ROBUST CERTIFIED NUMERICAL HOMOTOPY TRACKING
CARLOS BELTRAN AND ANTON LEYKIN

ABSTRACT. We describe, for the first time, a completely rigorous homotopy (path—following) algo-
rithm (in the Turing machine model) to find approximate zeros of systems of polynomial equations.
If the coordinates of the input systems and the initial zero are rational our algorithm involves only
rational computations and if the homotopy is well posed an approximate zero with integer coordi-
nates of the target system is obtained. The total bit complexity is linear in the length of the path
in the condition metric, and polynomial in the logarithm of the maximum of the condition number
along the path, and in the size of the input.

1. INTRODUCTION

The research on solving systems of polynomial equations has experienced a rapid development
in the last two decades, both from a theoretical and from a practical perspective. Many of the
recent advances are based on the study of the general idea of homotopy continuation methods:
let f be the system whose solutions we want to find, and let g be another system whose solutions
we already know. Then, join g and f with a homotopy, that is a curve f; in the vector space of
polynomial systems, such that fy = g and f; = f, and try to follow the curves (homotopy paths)
produced as a solution (y of g is continued along the homotopy to a solution (; of f;. When ¢
approaches 1, an approximation of a zero (; of f is obtained.

In order to describe such a method explicitly, we need two essential ingredients:

(1) A construction of the starting system g and the homotopy path f;, and,
(2) once this path f; is chosen, a procedure to approximate ¢; (for a finite sequence of values
of ¢ starting with t = 0 and ending with ¢t = 1).

The first of these two ingredients has been intensively studied from many perspectives, mainly
using linear homotopy paths, i.e. once (g, () is chosen, (y a solution of g, we just consider the
path f; = (1 —t)g + tf. In [42] a particularly simple choice of (g,(y) was conjectured to be a
good candidate for a initial pair, i.e. the complexity of homotopy methods with this starting pair
could be polynomial on the average. This is still a challenging open conjecture that has been
experimentally confirmed in [5]. In [6], [7], [8] it was proved that randomly chosen pairs (g, (o)
guarantee average polynomial complexity. In [13] a system whose zeros have coordinates equal
to the roots of unity of appropriate degrees was proved to guarantee average quasi—polynomial
complexity (polynomial for fixed degree.)

Date: October 22, 2012.

2010 Mathematics Subject Classification. 14Q20,65H20,68W30.

Key words and phrases. Symbolic-numeric methods, polynomial systems, complexity, condition metric, homo-
topy method, rational computation, computer proof.

C. Beltran (corresponding author). Departamento de Matematicas, Estadistica y Computacién, Universidad de
Cantabria, Spain (beltranc@unican.es). Partially supported by MTM2010-16051, Spanish Ministry of Science
(MICINN).

Anton Leykin. School of Mathematics, Georgia Tech, Atlanta GA, USA (leykin®@math.gatech.edu). Partially
supported by NSF grant DMS-0914802
Communicated by Peter Buergisser.



2 CARLOS BELTRAN AND ANTON LEYKIN

=
9 ‘ 1,2
target
start e
Y
777
1
0 1

FIGURE 1. Path—jumping scenario: we start following the path corresponding to a
certain solution of fy but we may jump to another path in the middle.

In this paper we deal with the second of the two questions above, restricting ourselves to the
case when the homotopy path that is followed is regular, i.e., (; is a regular zero of f; for every
t €[0,1].

There exist several software packages which perform the path—following task of item (2) above
(here is an incomplete list: Bertini [1], HOM4PS2 [24], NAG4M2 [27], and PHCpack [46]). In
general, an initial step ¢y is chosen, and a predictor step (a numerical integration step of the
differential equation d(f:(¢;))/dt = 0) is made to approximate (z,. A corrector step (several steps
of Newton’s method) is then used to get a better approximation of ;. This process is repeated
by choosing t1,ts,... until £ = 1 is reached. The software implementations mentioned above
achieve spectacular practical results, with huge systems solved in a surprisingly short time. As
a drawback, these fast methods make heuristic choices (notably the choice of ¢;), which may
introduce uncertainty in the quality of the solutions they provide: how close to an actual zero is
the given output? is the method actually following the path (; or maybe a path—jumping occurred
in the middle?

In Figure 1 we illustrate a path—jumping phenomenon that may occur when a heuristic predictor—
corrector path—tracking procedure is used.

In the problems with aim at computing all target solutions, this scenario can be detected simply
by observing that two approximation sequences produce approximations to the same regular zero.
The Kim—Smale a—test from [26], [44] can be used to make this task rigorously, see [20] for an
implementation of that test. Once detected, this can be remedied by rerunning the heuristic
procedure with tighter tolerances and higher precision of the computation.

