP,Q(X) is Q.

2. W 2(P,Q) =
∫
‖X −HP,Q(X)‖2dµ.

Moreover, HP,Q is unique up to PX-a.s. equivalence.

Remark 2.2 In fact, as shown in [?], a slightly weaker condition than absolute
continuity of P is enough to obtain conclusions in Proposition ??. All the results in
this paper would hold under this weaker condition. However, we prefer to assume
absolute continuity in order to avoid unnecessary technical complications.

The map HP,Q obtained in the previous proposition is called an optimal trans-
portation plan (o.t.p.) between P and Q.

In the one dimensional case, if FP is the distribution function of P and F−1P

its generalized inverse, then HP,Q = F−1Q ◦ FP . Therefore, if we denote by Qa the

uniform distribution on [−a, a], then F−1Qa
= aF−1Q1

and HP,Qa = aHP,Q1 . Thus, we
have that

W 2(P,Qa) =
∫
|X − aHP,Q1(X)|2dµ

= E[X2]− 2aE[XHP,Q1(X)] + a2E[HP,Q1(X)2]

= E[X2]− 2aC(P ) +
a2

3
, (2)

where C(P ) denotes for the covariance between X and HP,Q1(X) which, obviously,
depends just on P . Moreover, C(P ) > 0 unless there exists t0 ∈ IR such that
P [t0] = 1 and, if this does not happen, as a consequence of (??) we obtain that
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inf
a>0

W 2(P,Qa) > W 2(P,Q0) = E[X2]. (3)

The interest of Wasserstein distance, from a probabilistic point of view, comes
from its relation with the weak convergence of probability measures plus convergence
of moments. We will employ this relation later as stated in the next proposition. A
proof of it can be seen e.g. in [?].

Proposition 2.3 Given Qn, n ∈ IN,Q ∈ P2, the following statements are equivalent

1. limnW
2(Q,Qn) = 0.

2. The sequence {Qn}n converges weakly to Q and

lim
n

∫
‖x‖2Qn(dx) =

∫
‖x‖2Q(dx).

Now we will give some properties and definitions which will be used later. The
next proposition has been taken from [?].

Proposition 2.4 Let P ∈ P2 absolutely continuous with respect to λd. Let Q ∈ P2

such that its support is contained in the subspace H. Then, there exists an o.t.p.
HP,Q between P and Q such that if x, y ∈ IRd satisfy that xH = yH, then HP,Q(x) =
HP,Q(y).

A very useful property of the Wasserstein distance is that it is reduced if the
probabilities under consideration are translated in order to make both share the
same mean (see [?]).

Proposition 2.5 Given P,Q ∈ P2, if P ∗ and Q∗ denote for their centered in mean
translations, then

W 2(P,Q) = W 2(P ∗, Q∗) +
∥∥∥∥∫ xP (dx)−

∫
xQ(dx)

∥∥∥∥2 .
To bring to an end the properties of the Wasserstein distance, we include two

lower bounds. Here, given P ∈ P2 and once a basis in IRd is fixed, we denote by
{P1, P2, ..., Pd} the family of the one-dimensional marginal distributions of P .

The first lower bound in this proposition was obtained in [?]. The second one is
a simple consequence of properties of the L2-norm.

Proposition 2.6 Given P,Q ∈ P2 centered in mean, then

W 2(P,Q) ≥
d∑
i=1

W 2(Pi, Qi) ≥
d∑
i=1

(σ(Pi)− σ(Qi))
2 .
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We will also need some relevant properties of convex sets. They have been taken
from [?] and are now stated for sake of completeness.

Given x ∈ IRd and r > 0, B(x, r) will denote for the closed ball with center at
x and radius r. Let C ⊂ IRd and let us define Cδ := ∪x∈CB(x, δ) and, given the
closed, bounded sets C1 and C2, we define

∆(C1, C2) := δ1 + δ2,

where δ1 := inf{δ > 0 : C2 ⊂ Cδ
1} and δ2 := inf{δ > 0 : C1 ⊂ Cδ

2}. It turns out that
∆ is a metric on the family of the bounded convex and closed sets. Two important
properties of ∆ are the following.

Proposition 2.7 Let K > 0. The family of the closed and convex sets contained in
B(0, K) is sequentially compact with respect to ∆.

