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Abstract

We show several estimates on the probability distribution of some data at points in
real complete intersection varieties: norms of real affine solutions, condition number
of real solution of real systems of multivariate polynomial equations and conver-
gence radius of Newton’s operator for under-determined system of multi-variate
polynomial equations.
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1 Introduction.

These pages are concerned with the probability distribution of data at points
in real complete intersection algebraic varieties. The ultimate goal of this
study will be the design and analysis of efficient algorithms for real solving of
multi-variate real polynomial equations.

In several recent works ([2], [5], [6]) probabilistic algorithms in average poly-
nomial time that compute complex solutions of complex polynomial equations
have been introduced. Unfortunately, the same algorithmic scheme does not
apply for real solving. In fact, linear homotopy outside the discriminant variety
does not apply to real solving of zero-dimensional equations.
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In conclusion, we feel that the study of real solving of multi-variate polynomial
equations must be studied re-initiating the program established by M. Shub
and S. Smale in his seminal of papers on Bézout’s Theorem ([33-37]). These
pages are a modest attempt to re-initiate this study from the most elementary
aspects: study of the probability distribution of three data at points in real
complete intersection varieties:

(1) Norms of real affine zeros of real complete intersections.

(2) Condition number at real zeros of real system of multi-variate polynomial
equations.

(3) Convergence radius of Newton’s operator at zeros of complete intersection
real algebraic varieties.

In order to be precise on stating our main outcomes we introduce a few nota-
tions.

Let n,d € N be two positive integer numbers. We denote by H5 the real
vector space of all homogeneous polynomials f € R[Xy, ..., X,] of degree d.
For every positive integer number m € N, m < n, and for every degree list
(d) == (dy,...,dn) € N™, we denote by H]&) the real vector space given as the
product

Hip = Hy x ... x Hy .

Note that H]&) is a real vector space of dimension N := 3", (%j")

For every list f := (f1,...,fm) € H]&) of homogeneous polynomials we de-
note by Vp(f) C P, (R) the algebraic variety of its common zeros in the real

projective space P, (R).

We assume that H]%{il) is endowed with the Bombieri-Weyl-Kostlan metric that
we denote by (-,-)a (cf. Section 2.1 below for details). This metric induces a
Riemannian structure in P(H]Fd ) and a volume form that we denote by dva.
Moreover, the total volume of P(H(d)) is finite and normalizing the metric

(,)a also induces a probability distribution on P(H}) that we will denote
by Proba [-].

Note that there is a subset of measure zero 3 of P(H3)) (i.e. Proba [X] = 0)
such that for every system f = (fi,..., fm) € P(H{) \ X, the real projec-
tive variety Vp(f) is either empty or a Riemannian sub-manifold of P(Hj)
of codimension m. We assume that Vp(f) is endowed with the Riemannian
structure as sub-manifold of P(H).

A relevant point estimate in polynomial equation solving is the norm of the
affine solutions of the given system. This has been used in [6] to design efficient
algorithms to compute complex affine solutions of complex systems. Here we
study its real version.



For every system f € P(H]ﬁl)), we denote by Vi(f) C R™ the real algebraic
set of its real affine zeros. Namely, let o : R™ — P, (R) be the affine chart
given by the following equality:

wo(xy ... xn) =1 xy o i xy), V(2. . x,) €RY,

where (1 : 27 : ... : x,) denote homogeneous coordinates. Thus, Vi(f) :=
0o "(Ve(f)). We also assume that V,(f) is endowed with the pullback proba-
bility distribution defined from the Riemannian probability defined on Vip(f).

We denote by Ry € P(Hj) the subset of all system f € P(H§) such
that Vp(f) # 0. Finally, for every positive real number r,0 < r < 1, we
denote by N (f) the expected norm of the affine points in Vi (f). Namely,
NI, :=Ev,p [I]I"]. We also prove the following statement:

Theorem 1 With the same notations as above, for every positive real number
r,0 <r <1 the following equality holds:

n+r 1 —r) LN [R(d)]

Ba VLD = 6 ("5 5+ ) =

where (3 is the standard hyper-geometric function and 9y = v [Py (R)] denotes
the volume of the real projective space of dimension k. In particular, if all the
degrees dy, . ..,dy, in the list (d) = (dy,...,d,,) are odd integer numbers, the
following equality holds:

Ba V(0] =6 (" ).

From this statement we immediately obtain the following consequences.

Corollary 2 With the same notations as in the Theorem 1 above, if n = m,
n > 3 and for every positive real number € < 1, the following inequality holds:

1

Proba | max >~ < pY22T () )
AmeM”— < !

where I' is the Fuler’s I'-function and D denotes the Bézout number, namely
D=1I",d,.

Corollary 3 With the same notations as in the Theorem 1 above and for
every positive real number € < 1 the following inequality holds:

Proba [dim(VA(f) N Brn(0,672)) < n — m} <ef (Z + i’ i) W’

where dim is the dimension as semi-algebraic set and Bgn(0,e72) is the closed
ball of center 0 and radius =2 in R™. In particular, if all the degrees dy, . .., d,,



in the list (d) = (dy, ..., d,,) are odd integer numbers, n > 3, for every positive
real number € < 1, the following inequality holds:

Proby [dim(V,(f) N Ban(0,7%)) <n —m] < eT (i) _

Note that this last statement meas that with high probability Bgn(0,&72)
contains a portion in Vj(f) which is a Zariski dense in some of its irreducible
components.

The second ingredient in the design of algorithms for polynomial equation
solving is the normalized condition number g . (cf. Subsection 2.4) intro-
duced by M. Shub and S. Smale in [33] (see also references there in), and then
generalized to undetermined system of polynomials by J. Dégot and J. Dedieu
in [18,15]. The complex sparse case had been studied by M. Rojas and G.
Malajovic in [29]. Let the reader observe that g/ is not a “conic” condition
number as established in [9].

Let the reader recall that the condition number has been show to be a central
tool in the design and analysis of algorithms for polynomial equation solving.
For instance, Dégot proved in [18] that finemm describe the stability of the
algorithm, it also determines the convergence of Newton’s operator (cf. [16,4])
and, finally, it estimates the complexity of certain polynomial equation solvers
(as in [37,5,6]). Thus, the knowledge of its probability distribution is essential
also to understand the behaviour of such algorithms.

For every positive real number £ > 0 we define the function Vol : IP’(H]&)) —
R U {+00} in the following term. For every f € P(Hf,) \ ¥ we define

VOZ?L(f) = Vn—m {C € VP(f) : /’L:Lnorm(fa C) > 671} )

where p - (f,() is the normalized condition number of f at ( € Vp(f) and
Vn—m |-] denotes the (n — m)-th dimensional Hausdorff measure in Vp(f).

Theorem 4 With these notations, assume 2 < m. Then, there are two uni-
versal constants ¢,C' € R, 0.245 < ¢ < 2 and 5.013 < C' < 6.414 such that for
every positive real number € > 0 satisfying ¢ < m, the following inequali-
ties hold:

< Ea [Vol'(f)] <

<2 (ND)1/2 (n+ 1)¥20e\"" "
- T n—m+2



Let the reader compare these estimates with the ones in Theorem 3.7 of [9]
page 21.

