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Abstract. We propose a general method for estimating the distance
between a compact subspace K of the space L'([0, 1]*) of Lebesgue mea-
surable functions defined on the hypercube [0,1]°, and the class of func-
tions computed by artificial neural networks using a single hidden layer,
each unit evaluating a sigmoidal activation function. Our lower bounds
are stated in terms of an invariant that measures the oscillations of func-
tions of the space K around the origin. As an application we estimate the
minimal number of neurons required to approximate bounded functions
satisfying uniform Lipschitz conditions of order o with accuracy e.
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1 Introduction

During the last decade a great deal of research in the field of approximation
theory has been done to approximate real valued functions using artificial neural
networks (ANN’s) with one or more hidden layers, each neuron evaluating a
sigmoidal or radial basis function (see [1-9]). A typical result in this context is
a density result showing that an ANN can approximate a given function in a
given class to any degree of accuracy provided that enough number of neurons
can be used.

One of the most general results in the core of approximation by ANN’s states
that any continuous function can be approximated to any degree of accuracy by
a single hidden layer ANN having a non-polynomial activation function provided
that sufficiently many hidden units are available ([10]). This powerful statement
extends the seminal theorems by Hornik, Stinchcombe and White([11]) where
approximation by multilayer ANN’s is proven for LP functions under the LP
norm and for continuous functions with respect to the uniform norm. Regarding
the single hidden layer case it is also known that ANN’s with a hidden layer are
capable of providing an optimal order of approximation for functions assumed
to admit a given number of derivatives, if the activation functions evaluated by
each principal element satisfy certain technical conditions (see [6]). Under these
conditions it is also possible to construct networks that provide a geometric order
of approximation for analytic target functions.
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A related important problem is the complexity problem; i. e. to determine the
number of neurons required to guarantee that all functions, assumed to belong
to a certain function class, can be approximated within a prescribed accuracy e.
For this problem upper and lower bounds are of interest. An upper bound for
the complexity problem is provided by the result of Barron ([1]). He proved that
if the function is assumed to satisfy certain conditions in terms of its Fourier
transform, and each of the neurons evaluates a sigmoidal activation function,
at most O(e~2) neurons are needed to achieve the order of approximation e.
A very common assumption about the function class is defined in terms of the
number of derivatives that a function possesses. For example one is interested in
approximating all real valued functions of s real variables having a continuous
gradient. It is shown in [12] that any reasonable scheme to approximate up to
order € any function of this class must depend upon at least {2(e~*) parameters.
If one restricts to functions having r continuous derivatives then the general
results by Devore, Howare and Michelli [12] indicate that the number of neurons
is 2(e™7).

While the complexity problem of approximation by ANN’s has been studied
in depth for classes of functions satisfying certain conditions on the derivatives,
the problem of whether a certain class of integrable functions without assuming
differentiable conditions can be optimally approximated is less known. However
this last problem is of practical interest since very often target functions coming
from real world problems cannot be assumed to possess differentiability proper-
ties.

Through out this paper we focus on the complexity problem for L! functions,
i.e., given a class of non-polynomial activation functions (like for instance the
sigmoidal function), determine lower bounds for the number of neurons needed
to approximate compact subspaces of Lebesgue measurable functions defined
on hypercubes of the kind [0,1]° to achieve order of approximation e. More
concretely, we provide a general method for estimating the distance between
a compact subspace K of L'([0,1]°) and the class of functions computed by
ANNSs using a single hidden layer, each unit evaluating a sigmoidal activation
function. Our lower bounds are stated in terms of an invariant that measures
the oscillations of functions of the space K around the origin. As an application
we estimate the minimal number of neurons required to approximate bounded
continuous functions satisfying an uniform Lipschitz condition of given order «
with accuracy e. Our lower bound for these functions is of the kind (using the
Big O notation for complexity bounds)

¢ (Lsm) e <1+a>€]_2> |

The paper is organized as follows. Section 2 describes the mathematical for-
malization of our approximation problem and the statement of the main results.
Section 3 is devoted to explain the main technical details of our method for
computing lower bounds. Section 4 and Section 5 sketch the proofs of the main
result and their applications.
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2 Main Results

Let s, n > 1 be integers. An artificial network A with a single hidden layer
consisting of n neurons with sigmoidal activation function o evaluates a function
@ :IR° — R of the form

B(z) =D aro(wy -z + by), (1)

k=1

where x € IR®, the weights wy, are vectors with s real components, the thresholds
b € IR, the coefficients ap e R for 1 <k <n,oc:R — 1R, o(y) = H%’ is the
activation function and ’-” denotes the inner product. We shall denote by I ,, s

the set of functions:

g s = {mHZaka(wk-x—I—bk) Dap, b € IR wy Ele} (2)
k=1

Let L'([0,1]*) be the normed linear space of Lebesgue measurable func-
tions on the hypercube [0,1]°. We measure the degree of approximation of
f € L1([0,1]%) by the quantity:

s = inf — , 3
consf)i= int {17 oll @
where || - || denotes the L'(u)-norm in L([0,1]%), i.e., ||f]| = Jo.apx [fldpe, and

1 is the Lebesgue measure. Since the target function f is unknown the quantity
of interest is the degree of approximation of subspaces K of L by functions of
gy s, that is:

Epyn,s = SUP Ed s (f) (4)
FeK

Our search for lower bounds of €4, s leads to the following definition.