Proposition 2.8 The Lebesgue measure is continuous with respect to ∆. I.e., if
{Cn}n is a sequence of bounded, convex, closed sets which converges to the closed
and convex set C, then

lim
n
λd(Cn) = λd(C).

We will also need some properties of the probabilities in C. We have taken them
from [?]. The following notation will be used in them. Let a, b ≥ 0, s > 0 and
θ ∈ (0, 1). The s-generalized mean Ms(a, b; θ) is defined by

Ms(a, b; θ) := [(1− θ)as + θbs]1/s.

The limit case s =∞ is defined by continuity as

M∞(a, b; θ) := max(a, b).

Remark 2.9 The s-generalized means can be also defined for negative values of s
but here we only handle positive ones.

Definition 2.10 Let Q be a probability measure defined on IRd and t ∈ IR+ ∪ {∞}.
We say that Q is t-concave if for both measurable sets A0 and A1 in its support and
θ ∈ (0, 1),

Q[(1− θ)A0 + θA1] ≥Mt[Q(A0), Q(A1); θ].

Proposition 2.11 If the probability measure Q is t-concave, then its support is
convex.

Proposition 2.12 Let Q be a t-concave probability measure. If the interior of the
support of Q is non-empty, then t ≤ 1/d and if H is the affine hull of its support,
then Q is absolutely continuous with respect to the Lebesgue measure on H.
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It is possible to repeat the proof of Theorem 2.10 in [?] to obtain the following
proposition.

Proposition 2.13 Let {Qn}n be a sequence of t-concave probability measures which
converges weakly to the probability measure Q. Then, Q is also t-concave.

t-concavity of a probability measure is related to certain concavity property of its
density function. This fact is related to the next definition through the proposition
which follows:

Definition 2.14 Given a non-negative function f on an open convex set C ⊂ IRd

it is said to be s-concave if for any x0, x1 in C and θ ∈ (0, 1) we have

f [(1− θ)x0 + θx1] ≥Ms[f(x0), f(x1); θ].

Remark 2.15 Notice that if s 6=∞, then f is s-concave if and only if f s is concave.

Proposition 2.16 Let Q be a probability measure supported by a convex set in IRd.
Let h be the dimension of the affine hull of its support. Then Q is t-concave if and
only if Q admits a s-concave density function where

s =


t

1−th , if 0 < t < 1/h,

∞, if t = 1
h
.

The next proposition is valid for any value of s even though, in this paper, we
are interested solely in the case s =∞.

Proposition 2.17 Let us assume that Q is a probability distribution on IRd which
admits an∞-concave density function. Let H be a subspace with dimension h. Then,
the marginal distribution of Q on H admits a 1/(d− h)-concave density function.

The next corollary is a simple consequence of the fact that the densities of prob-
abilities in C are∞-concave and of the application of the two previous propositions.

Corollary 2.18 Let us assume that Q ∈ C. Let H be a subspace with dimension
h < d. Then, the marginal distribution of Q on H is 1/d-concave and admits a
1/(d− h)-concave density function.

3 The Results

Let P ∈ P2 absolutely continuous with respect to λd. We will show that there exists
a probability measure Q ∈ C satisfying (??). In order to prove this result we begin
by analyzing the laws which are feasible as a weak limit of a sequence of distributions
in C. This is done in the following theorem.
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Theorem 3.1 Let {Qn}n be a sequence of probabilities in C that converges weakly to
the probability measure Q. Let us assume that their supports are uniformly bounded.
Then the support of Q, C, is convex and there exists x0 ∈ IRd such that Q[x0] = 1,
or

1. If the interior of C is empty and if AC denotes for the affine hull of C, then,
Q is absolutely continuous with respect to the Lebesgue measure on AC and its
density is 1/(d− h)-concave where h is the dimension of AC.

2. If the interior of C is non-empty then Q is uniform on C.

PROOF.- Let us assume that there exists no x0 ∈ IRd such that Q[x0] = 1. We
begin by assuming also that the interior of C is empty. If we consider the sequence
of the marginal distributions of {Qn}n on AC , this sequence converges weakly to the
corresponding marginal of Q which, obviously, is Q. Let h be the dimension of AC .