However, an analysis of the end solutions would fail to detect the shortcomings of a heuristic
method in the scenario with two approximation sequences “swapping” two paths as in Figure 2

In [42], a method which guarantees that path—jumping does not occur was shown for the first
time, and its complexity (number of homotopy steps) was bounded above by a quantity depending
on the maximum of the so—called condition number along the path (fi,(;), see (2.2) below. This
result was recently improved in [39], changing the maximum of the condition number along the path
to the length of the path (f:, ;) in the “condition metric” (see Section 2.4 for details). However,
the result in [39] does not fully describe an algorithm, for the explicit choice of the steps ¢; is not
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FIGURE 2. Path-swapping scenario: two path—jumps occur producing correct (al-
though permuted) target solutions.

TABLE 1. The existing methods with certified output and complexity analysis for
path—tracking. By arithmetic on R we mean that the BSS computation model [12]
is assumed, that is exact arithmetical operations between real numbers are allowed.
C.L. means length in the condition metric.

Method | Complexity | Arithmetic | Assumptions on f; and comments
39] C.L. R C! paths f;. Not constructive.
4] C.L. R C' L% paths f;.
[13] >=C.L. R Linear paths.
[17] C.L. R CT paths f, with special properties.
This paper C.L. Q Linear paths.

given. Describing a way to actually choose these steps is a nontrivial task that can be done in
several fashions. There are three independent papers doing this job: [4], [13], [17]. We briefly
summarize in table 1 the properties of the algorithms in those papers and of the algorithm in this
paper too. The proof of the algorithm in [13] is probably the shortest of the ones mentioned. As
a small drawback, its complexity is not bounded above by the length of the path (f;, (;) in the
condition metric, but by the integral of the square of the condition number along the path f;,
which is in general a (non—dramatically) greater quantity.

All methods in Table 1 are originally designed for systems of homogeneous polynomials, and
then an argument like that in [7] is used to produce affine approximate zeros of the original system,
if this one was not homogeneous.

Another difference from the heuristic methods described above is that there is no predictor step
in these methods; only Newton’s method is used (more exactly, projective Newton’s method [38]
described below): once ¢, is chosen, one obtains z;, as the result of (projective) Newton’s method
with base system f;, and base point zg = (o (or zo an approximate zero of (y). The idea is repeated,
again, until £ = 1 is reached.

Using the algorithm of [4], the main result of [39] reads as follows.
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Theorem 1. [39], [4] Assuming exact numerical computations, and assuming that the path f; is a
great circle in the sphere S in the space of homogeneous systems, the steps to,t1,... can be chosen
i such a way that the homotopy method outlined above produces an approximate zero of f = fi
with associated exact zero ¢;. The total number of steps is at most a small constant 7T1d%/? (d the
mazximum of the degrees of the polynomials in f) times Co = Co(fi, ), that is the length of the path
(fi, Ct) in the so—called condition metric (if that length is infinity, the algorithm may never finish.)

Here, the sphere S is the set of systems f such that || f|| = 1 where || - || is the Bombieri-Weyl
norm described below, and the condition metric is the usual product metric in S x P(C"™!), point—
wise multiplied by the condition number squared, see (2.3) below for a precise definition. The main
result of [39], [4] also applies to paths which are not great circles, although the constant 71d%/2
may then vary.

In recent works [5], [27] we described a practical implementation of the “certified” method of [4]
and used it in various experiments for estimating the average complexity of homotopy tracking.

As we have already pointed out, Theorem 1 (and the other existing algorithms for path—tracking)
needs exact numerical computations on real numbers. More precisely, it assumes computations
under the BSS model of computation, [12], [11]. While this assumption permits simplified analysis
of the method, it is unrealistic in practice. Our main result here is to remove this assumption: if
the input polynomials g and f and the initial approximate zero zy are given in (Gaussian) rational
coordinates, then all the computations can be made over the rationals. We center our attention in
linear paths, that is paths of the form f; = (1—t)g+tf where t € [0,1]. It is a natural fact that the
condition number plays an important role in the translation of the real-number arithmetic results
to rational arithmetic results. We will see that this just produces an extra factor (the logarithm
of the maximum of the condition number along the path) in the complexity bounds. Our main
result thus reads as follows.