For zero-dimensional varieties (case m = n) we also define pu,orst(f) as the
maximum of the condition numbers of its zeros in Vp(f). We also prove

Corollary 5 With the same notations as above, provided that n = m, for
every positive number £,0 < e < 1/2, the following inequalities holds:

ND)W (n +1)3(Ce)?

Proba {f < P(H]&)) : Mworst(f) > 5_1} < ( 9

T
ND 1/4

EA [,uworst(f)] S 2\/§ (7T> (n + 1)3/20

Now, we consider the average condition number s, _(f) on the variety Vp(f).

Namely, for every positive real number € > 0, we define

Vol.(f) 1
Unom [Ve(£)]  Vaem [V (f)]

provided that v;,_,, [Ve(f)] > 0 and where x. : Vp(f) — {0, 1} is the charac-
teristic function of the set A.(f) = {C € Vp(f) : u™,.,..(f, () > e '}

e (f) =

[, Xevel),

The following statement essentially follows from Theorem 4.

Corollary 6 With the same notations as above, provided that (d) = (di, ..., dy)
are all odd integer numbers, for every positive real number € > 0 satisfying

e < nfiwr?, the following inequalities hold:

4 1 1 2 (n+1)ce \" ™"
<
VT DY29, o \(n+1)m —1 n—m+2 -

< Ea[Vol(f)] <
_ 2 (ND)' [ (nt1)P2ce\"
T VT Vaim n—m+2

where 0.245 < ¢ < 2 and 5.013 < C < 6.414.

These probability estimates are helpful do design algorithmic procedures to
compute points in the solution variety Vi (f) (as in [13]). They are also helpful
to have sharp probability estimates on the behaviour of the convergence radius
of Newton’s method in either affine or projective context (as done in [4] for
the complex case). In order to illustrate this second application we just discuss
the probability distribution of the convergence radius of projective Newton’s
method in the under-determined real case.



Thus, we assume m < n, (d) = (di,...,dy) a degree list and f € P(H,)
a system of multivariate homogeneous polynomials with real coefficients. For
every projective point z € P, (R) we define the Newton operator in positive
dimension in the following terms:

Ny(w) =7 (= = Df(2) f(2)),

where 7 : R**1\ {0} — P, (R) is the canonical projection, Df(2)" is the
Moore-Penrose pseudo-inverse and z € R"™ \ {0} is any point such that
7(z) =z € P, (R). Note that if Df(z) : R"*! — R™ is surjective

-1

Df(2)' = (Df(2)lker(sy )

In the case m = n, this is the standard Newton’s operator in the projective
case.

For every f € ]P’(HI(Rd)) such that Vp(f) is a smooth real algebraic variety of
codimension m, and for every ¢ € Vp(f) there is an open ball Bp((,r) (with
respect to the projective distance dp) of positive radius r > 0, such that for
all z € B((,r) the following property holds:

de(NF (), Ve(f)) < ggrgde(a. ), (1)

where @ is any universal constant independent of f and ¢ (we shall use a =
23/23 but this may be suppressed), N J’f(x) is the k-th iterate of projective
Newton’s method applied to x. This sentence easily follows from Theorem
130 in [16]. All points in P, (R) satisfying property (1) are called approzimate
zeros of f. Thus, we may consider the best of such radius r by defining

R(f,¢) :=sup{r € R" : Vo € Bp((,r), r is an approximate zero of f}.

The following statement follows from Theorem 4 above (see also Proposition
25 below).

Corollary 7 With the same notations of above, for every positive real number
0 <& < min{1/3, m} the following inequality hold:

Ea [Vn-m [C € VB(f) : R(f,{) <e]] < 2
L (A0) (I ey g

s n—m+2 Wg
where 5.013 < C' < 6.414 and ug ~ 0.05992 is an universal constant.

Moreover, in the zero-dimensional case we may even obtain a tubular neigh-
borhood of the variety of solutions. With the same notations as above, let us



define

Ruyorst := min{ R(f,¢) : ¢ € Va(f)}-
Note that this quantity measure the worst radius of convergence around the
roots of a system of equations.

Corollary 8 With the same notations of above, provided that n = m, we have
that the expected radius of convergence is at least

2u07rl/4

E R’LUOTS Z 9
al t] Gugm/4 + 2\/§d3/2(ND)1/4(n +1)3/2C

where d := maz{dy,...,dy} is the mazimum degree, 5.013 < C' < 6.414 and
ug ~ 0.05992 s an universal constant.

The manuscript is structured as follows. In Section 2 we state the basic facts
and essential notations used in subsequent sections. Sections 3 and 4 are de-
voted to establish the main technical objects to be used in the proof of Corol-
laries 2 and 3. Then, Section 5 is devoted to prove Corollaries 5, 6, 7 and
8.

2 Notations and Basic Results.
2.1 Norms.

In this subsection we introduce the Bombieri-Weyl-Kostlan metric in H]%E) (see
[27,8,15,18,29,33,34] for further bibliographical references). As in the previous
section, for every positive integer number [ € N, let H} C R[X, ..., X,] be
the vector space of all homogeneous polynomials of degree [ with coefficients
in R. The monomial basis of H* can be identified with the set of multi-indices

NP == oy pas o i) € N ] = g - A = 1)

As in standard elimination theory we can choose a monomial order <; in
N/t (see [12,7,25] and the references therein for an introduction to monomial
orders, Grobner bases and Computational Commutative Algebra). Any mono-
mial order in NJ"' allows us to see the elements of H}* as vectors given by
their coordinates (with respect to this monomial order). This is called in the
literature of effective algebraic geometry as “dense encoding of polynomials”.
For every p € Nt we define the multinomial coefficient

(z)_ Il
) pol gl



We define the matrix A; € My, (R) with N, = (IZ"), associated with HJ,
as the diagonal matrix whose p-th entry (with respect to the monomial order

~1/2
<;) at the diagonal is (i) / . Namely, A, is the diagonal matrix given by the

following identity:
1\ "2
Al = @ ( > .
ueNerl 2

Let (-,-); : H} x Hf — R be the canonical Euclidean product on H} and
let (d) := (dy,...,dn) € N™ be a list of positive degrees. We also have the
canonical Euclidean product on H]é{d) given by the following identity:

m

(f,9) =Y (fi,9:)a € R,

i=1

where f = (fi, .., fm),9 = (91, -, 9m) € H. We finally denote by (-,-)a

the Euclidean product over H]&) defined by the respective matrices A, and
given by the following identity:

m m

(frg)a = (Aafi, Aagi)a, = Y _(fir i),

i=1 =1

where f:= (fi,..., fm),9:=(g1,...,9m) € HI(R;I). We denote by A the follow-
ing matrix,

A= ,é_”;lAdi € My(R).

The bi-linear map (-, ) is invariant under the action of the orthogonal group.
The reader may follow details in [§].

We consider the following group action
On_;,_l(R) X H](Rd) — H]&)
(U, f) — fol,

where “o” denotes the composition and O,1(R) is the orthogonal group.
The action naturally extend to the projective space ]P’(H]&)). The following
statement holds (cf. [8]):

Proposition 9 (Orthogonal Invariance) With the same notations as above,
f.g€ H]&) and U € O, +1(R) the following holds

<fOU7gOU>A = <fvg>A

The euclidean product (-, -) o defined by the Kostlan matrix induces a Rieman-
nian structure in the projective space P(H ). For every point f € P(Hf,)



we denote by f+ the orthogonal complement with respect to (-, -)a. Note that
the tangent space TfP(H 3 ) can be identified with the orthogonal complement

f* with the inner product inherited from that of ]P)(H]%{d)). Moreover the affine
chart at a point f € IP’(H](%)) is the mapping ¢ : f+ — P(H]Fd)) \ f+ given
by the following equality:

0r(9) =7(f+3).

where 7 : H]Fd)\{O} — P(H]&)) is the canonical projection and f,§ € H]%{d) are
respectively represents of f and g of norm 1. Moreover, the tangent mapping
Topy : f+ — TfP(Hy) is a linear isometry.

