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The problem

Existence Problem

Given a function f , can be f be ε-approximate by an ANN?
Namely, exists an ANN such that compute the function φ and

||f − φ|| < ε ?

Complexity Problem

If so,

What activation function may I need to use?

Can I use a single layer ANN?

How many neurons may I need?
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Previous Work on the Existence Problem

Theorem ([Leshno et al., 1989])

If f is a continuous function then f can be ε-approximate by a
single layer ANN provided that:

Use non-polynomial activation function

Sufficiently many neurons are used

Theorem ([Hornink et al., 1989])

If f ∈ Lp then f can be ε-approximate with respect to the Lp

norm by a multilayer ANN provided that:

Use non-polynomial activation function

Sufficiently many neurons are used
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Previous Work on the Complexity Problem

Theorem ([Barron, 1993])

Assume f satisfy certain conditions in terms of its Fourier
Transform. Then, f can be ε-approximate by a single layer ANN
such that:

Use sigmoidal activation function

Have at most O(ε−2) neurons

Theorem ([Devore et al., 1989])

Assume f : Rs −→ R has r continuous derivatives. Then, f can be
ε-approximate by a single layer ANN such that:

Use sigmoidal activation function

Have at least Ω(ε−
s
r ) neurons
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Complexity Problem on Integrable functions

What can we said if f ∈ L1[0, 1]s? Or more generally

What can we said if f ∈ K with K a compact subspace of
L1[0, 1]s?
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Main Results I

Theorem (Technical Result)

Let K be a compact subspace of L1[0, 1]s and Π the set of
function computed by single layer ANN with sigmoidal activation
function with n neurons. Then:
There is an integer number p > 0, such that for m big enough
depending only on n and s the following holds:

sup
f ∈K

(
inf
φ∈Π
||f − φ||

)
≥ m

p
(K ,m),

where (K ,m) is an invariant that measures the oscillations of
functions of the space K around the origin.
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Main Results II

Corollary

Assume f is bounded and satisfy an uniform Lipschitz condition of
order α, i.e. f : [0, 1]s −→ [−1, 1] such that

|f (x + t)− f (x)| ≤ ||t||α,

for some α ∈ (0, 1] and for all x , t : x + t ∈ [0, 1]s .
Then, f can be ε-approximate by a single layer ANN such that:

Use sigmoidal activation function

Have at least Ω

([
s!

(s+α)···(1+α)ε
]− s

α

)
neurons
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