Theorem 2 (Main). Assuming that g, f and zy are given in rational coordinates, and assuming the
extra hypotheses (2.1) below, the homotopy method can be designed (see TRACKSEGMENT below)
to produce an approximate zero z, with integer coordinates of f = f1 with associated exact zero
C1. The total number of steps is a small constant C/nd®? (d the mazimum of the degrees of the
polynomials in f, and n+1 the number of variables) times Cy. The bit complexity of the algorithm
1s linear in Cy and polynomial in the following quantities:

e n,S,d, h, where S is the number of nonzero monomials in the dense expansions of f and g
and h 1s a bound for the bit length of the rational numbers appearing in the description of

f? g, 20,
o log,(maxeio,{i(fe, ¢r)}), and

o The quantity
1 =gl
1 1
o (max ( ‘min{|[f[[:0<t<1}))°

Here, ||-|| is Bombieri-Weyl norm (we recall its definition in Section 2.1) and p(f;, (;) is condition
number at the pair (f;, (), see (2.2) below. The bit size of the integer numbers in the coordinates

of z. is at most O(logy(n) + logy p(f,¢1)).

The extra hypotheses that will be specified in (2.1) is, in words, that the angle between g
and f — g is not too close to m, that is that the segment {f; : t € [0,1]} does not point too
straight—forward to the origin.

The reader may note that, once this method is proved to work and programmed, it provides
a status of mathematical proof to the path—following procedure. Moreover, its complexity does
not differ much from the method of Theorem 1 and the size of the integer numbers involved is
controlled.
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In particular, the method can be used to give rigorous proofs to the results obtained via mon-
odromy computation by algorithms in [28], [2]. Note that the implementations of the a-test carried
out in [20], [31] would not be sufficient for the above applications even in the situations where the
zero count is known and the a-test is capable of certifying the exact expected number of distinct
zeroes at the ends of the homotopy paths. This is due to a potential multiple path—jumping (which
we just call path-swapping) resulting in a wrong permutation of zeroes produced by tracking mon-
odromy loops. In other words, as we have already pointed out, while in certain cases the a-test for
the end solutions can resolve the scenario of Figure 1, it is powerless in the scenario of Figure 2.

1.1. Previous works and historical remarks. Smale [43] proved the first results on the average
complexity of polynomial zero—finding using Newton’s method. The problem of solving systems of
polynomial equations became later one of the cornerstones of complexity theory in the BSS model.
In the first paragraph of [43] we read “Also this work has the effect of helping bring the discrete
mathematics of complexity theory of computer science closer to classical calculus and geometry”.
This paper is written with the intention of making another step in that direction. Theorem 2
establishes a strong link between the BSS model of computation and the classical Turing machine
model, and we believe that this link strengthens both models at the same time. The Turing
machine model is proved to accomplish a difficult task until now reserved to numerical solvers.
An algorithm designed and analyzed in the BSS model is successfully translated (including its
complexity analysis) to the classical model by carefully studying its condition number. Adding
up, in the case of path—tracking methods for polynomial system solving,

BSS model + condition number analysis = Turing machine model,

the equality being strong in the sense that the complexity of the discrete algorithm is similar to
the complexity of the BSS algorithm. This “translation” of computational models can probably
be done for many of the algorithms originally designed in the BSS model. The reader may find
many of our techniques useful for such a task.

A natural precedent to our work is the algorithm in Malajovich’s Ph.D. Theses [32] (see also
[33], [34]) where a homotopy method for polynomial systems with coefficients in Z[i] is presented.
The algorithm in [32] is certified under reasonable assumptions for e—machines (i.e. floating point
machines), in which some intermediate computations are made. Its total complexity is bounded
by a number which does not explicitly depend on the condition number of the systems found in the
path. In [32], [34] there are some “gap theorems” which give universal bounds for the value of the
condition number in the case that the coefficients of the polynomials are integers (and assuming
that the solutions are not singular). The biggest advantage of that approach is that a global
complexity bound is found. By “global” we mean that it is valid for solving every generic system;
as a drawback, that complexity bound is exponential on the bit size of the entries.

In [14, Cor. 2.1], a universal upper bound for the bit size of rational approximate zeros of smooth
zeros of systems with integer coefficients and degrees at most 2 is given. In general, one expects
the condition number to be much smaller than in the worst case (see [40], [15] for results in this
direction), and hence the bit size of the output of our algorithm will in general be much smaller
than the upper bound of [14, Cor. 2.1].

One alternative to the rational arithmetic approach of this paper to the certification of homo-
topies could be using interval arithmetic. For example, in a more general setting, [25] proposes
step control by means of isolating a homotopy path in a box around an approximation of a point
on the path. While the implementation of [25] does not provide certification, in principle, interval
arithmetic can be used in an attempt to certify homotopy tracking using similar isolation ideas
(see [21] for an ongoing work in this direction).
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2. TECHNICAL BACKGROUND

2.1. The vector space of polynomial systems. As mentioned above, we will center our at-
tention on homogeneous systems of equations. For fixed n > 1 and an integer [ > 1, let
H, C C[Xo,...,X,] be the vector space of degree [ homogeneous polynomials with unknowns
Xo, ..., X, Asin [41], we consider Bombieri-Weyl’s Hermitian product (-, ), which preserves
the orthogonality of different monomials and satisfies

arl- - ay!