As for the space of solution P, (R), we assume it is endowed with the standard
canonical Riemannian structure.

Given any pair (f,x) € P(H ) x P, (R), we denote by T, f := (du.f)|,+ the
restriction of the tangent mapping d,f to the tangent space x, where f,z

are any fixed affine representations such that ||f||, = ||z||;, = 1. Sometimes
we identify T, f and the jacobian matrix in any orthonormal basis of zt. In
the case that z = ey :=(1:0:...:0), we identify
aft aft
TJI:(G(]) Ce %(60)
Te()f = 9

afm™ afm
821 (60) e 8J:;n (60)

for any fixed representation f € H]&), I fllo =1

2.2 Incidence variety, Discriminant Variety and a Triangle of Projections.
We first define the real incidence variety V C IP)(H]%%)) x P, (R) as the multi-
homogeneous variety given by the following identity:

Vi={(f,z) e P(H(y) x P, (R) : f(z) =0}
The following statement essentially follows the same arguments as in Propo-
sition 1, Chapter 10 of [8].

Theorem 10 The multi-homogeneous variety V C P(H{)) x Py, (R) is a com-
pact, connected, real Riemannian manifold of real dimension

dimV=N +n—m.



Moreover, for each point (f,() € V, the tangent space Ty )V is given by the
following identity:

T,V ={(h,w) € TIP(H) x TP, (R) < h(C) +dcf - w' = 0},
where w' is the transpose of the vector w € (z)*+ C R,

Let m; and 7 be the canonical projections from IP’(H]%%)) x P, (R) respectively
onto P(H) and P, (R). We denote by m; and 7y its restrictions to Vand we
have the following triangular diagram:

V
N
P(H{y) P, (R)

We consider the following isometric action on the real incidence variety.
On+1 (R) XV — %

U, (f,2)) +— (foU ' Un).

Proposition 11 The projection my is an onto submersion at any (f,() € V.
Namely, the classes of critical points and critical values of o are empty.

The fibers of my at any point is a real projective linear subvariety given by the
following identity

Ve =y (2) = {f € P(H{y) : f(z) = 0}.
The real of codimension of V, in IP’(H]%E)) 1s m, and hence,
dimV, =N —m.

Moreover, for every orthogonal matriz U € O,11(R), given z,y € P, (R) such
that Uz =y, the following is a isometry between the fibers V, and V

Vo — W,

f—fut

The mapping m; is not onto. We denote by R C IP’(H]Fd)) the image of
m1. Namely, Rg := 71(V). The following statement follows from elementary
Elimination Theory over the reals and explain some of the properties of R ).

10



Proposition 12 The set P(H ;) \ R is a set of measure zero if and only
if the degrees dy, . .., d,, are odd positive integers numbers.

We denote by >’ C V the set of critical points of the projection m; and by
Y set of critical values of 7, that belong to R(4). The following equality also
characterizes the regular points of m; in V.

V\Y ={(f,z) € V:T,f has rank m}.

The following properties hold.

Proposition 13 (1) m : V\ Y — ]P’(H]fd))\Z is a submersion at any point
(f,x) e V\ X
(2) The real dimension of ¥’ and 3 satisfy the following equalities

dim> < N4+n—-—m—1, dimX < N —1.

(3) The open set ]P’(HI(R;)) \ X is connected provided that m < n.

(4) For every f € R \ X the fiber 7 (f) is a real smooth projective variety
of dimension n —m.

2.3 Some General Integral Formulae.

Now we fix some notations and recall some relevant integral formulae that we
use in the sequel. For every d-dimensional Riemannian manifold M and for
every measurable subset A C M we usually denote by v, [A] its d-dimensional
Hausdorff measure.

Let Py (R) be the k-dimensional real projective space. We will denote by dup
the canonical volume form associated to the Riemannian structure of Py (R).
For every subset A C Py, (R) we also denote by vy, [4] its k-dimensional volume.
We finally denote by ¢ the volume of Py (R). Namely,

k+1
T 2

()

For a linear space R**! and a positive real number ¢t > 0 we denote by S C
R**! the sphere of radius ¢ centered at 0. Observe that the volume of S as
sub-manifold of R**! is equal to:

kE+1
w2

()

11

v {SZ} = 2tk



Note that we denote by S, the sphere of radius ¢ = 1.

Let A be the diagonal matrix used in subsection 2.1 (see [8, pg. 236] for fur-
ther bibliographical references). From now on, we call A the Kostlan matrix
associated to the degree list (d). We denote by ||-|| , the norm on HI& defined
by (-,-)a. As in [34] (cf. also [8]), we consider the Riemannian structure in
]P’(H](Rd)) induced by the Euclidean product (-,-)a. We denote by dva the vol-
ume form on IP’(HI(R;)) associated to this Riemannian structure. As ]P’(H}Fd)) is
compact of finite volume, we also have a probability distribution defined on
P(H]&)) in the following terms: For every integrable function f : P, (R) — R
we define its expectation Ea [f] by the following equality:

1
Ealf] = ﬁN/P(H fdva.

@
Let the reader observe that va [IP’(HI(R;))} = Uy.

For every measurable subset A C ]P’(H]Fd)), we define its probability as the
expectation of its characteristic function x4 : P(H,) — {0,1}. Namely,

UA [A] 1
Proby [A] := :—/ N
roba (4] = =5 = = Gy bz, )

For every subset A of P(H]&)) we denote as A C H]Fd) the affine cone associated
to A. Namely,

A:=n"1(A) U{o},
where 7 : H () \ {0} — P(H{;) is the canonical projection onto the projective
space.

From Proposition 1, Chapter 11 of [8], the probability distribution defined by
dva on IP’(H]&)) agrees with the Gaussian distribution in H]Fd) associated to the

norm ||| . Namely, for every measurable subset A C IP(H]%{d)) we have

1 —IF1% R

— xze 2 dH
(27T)N/2 e, A (d)

PI"ObA [A] =

where A C H]Fd) is the aﬁjlne cone over A and x 7 : H]Fd) — {0, 1} is the

characteristic function of A.

We will make extensive use of the so called Co-area Formula. A general for-
mulation is know as Federer’s Co-area Formula (cf. [24]). Another general
formulation may be seen in [26]. For our purposes we use the smooth version

used in [34] (cf. also [8]).

12



Definition 14 Let X and Y be Riemannian manifolds, and let F : X — Y
be a C* surjective map. Let k := dim(Y") be the real dimension of Y. For every
reqular point v € X (i.e. F is a submersion at x), let vy, ..., v§ be an orthonor-
mal basis of ker(d, F')*. Then, we define the Normal Jacobian of F at xz, NJ, F,
as the volume in Tr)Y of the parallelepiped spanned by d, F'(vT), ..., doF(vi).
In the case that d,F is not surjective, we define NJ, F := 0.