By Corollary ??, the marginals of the probabilities in the sequence are 1/d-
concave. From Proposition ??, Q is also 1/d concave and, by Proposition ??, the
support of Q is convex. Therefore, since it generates AC , the interior of C is not
empty in this affine subspace and Proposition ?? implies that Q admits a 1/(d−h)-
concave density function with respect to the Lebesgue measure on AC .

To end the proof, let us assume that the interior of C is not empty. Let Cn be
the support of Qn, n ∈ IN . The sequence {Cn}n is bounded and, from Proposition
??, we have that there exists a closed and convex set, C0, which is the ∆-limit of a
subsequence {Cnk

}nk
. Moreover, from the definition of the ∆-convergence, we have

that the support of Q is contained in C0. Thus the interior of C0 is not empty.
Let x0 be an element of the interior of C0 and let 0 < δ1 < δ2 be such that

B(x0, δ2) ⊂ C0. Let γ := (δ2 − δ1)/2.
Let n0 ∈ IN and let us assume that B(x0, δ1) 6⊂ Cn0 . Thus, Cγ

n0
does not contain

B(x0, δ1)
γ = B(x0, δ1 + γ) ⊂ B(x0, δ2). But, by definition of ∆-convergence, from

an index onward, C0 ⊂ Cγ
nk

and for those indices, it must be B(x0, δ1) ⊂ Cnk
.

From the previous reasoning, we can conclude that if x0 is a point in the interior
of C0 and δ > 0 satisfies that B(x0, δ) ⊂ C0, then, from an index (which depends,
of course, on x0 and δ) onward we have that B(x0, δ) ⊂ Cnk

and then, for those
indices, we have that

Qnk
[B(x0, δ)] =

λd[B(x0, δ)]

λd(Cnk
)
→ λd[B(x0, δ)]

λd(C0)
,

where the last convergence comes from Proposition ??. From here a standard rea-
soning allows us to conclude that C0 is the support of Q0 and that Q0 is uniform on
C0.

•
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Lemma 3.2 Let Q ∈ C and let v ∈ IRd. Then, the marginal of Q on the one-
dimensional subspace generated by v, Qv, is supported by a bounded interval [a, b]
and it satisfies

σ(Qv) ≥ γ(b− a)

where γ is a strictly positive constant depending on d, but not on Q.

PROOF.- Without loss of generality we can assume that Q is centered in mean.
Obviously, the support of Qv is a bounded interval [a, b]. Let S be the support of
Q. Given x ∈ [a, b] there exists the density of Qv on x, f(x), and its value is

f(x) =
λd−1(S(x))

λd(S)
.

However, since S is a closed and convex set, its boundary is continuous, and then
the map

x :→ L(x) := λd−1(S(x))

is continuous on [a, b]. Let M be the maximum of L on [a, b] and let c ∈ [a, b] be
such that L(c) = M .

Since S is a closed set, there exists ya ∈ S(a). Let Ca be the bounded and
convex cone with vertex on ya and basis S(c). Convexity of S implies that Ca ⊂ S.
Therefore, if x ∈ [a, c], then the section of Ca on x, Ca(x), is contained on the section
of S on x, S(x), and we have that

f(x) ≥ λd−1(Ca(x))

λd(S)
=

M

λd(S)

(x− a)d−1

(c− a)d−1
≥ (x− a)d−1

(b− a)d
,

where, in the last inequality, we have taken into account that a ≤ c ≤ b and that
M(b− a)/λd(S) ≥ 1 because f is a density function.

Using the same argument with the bounded convex cone with vertex on yb ∈ S(b)
and basis S(c) we have that

σ2(Qv) =
∫ b

a
x2f(x)dx ≥

∫ c

a
x2

(x− a)d−1

(b− a)d
dx+

∫ b

c
x2

(b− x)d−1

(b− a)d
dx =: I(c).

Derivation on c allows us to conclude that the function I(c), as defined above,
has an absolute minimum on c0 = (a+ b)/2. Moreover, by computing the integrals
in the definition of I we have that

I(c0) =
(a+ b)2

d 2d+1
+

(b− a)2

d(d+ 1)(d+ 2)2d
≥ (b− a)2

d(d+ 1)(d+ 2)2d
,

which gives the result by taking γ = (d(d+ 1)(d+ 2)2d)−1/2.
•
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In the next lemma we show that if {Qn}n are centered in mean probabilities in
C, such that their Wasserstein distances to P approach the infimum in (??), then
their support sets are uniformly bounded.