<X610"'XSH7X30"'X7?”>H1: [!

For integers d; > 1, 1 <i < n and an n—tuple (d) = (di, ..., d,), we denote by Hq) the vector space
of systems of n homogeneous polynomials of respective degrees dy, ..., d, in unknowns X, ..., X,,.
That is,

The Hermitian product in H g is then

<f7 g> = <flagl>7'ld1 +o Tt <fn7gn>Hdn

where f = (fi,...,fn), 9=(g1,-..,9n) € H(a). We also define

LFIF= (f. £)2.

The Hermitian product (norm) given by (-,-) (|| - ||) in Hq) is also called Bombieri-Weyl product
(norm). It has a number of nice properties such as invariance under composition with a unitary
change of coordinates, see for example [11, Section 12.1]. We denote

S={J € Ha: |f] =1}.

Our main algorithm (Algorithm 1 below) will need to compute (-, -) and ||-||*>. This can obviously
be done over the (complex) rationals Q[i], if the polynomials involved have coordinates in Q[i].

Remark 3. The extra hypothesis Theorem 2 needs is

(2.1) —Lollgll [If = gll < Re (g, f—g) < gl lf = gl,

where Ly = 1—1072. While this hypothesis is not actually needed for the method to work (an output
will equally be obtained if the hypothesis is not satisfied), it does simplify the complexity analysis
of the algorithm significantly. Note that (2.1) means that the angle between the two vectors g and
f — g in the space of polynomial systems is not too close to w. This is satisfied by most reasonable
choices of paths f;.
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2.2. Projective Newton method. We now describe the projective Newton method of [38]. Let
f€Ha and z € P(C™*1). Then,

Ne(f)(2) =z = (Df(2) |.+) " f(2),
where D f(z) is the n x (n + 1) Jacobian matrix of f at z € P(C"*!), and

Df(Z) |zJ-

is the restriction of the linear operator defined by Df(z) : C"*! — C" to the orthogonal comple-
ment z+ of 2. The reader may check that Np(f)(\z) = ANp(f)(2), namely Np(f) is a well-defined
projective operator as long as the linear map D f(z) |,1 has an inverse. An equivalent expression,
better suited for computations, is

M) = (P17 (79),

Z*

where z* is the conjugate transpose of z. We denote by Np(f)!(z) the result of I consecutive
applications of Np(f) on initial point z.

In general, one cannot expect that the solutions of systems of polynomials have rational coor-
dinates. The goal of solvers is thus to produce rational points which are “close” in some sense to
actual zeros. Following the approach of [44], [41] we will consider that a point is an “approximate
zero” of a system of equations if it is in the strong (quadratic) basin of attraction of the projective
Newton method. Namely:

Definition 4. We say that z € P(C"*!) is an approzimate zero of f € Hqy with associated (ezact)
zero ¢ € P(C"1) if Np(f)!(2) is defined for all 1 > 0 and

(). < B2 10

Here dp is the Riemann distance in P(C"*!), namely

{2, )]
dr(z,2") = arccos —=—— € [0, 7/2],
[ 1["]
where (-,-) and || - || are the usual Hermitian product and norm in C"*!. Note that dr(z, ') is the
length of the shortest C' curve with extremes z, 2’ € P(C"™!), when P(C"*!) is endowed with the
usual Hermitian structure (see for example [11, Page 226].)

2.3. The condition number. The condition number at (f,z) € H x P(C") introduced in
[41] is defined as follows:

(2.2) u(f,2) = LD (2) [o0) ™ Diag|l=]|% ;"))

or u(f,z) = o0 if Df(z) |, is not invertible. Here, ||f]| is the Bombieri-Weyl norm of f and the
second norm in the product is the operator norm of that linear operator. Note that u(f, z) is, up
to some normalizing factors, essentially equal to the operator norm of the inverse of the Jacobian
D f(z), restricted to the orthogonal complement of z. Sometimes y is denoted finorm O fiproj, DUt
we keep the simplest notation here. One of the main properties of y is' that it bounds the norm
of the implicit function of the mapping (f,z) — f(2). In other words, following [11, Sec. 12.3 and
12.4):

IThis property inspired its definition, see [41].
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Lemma 5. Let (g, o) € Hay x P(C") be such that g({o) =0, and u(g, §) < co. Let fi,t € [0,¢)
be a C* curve in Hy, fo=g. Then, for sufficiently smallt < e, (o can be continued to a zero (; of
i, that is there exists a C' curve t — ((t) C P(C"™) such that ((0) = (o and, denoting ((t) = (;,
we have fi((;) = 0 for every sufficiently small t. Moreover, the tangent vectors satisfy:

1oll < (9. o)l foll-

We will also use a variation of this condition number, namely x; in equation (3.4) below.
The following result is a version of Smale’s y—theorem (cf. [44]), and follows from the study of
the condition number in [41], [39)].