The following Proposition immediately follows from the definition.

Proposition 15 Let X,Y be two Riemannian manifolds, and let F : X —
Y be a C' map. Let x1, 29 € X be two points. Assume that there exist isome-
tries ox : X — X and py : Y — Y such that px(x1) = xo, and

Fopx =pyolF.
Then, the following equality holds:
NJ,, F=NJ,, F.

Moreover, if there exists an inverse G : Y — X, then

1

NI, F = ———.
NJF(I) G

Theorem 16 (Co-area Formula) Let X,Y be two Riemannian manifolds
of respective dimensions ki > ky. Let F: X — Y be a C* mapping. Assume
that F' is a submersion almost everywhere in X and let b : X — R be an
integrable mapping. Then, the following equality holds:

/X v = /er /mEFl(y) () NJt F dF ™ (y)dy,

where NJ, F' is the normal jacobian of F' at x.

We now state a translations to the real case of a proposition due to Howard
(cf. [26]). Note that, in the following, the volume of O, 1(R) is normalized in
such a way that the volume of O,1(R) is equal to 1.

Theorem 17 Let V' C P, (R) be a smooth real equidimensional projective
algebraic variety of dimension m. Then, we have:

Vo V] = U 4§V N ULYAO, .1 (R),

UcOn+1(R)

where L C P, (R) is any fized linear projective subspace of P, (R) of co-
dimension m.

Corollary 18 Let f € H]Ffi) be a system [ =
neous polynomials equations. Assume that (d)

(fi,--s fm) of real homoge-

(dy,...,dy) is a vector of

13



odd positive integers and assume that Vp(f) = 7 1(f) C P, (R) is smooth of
co-dimension m. Then, the following inequality holds:

ﬁn—m S Vn—m [V]I"(f)] S Dﬁn—rm

PROOF. We make use of Theorem 17 above. Let L C P, (R) be a linear
subspace of codimension n — m. Then, there is a matrix A € M,11)xm(R) of
rank m such that

Zo
L=< (20,...,2,) €P, (R):A| : | =0

xn
For every orthogonal matrix U € O,,41(R), we have
Lo

UL=723 (2g,...,7,) EP,(R): AU | : [ =0€R™

Ty

Forevery f = (f1,..., fm) € IF’(H]EZ)) there is a non-empty Zariski open subset
R; C O,41(R) such that the following holds for every U € Ry:

e The variety

is a zero-dimensional (and hence finite) complex algebraic subvariety of the
projective space P, (C).
e The cardinality of Wy equals the Bézout number of the system. Namely
tWy=dy-...-dp,-1-...-1=D.
Now, observe that Wy NP, (R) = Vp(f) N UL and, hence, we conclude
t(Ve(f)NUL) < tWy =D, VU € Ry.

On the other hand, as D is odd, for all U € Ry, Wy NP, (R) # () and hence,
we also conclude

1< §(Wy NP, (R)) = §(Ve(f) NUL), VU € R;.

14



As Ry is Zariski dense in O,+1(R) and Zariski open, using Theorem 17, we
conclude

ﬁn—m S ﬁn—m ~/R jj(VIP’(f) N UL>dOn+l (R) -

=Up_m Ve(f)NUL)dO,1(R) < DY,y
Lo, HVE () NULYO i (R)

and the claim follows.

The following classical statements will be used in forthcoming pages.

Theorem 19 (Chebysheff-Markov’s inequality) Let (2, %, 1) be a mea-
sure space with v[Q)] < oo, f : Q — R a measurable extended real-valued
function, and € > 0 then:

E
Probq [|f| > €] < ng
Theorem 20 (Jensen Inequality) Let (2,3, 1) be a measure space with

v [Q] < 0o, X an integrable real-valued random variable then

Theorem 21 Let X be a positive real-valued random variable such that for
every positive real number t > 1,

Prob [X > t] < ct™¢,

where ¢ > 1, > 1 are some positive constants. Then, the following inequality
holds:

E[X] <o
a—1

PROOF. A proof can be followed in [4].

2.4 Some Basic Facts about the Condition Number.

The condition number in the numerical study of matrices was introduced by A.
Turing in [39]. Further developments of the notion were done by [30,40]. Several
authors discussed results on the probability distribution of condition number
of real and complex matrices. We may cite the seminal work by [38,21,22].
Other discussion on the condition number of complex matrices were done
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by [32,19,3]. In the real case the works [1,9,11,14,17] also contain relevant
material.

We use the following version of the condition number for rectangular matrices.
We consider the projective function:

p o P(Minxn(R)) — R U {oo},
where for every matrix A € P(M,,,x,(R)) we define

u(A) = | Allp AT

2 )

where ||A|lp = (Tr(AtA))l/2 is the usual Frobenius norm, A is the Moore-

Penrose pseudo-inverse and HATH2 is the norm of A' as linear operator.

Note that u(A) = 4oo if and only if A : R* — R™ is not a surjective
matrix. This condition number satisfies Eckart and Young’s Condition Number
Theorem (cf. [20] and also [8,3]).

The following statement immediately follows from of the main outcome of [11].

Corollary 22 Let m,n € N two positive integer numbers. Assume 2 < m <n

and let ¢ < n_;ﬂ be a positive real number. Then the following inequalities
holds:

1 ( nee >n—m+1 <
Vor\n—m+1 -

< Probpm,, .. () {“ =z 5_1} =

< .
T V2r\n—m-+1

where Probp(u,,,..(r)) 18 the probability distribution associated to the canonical
Riemannian structure in P(M,xn(R)) = Pum-1 (R) and where 0.245 < ¢ < 2
and 5.013 < C < 6.414.

Now we recall some basic facts about the condition number of systems of
polynomial equations as introduced by [33] (cf. also [8] and [16]).

Along this subsection we fix a positive integer number m,1 < m < n, and a
degree list (d) = (dy,...,dn).

Definition 23 Let (f,{) € V be a point in the incidence variety. We define
the normalized condition number of f at ( as:

(£, C) = Il [T A (@)72)]
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where ||-|| o stands for the Bombieri- Weyl-Kostlan norm, ||-|| is the norm as lin-
ear operator, (T,.f)! is the Moore-Penrose pseudo-inverse of T, f : TP, (R) —

T,R™ = R™ and, A ((d)l/Z) € M,,(R) is the real matriz given by:

e
A((d)'7?) =
di/?

Let the reader observe that in the case m = n, the condition number .. (f, ()
equals the usual condition number fi,orm (f, () as defined in [33].

Note that the condition number 7 . (f,() = +oo if and only if ¢ € Vp(f) is
a critical point of the mapping f : R*™! — R™,

The normalized condition number is invariant under the action of the orthogo-
nal group O,,11(R) over the incidence variety V. Namely, for every orthogonal
matrix U € O,,1(R) and for every point (f,{) € V at the incidence variety
we have:

The next statement essentially follows from the same arguments of [34] (cf.
also [4]).

Theorem 24 For every pair (f,() € V the following equality holds:

1
((f,0),ZNV)’

where dp(-,-) is the projective distance in P(H]%gd)) induced by the Bombieri-
Weyl-Kostlan metric.

This condition number g, satisfies the following relevant property that
follows from similar arguments that those of Theorems 130 and 137 of [16],
Lemma 12 page 269 of [8] and [33].