Definition 1. For any compact subset K of L*([0,1]*) and any non-negative
integer m, the invariant 3(K,m) is defined as the supremum of all real numbers

0 >0, such that there are points x1,...,2n, € [0,1]° satisfying:
1. The morphism eval(f) = (f(x1),..., f(zm)), f € K, has S-norm bounded
by 1, where S-norm is defined as [|(z1,. .., 2m)|[s = 221 <icpm |Til-

2. For every sign sequence s = (81,...,8m) € {—1,4+1}™ there is f € K such
that s;f(x;) >0 fori=1,...,m.

Next we state our main result.

Theorem 1. There is an integer number p > 0, such that for m big enough
depending only on n and s and for any compact subset K of the normed linear
space L([0,1]%) the following holds:

E@,n,s(K) 2 J(Kv m) (5)

S1E
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As application of Theorem 1 we have the following result.

Corollary 1. Let || || denotes the Euclidean norm in [0,1]*. For o € (0,1] let
H,, s be the set of real valued functions f on [0,1]° bounded by 1, satisfying an
uniform Lipschitz condition of order a, i.e., a function f € H, s satisfies:

|f(z+1t) = f(=)] < [[t]|* (6)
for all x and x +t in [0,1]°. Then in L*([0,1]*) the following holds:

s!

eoe(Ho) = 2 (0% ) 7)

Remark 1. Note that from Corollary 1 we immediately obtain a lower bound
for the minimal number of neurons required to approximate within accuracy e
functions in H, . This bound is of the kind:

“ Q(sw) -S-!-<1 +a>€]_§> ’

as it was claimed in the introduction.

3 Partitions of the space of parameters

Let 1,...,2, € [0,1]° be a set of m points. Let us consider the set of m
functions given by:

b;(a,b,w) := Zaka(wk cxi+bg), 1 <i<m, (8)
k=1

where a := (a1,...,a,) € R", b := (by,...,b,) € R", w := (wy,...,w,) with
wy € IR® for all k, 1 < k < n and o being the sigmoid function. In what follows
for each k, 1 < k <n and for each j, 1 < j < s, the j — th component of vector
wy, will be denoted by wy;. Similarly the j — th component of point z; will be
denoted by z;;. Our analysis of functions @; relays in the properties of Pfaffian
functions. We briefly recall this notion (see [13] for a complete exposition of the
theory of Pfaffian functions).

Definition 2. Let U C R" be an open domain. A Pfaffian chain of length ¢ > 0

and degree D > 1 in U is a sequence of real analytic functions fi,..., fq in U
satisfying differential equations

ofi

8yj
fori =1,...q where P;; € [y1, ..., Yn, 21,...,%;] are polynomials of degree

<D.
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Definition 3. A function f on U is called a Pfaffian function of order q and
degree (D, d) if

fW) =Py, fr(), - fo(v)) (10)

Proposition 1. Functions @; : R"**? — R are Pfaffian of order ¢ = nm and
degree (D,d) = (2,2)

Proof. For each k, 1 < k < n, for each 7, 1 < ¢ < m define the functions
frei : R™T2) L IR as follows.
fri(a,byw) = o(wg.x; + by), (11)

where o is the sigmoid function. Since the derivative of o, o', satisfies o/ =
o(1— o), functions fy; satisfies the following partial differential equations for all
kiiwithl <k<nl<i<m.

O fri ,
da; 0,1<5<n (12)
O fri ) .
(;;k = fei(l = fri), if k= (13)
J
and af
ki o .
o, =0,ifk#] (14)
O i e
8w];zj = Zijfri(l = fri), if 1<j<s (15)
Ofki o ifi4hand1<j<s (16)
811}1]'

It follows from Equations 12, 13, 14, 15 and 16 that the family of nm functions
{friti<k<ni<i<m is a Pfaffian chain of length ¢ = nm of degree bounded by
D = 2. Let y1,...,y, be new variables. For 1 < i < n define de degree two
polynomials:

Pi(aabvwayla"'7yn) = Z arYk (17)
1<k<n

It is clear from the definition of functions @; that for each ¢, with 1 < i < m,
the following holds.