Proposition 6. [4, Lemma 6] Let ( € P(C"™) be a zero of f € Hy and let z € P(C"*) be such

that
Uo

ez 0) S FrL 7o

Then z is an approximate zero of f with associated zero (.

where uy = 0.17586.

2.4. Complexity and the condition metric. According to [39], the complexity (dominated by
the number of Newton steps or number of while loops) of an algorithm performing the homotopy
method should depend on the so—called condition length of the homotopy path. Given a path
(ht, &), to <t < t; where (; is a zero of hy and hy € P(H(q)), ¢ € P(C™), the length of the path
(h,G) in P(Hg)) x P(C"1) is given by the integral

dt

[
" Ting o) (B(H @) xB(C 1))

_(ht7 Ct)
tl . .

B /t \/”htHQThtP(H(d)) + ||Ct“2TctIP’(<C"“) dt
0

dt
One must here understand /; and ¢; as tangent vectors in Tj,,P(Ha)) and T, P(C™*) respectively.
If hy and (; are given in coordinates, this means:

P e o)

7 2

||ht||Tht]P(H(d)) o Hht||2 - Hht||4 )

Il G 6L 6P
N T R T

Now, the condition length (or length in the condition metric) of the same path is defined in [39]
as

t1 - .
/ N(ht; Ct)\/”htH%“htP(’H(d)) + HCtH%Ct[P’((C”"'I) dt.

to
Note that, from (2.2), u(hy, ¢;) only depends on the projective classes of h;, and ¢; and this last
integral is thus well defined.
Now, given a path (fi, () € H x P(C"*!) where f,(;) = 0, we define its condition length as

o9 ameunar- [ uto R

That is, Co(ft, ;) is the length in the condition metric on S x P(C"*1) of the path obtained by
projecting (f;, () € Ha x P(C"™) on S x P(C"*!). The reason of this change is that segments
in Mg project nicely on the sphere S (indeed, they project onto pieces of great circles in S), but
they do not project so nicely on P(H(q)). This makes our analysis easier and, presumably, has
little effect in the complexity bounds.

+ HCt”g“ct[p(an) dt-
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Note that, if f; € H(q) is the horizontal lift of h; € P(H(q)) then the condition lengths of (f, )
and (hy, (;) coincide. In the general case, however, the condition length of (f;, (;) is greater than

that of (WP(H(d))(ft),Ct), because in general Re ((ft,ft>)2 < |(ft, Tol?.

3. A ROBUST HOMOTOPY STEP

In this section we set up the backbone of our main algorithm: how to correctly choose a homotopy
step. We do this by stating a theorem that, given sufficiently close polynomial systems g, f € H )
and an approximate zero zy of g associated to an actual zero (; of g, guarantees that (, can be
continued to a zero (; of f, and moreover a projective point sufficiently close (in a sense that we
will precisely determine) to Np(f)(zo) is an approximate zero of f with associated zero (;. There
are some precedents to this result in [32] but our theorem is needed to get the sharp complexity
bound of [39)].

3.1. Some constants. As it is common in the explicit description of many numerical analysis
algorithms, we will need to use some constants, that need to be described explicitly because they
intervene in the definition of the algorithm. We will use a free parameter 1/2 < § < 1 that will be
set to 3/4 in our implementation of the algorithm. The rest of the constants are:

up = 0.17586 (the constant from Proposition 6),

P=vV2+/4+5/8, =5 =-——"—< —,
/ e V24 20u, V2

(3.1) d=ci=1—(1—a)"s <1.
Finally, let ¢ be any number satisfying
(1= v2ue/2)?
c.
1+ v2ug/2

Only the value of ¢?/(2P?) will appear in the description of our main algorithm (see Algorithm
TRACKSEGMENT below.) Hence, one can choose any value of (¢?/2P?%) € Q such that

(3.2) c< Cs =

¢ S 0003aa12
In our algorithm, we will choose % = (0.00034. The reader may check that the following holds.
d 3ouy 3a

3.3 — < —
(3:3) P(l—a) = 2 P~ 2V2
3.2. A version of the condition number. The condition number p(f, () of (2.2) above can be
computed using a more amenable expression if f(¢) = 0.