Proposition 25 There is a universal constant uy (approzimately equal to
0.05992) that satisfies the following property:

Let f € IP’(H]&)) be a system of multivariate polynomial equations, ¢ € Vi(f)
and x € P, (R). Assume that

dp(z,¢) < min { 2u L } :

a2 (f,0)3

17



Then, there is a projective zero Myy € Ve(f) such that the following holds:

23/23
dp(N}(z), My(a)) < o1 e (2, C)-

In particular, we conclude that

. ZUQ 1
min {dS/Quzzrm<f, 5} 3} < B5O

where R(f, () is the quatity defined at the introduction.

3 Some Basic Integral Identities.

In this section we state some basic integral identities related to the real inci-
dence variety.

Here we follow the notation of Section 2 above. Let ¢ = (1 :0:...:0) €
P, (R) be a fixed projective point in the real projective space. According to
Section 2 we denote by V,, = 75 ' ({eo}) the fiber of 7, over ey.

Proposition 26 Let f € V,, be a system such that rank(T,, f) = m. With the
previous notations, we have

NJ(f.e0) T1

NJ(fﬁo) 2 B det((TﬁOf) (Teof) )

PROOF. A proof of this equality can be followed in [8] and for a more general
version in [4].

Proposition 27 Let ® : V — R be a positive integrable function. Assume
that ® is orthogonally invariant by the action of the orthogonal group O, .1(R)
on V. Then, the following equality holds:

Lo o B V(s =
P(Hy)) Ve (f) .
=0 [ ®(f.co)|det (L)L) V.

PROOF. This equality follows from the standard arguments using the Co-
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area Formula (16 above) applied to the following diagram

V\
P(Hy) P (R)

See [34,8,3] for details.

As in [34] we can decompose V;, as the orthogonal sum of two vector subspaces:
Veo = Ve, LLey,

where L., is the orthogonal complement of V/ and V; is the vector subspace
of V., given by the following identities:

Vi ={feVy, T.,f= Dey fliegyr = 0}

Note that V is the subspace of all system f = (fi,..., fm) where the order
of f; at eg is at least 2.

We may also describe the subspace L., in the following terms. A system f =
(f1,--., fm) € Le, if and only if there are linear mappings ly, ..., [, : R* — R
such that for every positive integer 7,1 < i < m the following equality holds:

fz’ = l’gi_lli.
We may then identify M,,x,(R) with L., by the following mapping: To every

matrix M € M,,«,(R) we associate the system (M) := (f1,..., fm) € Le,
given by the following identity:

di—1
fi xy! T

f )\

The following proposition is a link between the condition number of system
of equations and the condition number of matrices.

Proposition 28 With the previous notations the following mapping is an
1sometry

p: BY(Le,) — BYMpsn(R))
foo= AW,
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where BY(Le,) is the closed ball of radius 1 in L., with respect to the norm
induced by (-,-)a and B (M« (R)) is the closed ball of radius 1 in My,sn(R)

with respect to the canonical Frobenius norm. Moreover, for every f € L.,

Hioran (f5 €0) = p(p(f))

We now state another proposition that we use in the sequel.

Proposition 29 With the same notations as above, assume that the integrable
function ® : V— R satisfies for every f € V., that:

(I)(f> 60) = (I)(Teof7 60) = (I)(g> 60)7

where g € L., is the component of f in the orthogonal decomposition V., =
V. LLe,. Then the following equality holds:

Lo [ (. 2)dVe(dua = 20,0 iy (@, (d)),
P(HE,) JVe(f)

where N = dim(P(Hy)) and

I(®,m,n,(d) =

N—(n+1)m—2

= ) ®(f,eo) ’det ((Teof)(Teof)t>‘1/2 (1 B HfHZ)f iB'

where B'(L,) stands for the unit ball with respect to the Bombieri-Weyl-
Kostlan metric in Le,.

PROOQOF. Let S be the unit sphere in ‘760 with respect to the Bombieri-Weyl-
Kostlan metric. Now, let p : S — B'(L,,) be the canonical projection onto
the unit ball of L., with respect to the Bombieri-Kostlan metric.

As in Example 9 and Lemma 2 of Chapter 11 of [8] we have:
e For every point g € B'(L.,) the fiber p~'(g) can be identified with a
(dim(V,,) — dim(Le,) — 1)-sphere in V,, of radius (1 — ||g|3)"/?. Namely,

p(g) = (N — (n+ Ly — L)-sphete of radius (1 — g]2)"2 n Vi,
e The normal jacobian of p at any f € S satisfies:

NIp= (1= In(hIR)".
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Thus, we conclude:

/ (1, eo)|det (T2, )T )1)| " ds =
= Lo oy 200 et (Tag) Teag)) [ (1= ol3) ™ ™ ()08 =

- Blueo)‘bgvee det (T, 0)(Tug))|* (1= lgl13) v [p7 2 (9)] aB®

Now, as p~'(g) is a real (N — (n + 1)m — 1)-sphere of radius (1 — ||g[|%)"/?,
then we have:

N— (n+1)m 1

v[p7(9)] =201 = g]12) I (st
Thus, we conclude:

[ (te0) et (T £) T )] Vi = 20 urys L@, (@),

0

where

I(®,m,n, (d) =
N—(n+1)m—2
= [ @lg.eo) [dot (o) (Tag))| (1= NglR) T 4B

Bl(Leg)

Proposition 30 With the same notations as above, assume that the integrable
function ® : V— R satisfies for every f € V., that:

(f,e0) = llglls (9. o).

where g € Le, is the component of f in the orthogonal decomposition V., =
V! LLe,. Then the following equality holds:

ooy

where N = dim(]P’(H%gd))) and

/V dV]P’(f)dVA = 279n19N7(n+1)m71‘]((D7 m,n, (d))a
(d) (

J(®,m,n,(d)) =

P(g, e 1/2 N-(rinm-2
B /Bl(LEO) HgHAO ’d t( of)(Teof>t)‘ (1 - ||f||2A) dB',

where B'(L,) stands for the unit ball with respect to the Bombieri-Weyl-
Kostlan metric in Le,.

PROOF. The proof is similar to the previous proposition.
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The following corollary immediately follows.
Corollary 31 (Ko00,Pr06,Bu06) With the same notations as above

Ea [Vnem [Ve(f)]] = DY?0p_pm.

Now, we state another useful identity.

Lemma 32 With the same notations as above, the following identity holds:

[N [R(d)}
9, )

/ 1 NJ(f.e0) T1
(Reay)eg Vn—m [V]P’(f)] NJ(f7€0) T2

v, =

where Ry == m(V) = {f € P(H{,) : Ve(f) # 0} and (R(a))ey = m1(Vey)-

PROQOF. First of all, the following equality holds
I = / ; (/ de(f)) dva = / XR(d>dl/A = VA {R(d)} .
Reay Vn—m [Ve(f)] \/We(f) P(HE,)

On the other hand, noting that Ve(f) = 71 '(f) and applying the Co-area
Formula we have

NJ(fx)m 1 NJ(fx)ﬂ'l 1
= | —2—=——dV = / : dmy " (x)dvp.
V Ve [Ve ()] 2€Pu(R) I3t (2) Vi [VB(f)] N (f,0) 2 2 (@)

AS vy [Ve(f)] is invariant under the action of the unitary group O,.;(R),

we then have
1 NJ(f@) 1

Veo Vnm [Ve(F)] NJ (g2 ™

Remark 33 Note that if (d) = (dy,...,d,,) is a vector of odd integers num-
bers, va [R(d)} = Ua [P(HI&))} (see Proposition 12 above) and the statement
of the previous lemma becomes

1 NJ(f z) T1 In
/ %,
Veo Vn—m [Ve()] NJ(f,2) 2 Un

4 Average Norm of Real Complete Intersection.

In this section we prove Corollaries 2 and 3, but first we need to prove the
more technical Theorem 1. In order to make this proof we introduce some
notations and lemmas.
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4.1  Technical Lemmas.