Lemma 3.3 Let P ∈ P2 and {Qn}n ⊂ C centered in mean such that

lim
n
W 2(P,Qn) = W 2(P, C). (4)

Then, there exists K > 0 such that the supports of all probabilities in the sequence
are contained in the closed ball B(0, K).

PROOF.- Let n ∈ IN and and v ∈ IRd. Let us consider the one-dimensional subspace
generated by v. Let P v and Qv

n, respectively, be the marginals of P and Qn on this
subspace. By Proposition ?? we have

W 2(P,Qn) ≥ (σ(P v)− σ(Qv
n))2 . (5)

Let K > 0. If the conclusion in the lemma is not satisfied, since all probabilities
are centered in mean, there exists a subsequence of {Qn} such that every distribution
in this subsequence admits, at least, a one-dimensional marginal whose support is
not contained in an interval whose length is less than K. Thus, from (??), (??) and
Lemma ?? we have that

W 2(P, C) ≥

γK − sup
v∈IRd

σ(P v)

2

,

which is impossible because W 2(P, C) is finite and K is arbitrary.

•

Proposition 3.4 Given P ∈ P2 centered in mean, there exists a probability measure
QP such that

W 2(P,QP ) = W 2(P, C). (6)

Moreover, QP is concentrated in one point or it is 1/d-concave.

PROOF.- Let {Qn} be a sequence in C such that

lim
n
W 2(P,Qn) = W 2(P, C), (7)

by Proposition ??, we can assume that the probabilities are centered. Because of
Lemma ??, the supports of the probabilities {Qn} are uniformly bounded. Thus
the sequence is tight and there exists a subsequence which converges weakly to a
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probability measure Q which satisfies the conclusions in Theorem ??. Therefore if
Q is not concentrated in one point, by Proposition ??, it is 1/d-concave.

On the other hand, (??) and the boundness of the sequence {Qn}n allows us to
apply Proposition ?? to obtain that Q also satisfies (??).

•

From the previous proposition, the only remaining task is to show that the sup-
port of QP in this proposition has a non-empty interior. The proof is carried out
in two steps. The first one is more simple and consists of excluding the possibility
that QP is concentrated in one point. The second one excludes the possibility that
QP is supported by a strict subspace of IRd.

Proposition 3.5 Let P ∈ P2 centered in mean and absolutely continuous with re-
spect to λd. Let Q = δ{0} be the Dirac’s delta on 0. Then, there exists a 1/d-concave
distribution Q∗ with one dimensional support such that

W 2(P,Q) > W 2(P,Q∗).

PROOF.- Let X be a r.v. expressed in terms of some orthonormal basis e1, e2, ..., ed
as X = (X1, X2, ..., Xd) with distribution P . Let Qa be the uniform distribution on
[−a, a] nearest to the law of X1. By (??), a > 0 and

W 2(P,Q) = W 2(P, δ{0}) =
d∑
j=1

W 2(PXj
, δ{0})

> W 2(PX1 , Qa) +
d∑
j=2

EX2
j = W 2(P,Q∗),

where Q∗ is the uniform distribution on the convex set [−a, a] × {0}×, ... × {0},
which is 1/d-concave and the subspace generated by its support is one dimensional.

•

Proposition 3.6 Let P,Q ∈ P2 centered in mean. Assume that P is absolutely
continuous with respect to λd. Let H be the subspace generated by the support of Q.
Let 1 ≤ h < d be the dimension of H and assume that Q is 1/d-concave. Then there
exists Q∗ ∈ C such that

W 2(P,Q) > W 2(P,Q∗).

PROOF.- Let X be a r.v. defined as in Proposition ??. Without loss of generality,
we can assume thatH is the subspace generated by the vectors e1, e2, ..., eh (therefore
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XH = (X1, ..., Xh)). Also let g be the density of the marginal distribution of Q on
H. This density does exist by Proposition ?? and is 1/(d − h)-concave. Let S be
the support of Q. Given α > 0 and y ∈ S we will denote a(α, y) = α[g(y)]1/(d−h).