Di(a,b,w) = Pi(a,b,w, fii,. .., fni) (18)

Next, from Equation 18 we conclude that functions @;’s are Pfaffian of length
nm and degree (D,d) = (2,2) as wanted.
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3.1 Counting the number of consistent sign assignments to
functions &;

A non zero sign assignment to a real valued function f is one of the (in)equalities:
f>0,f<0. A non zero sign assignment to a set of m real valued functions is
consistent if all m inequalities can be satisfied simultaneously by some assign-
ment of real numbers to the variables. We state here a bound on the number of
consistent non zero sign assignments to a finite set of m functions {®;}1<;<m as
defined in Equation 8.

Lemma 1. The number of consistent non-zero sign assignments to any subset
of m functions {®;}1<i<m is bounded above by the quantity:

(46m)8n2(s+2)2 (19)

Lemma 1 is now a consequence of Proposition 1 and the following technical
statement. The technical details of the proof are omitted.

Theorem 2. ([14]) Suppose k > r. Let Q; (1 <1i <r) be elements of the poly-
nomial ring Rly1, ..., yk, f1, -, fq] of degree at most d where the f;(y1,...,Yq)
form a Pfaffian chain of length q and degree D > 1. Suppose (€1,...,€.) is a
regular value of Q = (Q1,...,Q,) : R¥ — R" (i.e. Q" (er,...,e,) is a k —1
dimensional C*™-submanifold of R*). Then, the number B of connected compo-
nents of Q71 (e1,...,€.) satisfies

B < 244=D/2gk (k(d 4+ D))*(k*(d + D))? (20)

Corollary 2. Let &1 (a,b,w),...,Pp(a,b,w) as in FEquation 8. There is a poly-
nomial function g(n,s) depending only on n and s and a constant p > 0 such
that for each m > g(n,s) there exists a sign sequence (s1,...,8m) € {—1,1}™
which differs in more than m/p places from any sequence of terms +1,—1 taken
on by sign @(a,b,w) := (sign P1(a,b,w) , ..., sign P, (a,b,w)) when (a,b,w) €
R("(s+2)

Remark 2. The proof of Corollary 2 is a consequence of Lemma 1, Stirling ap-
proximation of k! and some easy combinatorics.

4 Lower bounds for €4, s

This section sketches the proof of Theorem 1. Let m be an integer greater than
or equal to g(n,s), where g(n,s) is as in Corollary 2. The case j(K,m) = 0 is
trivial. Otherwise, let § be any positive number < j(K, m). Choose real numbers
T1,...,Tm € [0,1]° satisfying the conditions of Definition 1, that is:

1. The morphism eval(f) := (f(x1),..., f(xn)) has S-norm bounded by 1.
2. For every sign sequence s = (s1,...,8m) € {—1,4+1}™ there is f € K such
that s;f(z;) >d0i=1,...,m.
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Let @ as in Equation 1. Consider the functions @;(a, b, w) defined in Equa-
tion 8. By Corollary 2 there exists a sign sequence s = (s1,...,8,) € {0,1}™
which differs in more than m/p places from any sequence of terms +1, —1 taken
on by sign ®(a,b,w) := (sign P1(a,b,w),...,sign P, (a,b,w)). Let us take
f € K satisfying condition 2 above. Note that for every (a,b,w) € R*"+?
there is ¢ € {1,...,m} such that |f(z;) — @i(a,b,w)| > &. Then define S(f) :
(f(z1),..., f(zm). It is straightforward to check that

9

1S(f) — (P1(a,b,w), ..., Pp(a,b,w))|ls > md. (21)

Finally, we have:

Edm,s = 5¢’n,8(f) = E(S(),n,s) (S(f)) =

> inf I1S(f) = (P1(a,b,w), ..., Pm(a,b,w))|| > md

(a,b,w)€Rs("+2)

and Theorem 1 follows.

5 Approximation in the L! norm

This section illustrates the application of Theorem 1. We sketch here the proof of
Corollary 1. Let r be the least integer such that 7° > g(n, s), where g(n, s) is as
in Corollary 2. Put m = r® and divide I = [0, 1]® into m disjoint cubes K; each
of side 1/r. Define linear functionals a;(f) := fKi fd,, where p is the Lebesgue
measure on I. Note that the mapping a(f) := (a1(f),...,am(f)) has norm
one with respect to the S-norm on IR™. Given any sign sequence (s1,...,Sm),
s; € {+1,—1}, define h on I by h(x) = s;(distance(z, 0K;))*, for x in K;, where
0K denotes the boundary of K; and distance is Euclidean distance. It is easy
to check that h € H, 5. Fori=1,...,m,

s;ai(h) = / si(distance(z,0K;))* =d, (22)
K;
1/2r  py; Ys—1
2%l / / . / ysdy, - - dy, (23)
0 0 0
|
m T2 > (24)

(s+a)...(14+a)

Thus the invariant j(K,m) introduced in Definition 1 is bounded below by
24. Assuming that r > 2 Equation 7 of Corollary 1 follows from Theorem 1.
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