First we introduce the notations of the standard atlas by affine charts of the
real projective space P, (R). For every positive integer i, 0 < i < n, we define
the open and dense subset A;(R) C P, (R) given as the set of projective points
whose i-th homogeneous coordinate is not zero. Namely, we define:

AR):={x=(xg:...:2,) € P, (R) : z; # 0}.

The complement of A;(R) in P, (R) is the hyperplane H; = P, (R) \ A;(R).
For every 7, 0 < ¢ < n we have the differentiable canonical mapping

i : R" — A;(R) C P, (R).
given by the following identity. For every x = (z1,...,x,) € R"
wi(x) = (xy.ooimimy Lo xy).

We denote by e; € A;(R) the projective point given by e; = ;(0) € A;(R)
where 0 € R" is the origin. Note that for every ¢,0 <17 < n, ¢; is an isometry
at 0 € R”. In particular NJg¢; = 1 for every 4,0 < i < n.

The following lemma translates to real coordinates Lemma 21 of [3].

Lemma 34 With the same notation as above, the following equality holds
Ve € R" and Vi,0 < i < n the following property hold:

1

NJ, Yi = 5 nxi>
(1+ |z

where NJ, ¢; is the normal jacobian of ¢; at x € R™.

PROOF. Proving this equality for ¢« = 0 suffices. In order to simplify nota-
tions we write ¢ instead of ¢y and e = ¢y = (1 : 0... : 0). As we already
observed dyp : TyR" — TP, (R) is a linear isomorphism and an isometry.
Then, NJyp = 1.

On the other hand, let O,+1(R) € M, 1(R) be the group of orthogonal
matrices. As in previous notation let 7 : R"*'\ {0} — P, (R) be the canonical
projection. For every orthogonal matrix U € O,,11(R) we will denote by U the
affine isometry U : R"*! — R"*! given by:

U(x) := Ux' for every x € R**!,
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where z! means transpose of z. We denote by U the unique isometry U :
P, (R) — P, (R) such that the following diagram commutes:

R\ {0} —Z=RH {0}.

™ ™

P, (R) T)P” (R)

For every x € R™ there is an orthogonal matrix U € O,1(R) such that

U(p(x)) =e=(1:0:...:0). Note that we may choose the matrix U such
that:
1 1+ ||z
(1) (sl
! 0

Note that U is an isometry at any projective point z € P, (R). Hence the
Normal Jacobian satisfies NJ, U = 1,Vz € P, (R).

Let us now define the differentiable mapping ¢ : R® — R" given as:
p:=¢ toUoe.

Note that ¢(z) = 0 and po ¢ = U o ¢ Then, the Chain Rule supplies that the
following equality holds:

NJo¢NJ, ¢ = NI,y UNT, .

As p is an isometry at the origin 0 € R™ and U is an isometry at any projective
point, we immediately conclude:

NJ. ¢ = NJ, p.
Moreover, let g : R™ — R the mapping given by:
g(z) = (Up, (1, 2)),Vz € R",

where (-,-) stands for the standard euclidean product in R"*!. Now observe
that:

(99)(z) = (U1, (L, 2)), ..., (Un, (1, 2))),
for all z € R". Since ¢(x) = 0 we immediately conclude that for every v €
T,R",
9(@)dsp(v) = ((Un, (1,0)), ..., (Un, (1,0))).

Thus we conclude:

100) = o (U (L)), (U (L)),

(1+ [l=%)
for all v € T, R"
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Now we prove the following claim:

For every tangent vector v € T,R"™ such that (z,v)g» = 0 and for any other
tangent vector w € T,R" the following equality holds:

1

<dx¢(v)a dxgb(w))TOR" = T“l’”?

(v, W) g

In order to prove this claim note that for all v, w € T,R™:

<d:v¢(v)7 dx¢(w>>ToR" = 1—|—1H1'H2 zi;a]l, (O, U>> <U1 (0, ’LU)> .
Since <U (lt) U ( 1t>> = (v, w)re we immediately conclude:
(4:6(0), da0)) e = 1 (0 e = (o, (0,00 06, 0, 0)].

Now if (x,v)gn = 0 we have (Up, (0,v)) = 0 and the claim follow.

Let us now consider an orthonormal basic {b;,...,b,} of T,R™ such that b, =
ﬁ Then, for every i,1 < i <mn — 1 and for every j,1 < j < n we have:

1
L+ i3

ifi=j

1
(d,6(0), dyh(10)) e = (@ﬁﬂnW::{Hwi

0 otherwise.

As for 1 = n we have:

<@¢@%%Ww»mmzl2l1 1<%4a@y}

- 2
|3

Now observe that:

4
Up, (0,2))% = ﬂ)
o O = T e
then, we conclude:
1 & 1
<m¢wxa¢meww_F_ _ |
Tt lelly U1+l A+ (a2
Finally,
1 ni
NJ, oNJ, ¢ = [det W(s,2)|'* = <2> ’
1+ [Jz[|;

where W (¢, z) is the symmetric matrix given by:

W(¢7 l‘) - (<d$¢(bz)a dwgb(bj)))léi,jﬁn‘
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Then, the statement follows.

Lemma 35 For every positive real number r,0 < r < 1 and for every 1,0 <
1 < n the following equality holds:

1
|

n+r 1 —r)
¥y JPL(R)

2 72

o (o) dve =5 (

PROOF. Asin the proof of the previous Lemma, the case ¢ = 0 suffices. Once
again, we simplify notations by writing ¢ := ¢¢. Since P,, (R) \ Ag(R) is a zero
measure hyperplane, we are allowed to use the Co-area Formula (Theorem 16
above) to conclude:

I ::/ -1
m=[ @
From Lemma 34 we conclude:
IEdlN
I(r) :/ ————dR".
R (14 ||2)*) "%

Now we use spherical coordinates to compute this integral. We have the dif-
ferentiable mapping;:

r [ Ec "
dup = / d dR".
Ve R" Jzep—1(z) NJm 2 14 (z)

p:(0,+00) xS, ; — R"\ {0}
(t,v) — o

whose inverse is given by:

p~ i RPA{0} — (0,+00) XS, ,

e e (el )

The Normal Jacobians of p and p~! satisfy:

NJ, p~! = L= Vo € R"\ {0}

—1
ll]l™

NI.p = " 'V(tv) € (0,+00) XS, ;.