Let g, € M) be two polynomial systems and let z € P(C"). Let x1 = xi(g,2), x2 =
X2(9,9,2) and ¢ = ©(g, g, z) be defined by

Vgl
(3.4) i = (Dg(z>>

z Vi |gllllz] 7
2]
o\ 1/2
2l (Do) (9(2)
( ) X2 Hg” + HZH2 o 0 )
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(3.6) © = X1X2-

Note that these formulas do not depend on the representative of z and thus are well defined. Their

value is also invariant under multiplication of g by a non—zero complex number A € C.
It was noted in [4, eq. (2.2)] that if t — (f;,¢;) € SxP(C*") is a C* curve such that f;(¢;) = 0,
then

(3.7) x1(ft, Gt) = plfe; Co), SO(ftaft, G) = M(ftact)H(ftaét)Ha Vi

Thus, x1(f, z) is a version of the condition number pu(f, z) (equal if f(2) = 0) and ¢ is, if (f, ) C
S x P(C"™) and f;(¢;) = 0, the quantity inside of the integral defining Cy in (2.3).
From Lemma 5, with the notation of (3.7) we have:

(3.8) o (for fo, o) < 1 fo, )l foll/T + u(f, o)

The reason to use x; instead of p and ¢ instead of simply the term inside the integral defining C,
is that the rates of change of x; and ¢ are easy to analyze, see lemmas 17 and 18 in Section 10.

3.3. A robust homotopy step. We now state our main technical tool, which is a more detailed
and complete version of Lemma 5 about continuation of zeros, designed to answer the following
questions

e how long can a zero of g be continued when ¢ is moved?

e how do y; and ¢ vary in this process?

e if an approximate zero of g is given, how long will it still be an approximate zero as g is
moved?

We will use the constants defined in Section 3.1. Given two systems f, g € H ), we consider the
Riemannian distance in the sphere S from g/||g|| to f/||f], that is:

J L’L)_ recos L9 F)
; (ng 1) = el

Theorem 7. Let g, f € Ha) be two systems of polynomial equations such that g # \f VA € R.
Let zy be an approzimate zero of g satisfying

(3.9) dr(20, o) -

= 27u(g.G)
for some exact zero (y of g. Let
g lgl*f — Re({f,9))g
gl VILFIPlgl? — Re({f, 9))

That is, g is the derivative at 0 of the arc-length parametrized short portion of the great circle in

S, from g/llgll to f/||f||. Let
X1 =X1(9:20), x2=x2(9,9,%), ¢ =v(g,9,2)-

Assume that

g [ ¢
3.10 ds ( , ) < .
10 ol 1) = P
Then,
(1) Co can be continued following the straight line homotopy
(3.11) fi=Q—=t)g+tf

to a zero C; of f;, namely, there exists a C' curve t — ((t) such that {(0) = (o and, denoting
C(t) = ¢, we have f(¢;) =0 fort € [0,1].
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(2) We have the following inequality:

V2u(g, o)’
T (1= V2up/2) V2
(3) The condition length Co(fi, (i) of the path (fi, () as defined in (2.3) is essentially equal to
o ds <ﬁ, ﬁ). More ezactly:

(3.12)

1+\/§U0/2

(3.13) = Vou/2 7

<

(1= v2u/2)" (1 + ) _  Colfin )

c - f
pds (Hfll’ Hg||>

(4) For every z € P(C"*) such that

) (1—206)uo
(3.14) dr(% Ne()(20)) < 3 5m0 T 3 5020

we have that

~ Uo
(3.15) dr(z,G) < m

In particular, Z 1s an approximate zero of f with associated zero (.

The proof of this theorem is a long and tedious computation. We delay it till Section 10.

4. A SCHEMATIC DESCRIPTION OF THE ROBUST LINEAR HOMOTOPY METHOD

In this section we describe an algorithmic scheme for the linear homotopy method. The procedure
in this section is not quite an algorithm, because we do not specify how to perform some of the
tasks it requires. We will however prove that any actual algorithm designed to fit into the scheme
of this section has certified output and the number of iterations it performs is essentially bounded
by the condition length Cy.

Let g, f be two non—collinear systems, that is ¢ # Af for every A € R. Let f; be defined by
(3.11),50 fo=g, /i = f. Let 6 € Q, R € /Q with 1/2 < § < 1 and R > /2 be two arbitrary

constants 2.

Algorithmic Scheme 1. z, = TRACKSEGMENT_SCHEME( f, g, 29)

Require: f,g € Ha) non—collinear with coefficients in Qi];
20 € Q[i]"*! is an approzimate zero of g satisfying (3.9).