Given x ∈ H, let P h+1
x be a regular conditional distribution ofXh+1 givenXH = x.

By hypothesis, for P(X1,...,Xh)-a.e. x ∈ H, P h+1
x is absolutely continuous with respect

to λ1. Let us denote by Hx the map obtained by applying Proposition ?? to P h+1
x

and the uniform distribution on [−1, 1], Q1. I.e. Hx = HPh+1
x ,Q1

.
Given α > 0, let

Cα := {(y, z) ∈ S × IR : |z| ≤ a(α, y)} .

Notice that Cα is convex because the 1/(d − h)-concavity of g implies that if
y0, y1 ∈ S and θ ∈ (0, 1), then

[g(θy0 + (1− θ)y1)]1/(d−h) ≥ θ[g(y0)]
1/(d−h) + (1− θ)[g(y1)]

1/(d−h).

Let Qα be the distribution on Cα whose density function is

gα(y, z) :=
1

2α
[g(y)](d−h−1)/(d−h), (y, z) ∈ Cα.

Obviously, the subspace generated by the convex supporting Qα is (h+1)-dimen-
sional and a simple computation shows that the density ofQα is 1/(d−h−1)-concave.
If Y α = (Y α

1 , ..., Y
α
h+1) is a r.v. with distributionQα, then the conditional distribution

of Y α
h+1 given that (Y α

1 , ..., Y
α
h ) = y ∈ S is the uniform law Qa(α,y) and the marginal

distribution of (Y α
1 , ..., Y

α
h ) is Q.

On the other hand, there exists HP,Q : IRd → S, an o.t.p. between P and Q which
satisfies the conclusions in Proposition ??. We will denote H := HP,Q in order to
keep the notation as simple as possible.

Let us consider the r.v.

Y α := (H(X), a(α,H(X))HXH(Xh+1))

Taking into account that H satisfies Proposition ??, we have that the distribution
of Y α is Qα and

‖X −H(X)‖2 − ‖X − Y α‖2 = ‖(X1, X2, ..., Xh)−H(X)‖2 +
d∑

j=h+1

X2
j

−‖(X1, X2, ..., Xh)−H(X)‖2

− [Xh+1 − a(α,H(X))HXH(Xh+1)]
2 −

d∑
j=h+2

X2
j

= X2
h+1 − [Xh+1 − a(α,H(X))HXH(Xh+1)]

2 .

Given x ∈ XH, let us define
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σ2
h+1(x) := E

[
X2
h+1/XH = x

]
and H∗(x) := H(x, 0, ..., 0).

As a consequence of the construction of Y α we obtain that

W 2(P,Q)−W 2(P,Qα) ≥ E‖X −H(X)‖2 − E‖X − Y α‖2

=
∫ (

σ2
h+1(x)− E

[(
Xh+1 − a(α,H(X))HXH(Xh+1)

)
2
/
XH = x

])
PXH(dx)

=
∫
σ2
h+1(x)PXH(dx)−

∫
E
[
W 2

(
P h+1
x , Qa(α,H∗(x))

)/
XH = x

]
PXH(dx)

=
∫ (

2a(α,H∗(x)C(P h+1
x )− a2(α,H∗(x))

3

)
PXH(dx) (8)

= α
∫ (

2g[H∗(x)]1/(d−h)C(P h+1
x )− α

3
g[H∗(x)]2/(d−h)

)
PXH(dx) (9)

where (??) comes from the application of (??) to the involved distributions.
To end the proof, notice that 1/(d− h) concavity of g implies that g is bounded.

Therefore, taking into account that C(P h+1
x ) > 0, PXH-a.s. if we take small enough

α, from (??) we have that

W 2(P,Q)−W 2(P,Qα) > 0,

and the proof ends if h = d − 1 because Qα ∈ C. If not, we only need to apply
(n− h− 1) times the previous reasoning beginning with Qα and, at the end we will
have a distribution Q∗ with the desired property.

•

Main result in this paper is an easy consequence of Propositions ??, ?? and ??.

Theorem 3.7 Let P ∈ P2 absolutely continuous with respect to λd. Then there
exists a probability QP ∈ C such that

W 2(P,QP ) = W 2(P, C).
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