Thus, using the Co-area Formula again we conclude:

I(r) = /
(r) (0,4-00) xS

This yields:

[EN
- dp(t,v)dR x S.
/pw) (1+ [|z]|*)"= NJ, p! (t,0)

n—1

tn—i—’r—l

I(r)y=v {Sn_l} /0 h mdt.
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Now using:

we obtain: { }
v |Sn- n+r 1—r
[ =
(r) S < 2 2 )
The claim follows noting that
v {Sn—1:|

4.2 Proof of Theorem 1.

We have that

1
INBSINLN = [ e ( L le"@

As Vi(f) = 71 ' (f), applying the Co-area Formula we conclude

IES Va0 = [ e Hsoalu«)HT NJ (g mdV =

V Un—m
= i iy, 1
n(R) R(d) Vn—m

where (R(4))s = R N7 () = V,. Now, we observe that the following
integral does not depend upon x

de(f)> dva

r NJ(ﬁx) st
NJ(f’x) o

dVydvy,,

N
/ 1 J(te Wld%.
Ve Vnem [Ve(f)] NJ(p.2) ™2

Thus, we conclude the following equality

, 1 T 1 NJ(f.e0) T1
eV = ([ e @ o) ([ o mav,).

Now, applying Lemma 32 and Lemma 35, we conclude

onEa N3] = 8 ("5 5 ) va [Raa)

as wanted. O
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Corollary 36 With the same notations as above

Proba [Ngv(f) > 571] < - [R(d)} 6] (n 1= 7‘) €.

T Uy 2 72

In particular, if all the degrees dy, . .., dy, in the list (d) = (dy, ..., d,,) are odd
integer numbers, the following equality holds:

n+r 1—7’)
€.

Proba [N;,(£) > '] < 8 ("

PROOF. Apply Markov’s Inequality (19 above) to the previous theorem.

4.8  Proof of Corollary 3

Note that for every positive real number £ > 0, the following holds almost
every where in P(H{;))

dim(Vy(f) N B (0,5_2>) <n—m if and only if
Va(f)NB (0,5_2) has zero measure in Vy(f).
If Vi (f)NB (0,£72) has zero measure in Vj (f), then, the following holds almost

)
everywhere in Vy(f):
Vo € Vi(f), |z]| > &2

Equivalenty, the following also holds almost every where in Vj(f):
Vo € Va(f), [l >,

and hence NY/2(f) > e~!. Thus, we have

Proba [ f € P(H(y) : dim(Va(f) N B (0,e7")) <n—m| <
< Proba [f € IP’(H]%E)) : N;U/Q > 8_1}

Applying Markov’s Inequality (cf. Theorem 19), we then conclude
Proba [ f € P(H{y) : dim(Va(f) N B(0,67")) < n—m| < eBa [NJ(f)],

and the inequality follows from Theorem 1 above. O
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4.4 Proof of Corollary 2.

In order to prove Corollary 2 first, we need to prove the following more tech-
nical theorem.

Theorem 37 For every positive real number r € R,0 < r < 1 the following
inequality holds:

n-+r 1—r)

Ba [, I41 (| = 220, (M5 1

PROOF. For every f € IP)(H](Rd)) let Vi(f) € C™ be the affine algebraic set
of all complex solution of the system of polynomial equations defined by f.
Namely,
Virlf) = {z €C: fi(a) = 0,1 < < m},

where f = (f1..., fm)- Let Uy C IP’(H]%%)) be the class of all list f € P(H%gd))
such that Vj/(f) is a complex algebraic variety of dimension lower than n—m.
Standard result of Elimination Theory implies that U, is included in a proper
algebraic subvariety of IF’(H ) In particular, the following equality holds in

P(H(y):

VN [Uoo] = 0.

Now, for every a € {0, 1} we consider the following integral:

SR I N
(HE) VJP’(f)

(d)

" dV]p(f)dl/A

Moreover, for every f € H]Fd) \ Uy the following equality holds:

Evs, [ L ||z|!’“dvA<f>] -0, )

We then focus our proof on the calculation of 1%(r). Using the Co-area Formula
(Theorem 16 above) we have:

ro NJ(f,x) 1

-1
= dV,dvp.
/noR) / e’ Nlgoyme
It is clear that NJ
(f>x) 3! d‘/;;,
NJ(f@) Up)
is independent of z, so we conclude
ro NJ(fe )T
°(r) = / dvp [~ gy
") P (R) I TN N g ma
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Now we consider the case a = 0. Then, from Theorem 31:
/ / dVe(f)dva = DV, iy,
(d) Ve (f)

on the other hand:
NJ(te0) ™

I° =19, dV,, .
(T) Veo NJ(f,eo) 2 ’

We thus conclude:

NJ (f,e0) 7'('1
Veo NJ (f,e0) 9

(V-
d‘/eo — D1/2 ; N (3)

As for the case v = 1, using Equation (3) and Theorem 35 we have:

n-+r 1—r>

I'(r) = D29, mmm( =

Finally, using equality (2) above, we conclude:

o l/ 12" dVa(f )] D29 m6<n+r 1—7”)7

2 2

and the statement is proved.

Now we can prove Corollary 2. In fact, we prove the following more technical
corollary:

Corollary 38 With the same notations as in the Theorem 1 above, if n = m,
n > 3 and for every positive real number r,0 < r <1 and € < 1, the following
inequality holds:

1—
Proba | max |jz|| > e7'| < DY%T (7‘) :
z€Va(f) 2

where 1" is the Euler’s I'-function and D denotes the Bézout number, namely

= H;il di'

PROOF.

Trivially we have the following equality for 0 < r < 1:

= Pl"ObA

xEVA(f

Proba [ max ||z]| >e7*
Z‘GVA(f)

max ||z||" > 5_”1 :
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Also the following inequality is trivial:

Proba | max |[jz||" >e7"| < Proba | Y. |zf|">e™"
zE€VA(f) z€Va(f)

Finally, using Markov’s Inequality (19 above) and Lemma 37 (with n = m)
we have:

ng/QgTﬁ(n+T 1—7‘).

ProbA{ Z |z||” > e 3

zeVA(f)

Now it is very easy prove that for every n > 3 and for every 7,0 < r < 1:

()= ()

and this finish the proof.

The Corollary 2 follows simply using r = 1/2.

5 Estimates on the probability distribution of the Condition Num-
ber.

In this Section we prove Theorem 4 and then Corollaries 6 and 5.

5.1  Proof of Theorem 4.

Let xe : V— {0, 1} be the characteristic function of the set:

Ae ={(}.€) € Vi i (f,0) 2 7'}

We will compute upper and lower bounds estimates for the following quantity:

[:/
P(H

As the condition number p is invariant under the action of O,,+1(R) on V
(cf. Proposition 9), we apply Proposition 30 to conclude:

Vol (f)ia =
/P (Hfa)

) (L;l(f) X:(/: Odﬂ%f)) dva.

