
Adaptation, Performance and
Vapnik-Chervonenkis Dimension of

Straight Line Programs
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Abstract

We discuss here empirical comparison between model se-
lection methods based on Linear Genetic Programming.
Two statistical methods are compared: model selection
based on Empirical Risk Minimization (ERM) and model
selection based on Structural Risk Minimization (SRM). For
this purpose we have identified the main components which
determine the capacity of some linear structures as classi-
fiers showing an upper bound for the Vapnik-Chervonenkis
(VC) dimension of classes of programs representing lin-
ear code defined by arithmetic computations and sign tests.
This upper bound is used to define a fitness based on VC
regularization that performs significantly better than the fit-
ness based on empirical risk.

1. Straight Line Programs: Basic Concepts and
Properties

Definition 1.1 (SLP).
A slp is a finite sequence of computational instructions

where it is allowed to reuse previous computations.

Figure 1: Sequential slp Γ

Γ ≡


u1 := x + y
u2 := u1 ∗ u1
u3 := u1 ∗ a
u4 := u3 + u2
u5 := u4 ∗ b

Figure 2: Graph slp Γ
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Note that Γ represent the polynomial (ba + x + y)(x + y).
• Straight Line Programs (slp) are commonly used for solv-

ing problems of algebraic and geometric flavour. An ex-
tensive study of the use of slp’s in this context can be
found in [1, 2].
• The set of instructions F as well as the set of terminals T

can be chosen arbitrary. In the previous example we use:
F := {+,−, ∗, /} and T := {x, y, a, b}.
•Note that, as we can reuse previous computations, the

set of terminals of the computational node ui are T ∪
{u1, . . . , ui−1}.

As we will use this data structure in a Linear Ge-
netic Programming problem we need to define a slp-
crossover operator and a slp-mutation operator.

Algorithm 1.2 (slp-crossover).
Input Γ1 := {u1, . . . , un} Γ2 = {u′1, . . . , u

′
m}

Output Γ′1, Γ′2
1. Take a random number k between 0 and n.
2. Let S1

k = {uj1, . . . , ujs} the computational nodes needed
to evaluated the node uk that belong to Γ1. Note that
j1 < . . . < jm.

3. Take another random number l between s and m.
4. Replace {u′l−s+1, . . . , u

′
l} in Γ2 with S1

k suitably renamed.
5. Repeat, swapping Γ1 with Γ2.

Figure 3: Parents (k1 = 3 and k2 = 3)

Γ1 ≡


u1 := x + y
u2 := u1 ∗ u1
u3 := u1 ∗ a
u4 := u3 + u2
u5 := u4 ∗ b

Γ2 ≡


v1 := x ∗ x
v2 := v1 + y
v3 := v1 + x
v4 := v2 ∗ x
v5 := v1 + v4

Figure 4: Children (l1 = 4 and l2 = 3)

Γ′1 ≡


u′1 := x ∗ x
u′2 := u′1 + y
u′3 := x + y
u′4 := u′3 ∗ a
u′5 := u′1 + u′4

Γ′2 ≡


v′1 := x ∗ x
v′2 := v′1 + y
v′3 := v′2 ∗ x
v′4 := v′3 + v′2
v′5 := v′4 ∗ b

Algorithm 1.3 (slp-mutation).
Input Γ1 := {u1, . . . , un}

Output Γ′1
1. Take a random number k between 0 and n.
2. Take an element v in T ∪ {u1, . . . , uk−1} at random.
3. Replace an argument of uk (chosen at random) by v.

2. Vapnik-Chervonenkis Dimension of Families of
slp’s

•GP has been applied to a range of complex learning
problems including that of classification and symbolic re-
gression.
• Both tasks can be thought of as a supervised learning

problem (see [6]) where the hypothesis class C is the
search space described by the genotypes of the evolv-
ing structures.
• The works by Vapnik and Chervonenkis ([7, 5]) provided

bounds (VC dimension) relating the performance of a
learning machine.
• The VC dimension depends on the class of classifiers,

hence it makes sense the analysis of the VC dimension
of slp’s.

Theorem 2.1 ([4]).
The VC dimension V of a family of concepts C whose mem-
bership test can be expressed by a formula Φ satisfies:

V ≤ 2 log2B + 2k log2(2es),

where B, e, s are constants that depends of the formula Φ
and k is a constant that depends of the family of concepts.
Theorem 2.2 (Main Theorem).
Let T = {t1, . . . , tn} be a set of terminals and let F =
{+,−∗, /, sgn} be a set of functionals where {+,−, ∗, /} de-
notes the set of standard arithmetic operations and sgn(x)
outputs 1 if x ≥ 0 and 0 otherwise.
Let Γn,L be the collection of slp’s Γ over F and T using at
most L non-scalar operations and a free number of scalar
operations.
Let Cn,L be the class of concepts defined by the subsets of
Rn accepted by some slp belonging to Γn,L. Then, the VC
dimension of Γn,L satisfied:

V C − dim(Cn,L) ≤ 2(n + 1)(n + L)L(2L + log2L + 9).

3. Estimating the Average Error of slp’s

• The theoretical average error ε of a slp classifier Γ in the
regression problem is

ε :=

∫
(y − Γ(t))2 dµ,

where µ is the distribution from which examples
{(ti, yi)}1≤i≤m are generated.
• Since µ is generally unknown, we replaces ε with the em-

pirical error

εm =

n∑
i=1

(yi − Γ(ti))
2 .

• The result by Vapnik state that:

ε ≤ εm +

√
h(log(2m/h) + 1)− log(η/4)

m
,

where h is the upper bound given in theorem 2.2 and η is
the probability that the bound is violated.
• For practical use of the previous equation we use the fol-

lowing formula (see [3]):

εm(h)

(
1−

√
p(h)− p(h) ln(p(h)) +

ln(m)

2m

)−1

,

where εm(h) means empirical risk, p(h) = h
m and h is the

VC-dimension of the class of models using as many non-
scalar operations as Γ.

4. Experimental Results

• The symbolic regression problem has been approached
by Genetic Programming using a population of tree-like
structures encoding expressions that evolved within the
process. In contrast, we adopt slp’s as the structures that
evolve.
• The following experiments were done:

Experiment 1: Comparison between the classical
crossover methods 1-point, 2points and uni-
form with the slp crossover previously defined.
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Experiment 2: Comparison between the fitness based
on Structural Risk Minimization using the for-
mulas previously defined and the classical ap-
proach based on Empirical Risk Minimization.

Figure 5: Prediction Risk: VC vs. ERM
Problem VC ERM Comparative

f1 5.40E-28 6.90E-28 1.28E+00
f2 1.62E+00 7.27E-01 4.48E-01
f3 2.73E-02 2.26E-02 8.28E-01
f4 1.11E-32 9.80E-06 8.86E+26
f5 3.39E-02 3.26E-02 9.62E-01
g1 3.31E-02 2.46E-02 7.43E-01
g2 1.27E-01 1.97E+01 1.56E+02
g3 1.74E+01 6.47E+01 3.71E+00
F 1.23E-05 1.86E-03 1.51E+02
G 3.22E+00 4.46E+00 1.38E+00
K 7.46E+01 3.74E+01 5.01E-01

5. Future Research

•Compare the VC-regularization of slp with other regular-
ization method based on asymptotical analysis like AIC
or BIC.
• Study the experimental behaviour of slp computation

model under VC-regularization but without assuming pre-
vious knowledge of the length of the structure.
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