Ensure: z, € Z[i|"™ is an approzimate zero of f associated to the end of the homotopy path
starting at the zero of g associated to zy and defined by the homotopy (3.11).
14 0; s, < 0.
while s; # 1 do

Gi < fsi'

Let

RIS SR

G = lg:ll*f — Re({fsg:))gs

gl VI 1IN g:l1? — Re({f, 9:))?
Let xi1 = Xi,l(Qia %), Xi2 = Xi.2(9i» Gi> zi) and ©; = ©i(Gi, §i, %) as defined in (8.4), (3.5) and
(3.6).

2If R > /2 then values t; as described in Algorithm 1 exist. They also exist for smaller values of R > 1 like
R = 1.0003 but taking R > v/2 will make our formulas look prettier. This assumption does not affect much to the
running time of the algorithm. We will only use R? in the algorithm. Hence, we can take R € /Q.



12 CARLOS BELTRAN AND ANTON LEYKIN

5:  Lett; be any positive number such that
lgill”> +ti Re (gi, f — g)

(4.1) < g <
lg:llv/Nlgil|2 + 2t: Re (i, f — g) + 2] f — g2

Ur

where
c? c* c?
- 5 T 1 Urn=1-55mms
2P2d3p; 24 P4dy; 2R2P2d3p;

If such t; does not exist, let t; < 1 (which will imply that the while loop finishes in this step).

(4.2) L=1

7: t;+—1—s;.
8: end if
9: Si+1 < S + ti;
1—0)%u3
10: €+ (1= 0)%u5

4d3(1 + 3ouo/2)*x7,

-1
11: zig < Np(gip1)(2) = 2 — (Dgl;r;( l)) Git1(2i)
12: Ziq < any vector in Q"™ satisfying
- 1—9)u
(4.3) dr(Zit1, 2i1) < Ve = ( Juo

2d3/2(1 + 36“0/2))@’1 ’

13: i1 27;+1
14: i1+ 1.
15: end while
16: z, < gi+1.
Note that (2.1) implies that for i > 0 we have

(4.4) —Lollgill IIf = gill < Regi, [ — ) < Mlgall IS — aill,
where Ly =1 — 1073,
Theorem 8. The output of any algorithm performing the instructions described in TRACKSEG-
MENT_SCHEME s certified. Namely, for every i > 0, the point Z; is an approximate zero of
gi = fs., with associated zero * (;, the unique zero of g; such that (g;,(;) lies in the lifted path
(fi,¢t). Moreover,
~ Ug .
r(%i; G) 232 11(g:, ;) t
Let Cy be defined by (2.3) and (3.11). If Cy < oo, there exists k > 0 such that f = gi. For the
number of homotopy steps k the following bounds hold:

C'd3?Cy < k < [Cd¥Cy],

where

O Vw2 (i + o)
In particular, if Cy < oo, there exists a unique lift (fi, () of the path f;, and the algorithm finishes
and outputs z., an approximate zero of f = g, with associated zero (., the unique zero of f such
that (f,Cx) lies in the lifted path (fi, ().

Finally, the two following inequalities hold at every step of the algorithm:
o V2u(gi, Gi)?

S A= V22

3Note the slight abuse of notation: we just use ¢; the zero of g; = fs;, so we should actually denote it by (.

dRP P
C’ i

(4.5)
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~

¢
> )
— d®maxyeio,{p(fi, &)1}

Remark 9. As said above, we will choose 6 = 3/4 in our main algorithm TRACKSEGMENT. With
that choice and the use of Frobenius norm instead of operator norm for the computation of x;1, in
our practical implementation we will have

28<C"<C<79vn+ 1.

Note that C' is not a universal constant as it depends on n. The value of ¢ is needed only for
the bit—complezity analysis where it will be replaced by an O(1). One can however estimate it as
¢ ~ 0.00003.

(4.6) Up— L

where ¢ 1s a universal constant.

Proof. The proof of correctness of the algorithm is by induction on i. The base case of our induction
i = 0 follows. Assume that

Ug
(4'7) dR(Zia Cz) < m

We claim that we are under the hypotheses of Theorem 7. Indeed,
Gir1 = foin = foirto = (L =si =) g+ (si +1;) [ =
(1=s)g+sif —tig+tif =g +t:(f —g)

Thus,
Re (gi, giv1) _ ||gz||2 +t;Re(gi, f — 9) > T
lgillllgi+all  llgillv/Ngill® + 2t Re (gi, f — g) + E][f — gl]>
Thus, from Lemma 10 below we get
9  Git1 Re (g;, git1) c
4.8 ds ( , ) = arccos ————+ < arccos L < ————.
“8) Tl Tgieal Tl i PPy,