@)

I = 219n19N7(n+1)m71J(57 n,m, (d))a
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where

J(e,n,m, (d)) =

N—(n+1)m—2

B Xs( ‘ 1/2 2 2 1
= o, SR e (@ @) (1= 1115) B

and B'(L,,) is the unit ball in L., with respect to the norm ||| »-

Let p : BY(Le,) — B'(M;xm(R)) be the isometry given by the following
identity:
p(f) = A((d)"*) Loy,

We then conclude:

J(e,n,m,(d)) =
/ M N—(n+1)m—2
:Dl/Q/ Xa( )|det(MMt)|1/2 (1_ ||M||?r) 2 dBl7
B (M (R) | M| p

where XL : Myxm(R) — {0, 1} is the characteristic function of the subset:
B. ={M € Mpypm(R) : u(M) > e}

Note that . is homogeneous of degree zero and hence a projective function.
We now integrate by spherical coordinates to conclude:

J(e,n,m, (d)) =
N—(n+1)m—2

—91/2// (M) |det ((rd0)(rda)) [P e (L= e 2) 7 drds

Then we have:

N—(n+1)m—2

1
J(e,n,m, (d)) = D/? / Pt Dm=2() 2y == g e ),
0
where

H(e,n,m) =

- / Xe(M) ‘det(MMt)‘l/Q s =2 L(M) ‘det(MMt)‘l/Q dvp
S

P(Moxm(R))

Now we consider the projective space P(M,,xn41)(R)) and the following in-
cidence variety

W={(M,z) € P(me(n+1)(R)) x P, (R) : Mx = 0}.

Note that Mx(mi1)(R) = M), where (1) = (1,...,1) € N™. Then W is a
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Riemannian manifold with the usual projection discussed in Subsection 2.2.

W
71_51) ﬂ‘;l)

Note that Wél)_l(eo) can be identified with the projective space P(M,,x,(R)).

Namely, Wél)_1(€0> = W,y = P(Myxn(R)). Moreover, for every matrix M €

Wél)_l(eo), T.,M = M. Then, from Proposition 26 the following equality also

hold:

H(e,n,m) = 2 / (M x)wdﬂ(l)l(m) dv
T Uy JoeP, (R) Mar;l)—l(x)xg ’ NJ (ar.0) P 2 v

where x” : W — {0, 1} is the characteristic function of the set
DE = {(M, I) eW: /J“;Lnorm(Mv l’) > 8_1}
Thus, we conclude
Hie,nm) = 5 / (M, 2) NJ 3.0y 7 WV,
and 5
H(e,n,m) = —/ XY (M)dvp,
v mx(nt1) (R))
where X" : P(Myxn+1)(R)) — {0, 1} is the characteristic function of M (D.).

Now observer that there is a Zariski closed proper subset S C P(M,(n+1)(R))

such that for all M € P(M,xm+1)(R)) \ S the fiber ﬂl)_l(M) is a single
projective point. Namely, for all M € P(M,xm41)(R)) \ S, the kernel of
M is a vector subspace of R"™! of dimension 1 and M defines an onto linear
mapping. In particular, for all M € P(M .y (n41)(R))\S, figerm (M, ) = (M)
and we conclude that

H(e,n,m) / ?’(M)du]p,
19 mx(n+1)

where X% : P(Mxmi1)(R)) — {0,1} is the characteristic function of the
following set

Fo = {M € B(M iy (R)) : (M) = 7).

In particular, from the results of Chen-Dongarra (cf. Corollary 22 above) we
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conclude

2 Ummi)—1 [ (n+1)ce nom
— <
U V27 n—m-+42 -

< H(e,n,m) <

< 2 Vmns1)—1 ((n—I— 1)3/2C'6>nm+2

o ﬁin v 2T n—m-+2
where 0.245 < ¢ < 2 and 5.013 < C < 6.414.

On the other hand, as

Blx,y) = 7—2/ 21 Vo tdt,

we have that

/1 T(”"'l)m_Q(l B r2) N—(n-;l)m—Qd,r _ 3 ((n + 1;771 — 1’ N — (n —; 1)m + 1) 7
0

Using the Gautchi’s Inequality (see [23] for example) is very simple to obtain
that

(n+1)m N — n—l—l m+ 1
(n+1— >
(n+1)m—-1 N — ( +1
< ﬂ( o . )
NN /2 (n—l—l)m N—(n+1)m+1
and
~1/2
<(n+13m—1> o <
< 19N*(n+1)m19m(n+1)*15 <(n i 1;m _ 1’ N - <n —; 1)m + 1) <
N 1/2
<(3) @

Thus combining all these equalities and inequalities we conclude the following
estimates.

I = 219n19N7(n+1)m<](57 n,m, (d)) = 219n19N,(n+1)m'D1/2ﬁH(8, n, m),
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where

ﬁ:5<(n+1;m—1 N—(n—i—l)m—i—l)‘

’ 2

Now we use lower and upper bounds of H(e,n,m)

2 Dins1)— n+1)es \" "

<I<

(n + 1)3/2&)"7"”

2 Yon(nr1)—
S 279n79N7(n+1)mD1/257 ntl)-1 ( n—m+2

I V2

Using Inequalities (4),

4DY2Y 2 Y24 e\ -
V2 (n+1)m—1 n—m+ 2 -

<I<

ADY2Yy (N)W (n+1)¥2Ce\""*?
<= N (1 vy e ,
T N2 2 n—m-+2

where 0.245 < ¢ < 2 and 5.013 < C < 6.414.

Then recall that

I
P =Ex[Vol'(f)] = o
N
Thus we conclude
4 D 1 n—m-+2
ﬁ((n—i—l)m—l) (n—m—i—?)

P <

< 2 (ypye Do)

NZ3 n—m+2 '

5.2 Proof of Corollary 6.

Corollary 6 follows immediately. Simply use the bound of v;,_,, [Ve(f)] pro-
vided by Corollary 18 in Theorem 4.
Remark 39 Note that the lower bound is also valid in the case where the

degree list (d) = (dy,...,d,) has an even degree.
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5.8 Proof of Corollary 5.

Let n = m. For the first part, Theorem 4 now state

BalVol2(N) = 5= [ 5 el Ve v <

P(Hwy) ceva(f)

- <ND>1/2 (n+ 1)23(05)27

™

where x. : V— {0, 1} is the characteristic function of the set

A = {f S P(HI(R;{)) : ,unm"m(f’ C) > 5_1}'

On the other hand

1
PrObA {,u/worst(f> > 871} /('H X/ngAa

:EP

R
(d)

where x_ : P(H{,)) — {0,1} is the characteristic function of the set

Ba = {f € ]P)(H]Fd)) : ,uworst(f) Z 5_1}-

The Corollary simply follows noting that

1 / , 1
In Edy < 7/ e\J» dVi dva.
In P(HI&))X A In IP’(H[&))CE%JC)X (f; Q)dVe(f)dva

The second part simply follow applying Theorem 21.

5.4 Proof of Corollary 7

Let ¢ < min{1/3, n—iz—i—2} then from Theorem 25 we have that

2 1
”“{wmiﬂﬁow}SMﬁQ

Now as

2U0
d3/2¢

Vam [ € Volf)  RUF.Q) < &) S v |C € Velf) i < siln(£10)]
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Hence, using the bounds in Corollary 4

B [vnm[C € VB(f) - R(f,() <e]] <
) (]\72))1/2 <(n—i— 1)3/20>nm+2 <2u0 )nmﬂ7

T n—m-+2 Wg
5.5 Proof of Corollary 8

From Theorem 25 we can get the following inequality

. 2160 1
7979 m /7 r\) o < Rwors .
min { d3/2,u$0rst(f)’ 3} = t(f)

On the other hand, we have that:

b
min{a, b} > ai_ 5
So we conclude 5
U
Rworst(f) 0

> .
o 6“0 + d3/2,u'worst(f)
Then, using Corollary 5 and 20 we conclude:

S Quoml/*
T Guom/4 4 2¢/2d3/2(ND) VA (n + 1)3/2C

EA [Rworst]
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