In particular, Theorem 7 applies to the segment [g;, g;11], proving our induction step and also
proving (4.5) from (3.12). Additionally, if the i—th step is not the final step in our algorithm
(equivalently, g;+1 # f or s;41 < 1) then we have

Re (gi, giv1) _ lg:ll” + ti Re {gi, f — g) < Uy
lgillllgivall gl gl + 2t Re {gi, f —g) + £ f —gl2 ~
which again using Lemma 10 yields:
9i 9i+1 Re (gi, giy1) c
(4.9) ds ( ) ) = arccos ——————— > arccos Up > —————.
gill" Il gis] [19ill l| gix] RPd*?p;

Now we prove the bound on the number of steps. From (3.13) and (4.9) we have that, as long
as Sj41 < 1,

Si+1=8i+t; .t 2 R " ; 2 )
/ (i) 1fil*  Re({f, f0) 11, penen dt >

1 fel? 1 fell*
P 1 —v/2u/2)*V2In(1 + ¢
Spidg(g,gﬂ)( \/_uO/)/ n(l+¢)
gl l|gisal ¢
(1 — V2up/2)"V2In(1 + ¢)

' RPd3/?
Thus, as long as s;11 < 1, we have

1 't 9 R ,’ t D) .
Co :/o w(fi Ce) HQHQ — eﬁ‘<£‘|{>) + HQHQTQP(@H)dt >
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LlP Re(Ff)” e
i v e O

‘ 5j+1 .t 2 R '7 ; 2 )
Z/ u(fo o J I Rel(f. 1) + 1GlIZ, pcneny dt >

= 1f2? [1f2 ]l
(i + 1)e(1 — V2u0/2)"HV2 In(1 + c)
' RPd3/?
In particular, if s;;1 < 1 then
d RPd*?
1+ 1< Co.

(1 — v2up/2)HV2In(1 + ¢)

The first non—negative integer ¢ which violates this inequality is thus an upper bound for the
number of iterations of the algorithm. This finishes the proof of the upper bound on the number
of steps. For the lower bound, note that, even if s;,; = 1, from (3.13) and (4.8) we have

Sit1 ||ft||2 . Re((f,ft))
[, ot O i = = Vol =

A ( 9i i1 ) 1+ v2ug/2 - (1 +v2up/2) < d
o gl Nlgis1ll ) (1 = V2uo/2)V2 — Pd3/2(1 — /2ug/2)V2 — Pd3/?
Thus, if k is the number of iterations needed by the algorithm (i.e. sx_; < s = 1) then

_ [ 12 Re((f, fi)”
Co —/0 w(fis G) AR AL + HCtHTC p(Cr i) dt =

F=1 sy o el ,
Z;/S. 1(fir Go) | fell _ e((f,ft» + HQHT B ) dt < de3/2
j= j

|1 fell? [ fell*
In particular, we conclude that the total number of iterations is
3/2
> Pd Co7
Z

which is the lower bound on k claimed in the theorem.
For (4.6), note that

Do — [ — c? ) 1 c?
SN R R? 12P2d3¢? )
Using R > v/2 and roughly bounding the term inside the parenthesis, we get
2
2 . c? <(1 — \/§u0/2)1+*/§>
~ 5P2d3¢? (13 10P2dPpu(gi, G;)*

Up—L >

which implies (4.6).

Lemma 10. Let L,Ug be defined as in the algorithm. Then,

c c
arccos Ugr > m, arccos L < W
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Proof. We prove the second inequality. Recall the elementary fact that for 0 < s < 1 we have

s2 st
cos(s) < 1— 5 tor
Then, because arccos is a decreasing function in [0, 1],
52 st
(4.10) arccos (1 -5t ﬂ) < s, s € (0,1).
In particular,
arccos L = arccos (1 — ¢ + a ) < S
2P2d3p? 24 P*dSyp] Pd3/2p;’
as desired. The first inequality is proved in the same way, using that for 0 < s < 1 we have
2
cos(s) > 1 — 5

5. COMPUTATIONAL CONSIDERATIONS

Provided Theorem 8, the rigorously certified homotopy tracking could be accomplished by
way of exact rational arithmetic employed in all of the computations described in TRACKSEG-
MENT_SCHEME. In this section we discuss some of the aspects of this issue, to facilitate the reading
of our main algorithm TRACKSEGMENT below.

5.1. Operator norm vs. Frobenius norm. In Step 4 of TRACKSEGMENT_SCHEME we need
to compute the operator norm of a matrix, which is a non—trivial task. Actually, one just needs
to the square of such norm, to use it in steps 5 and 10. Instead of computing the square of the
operator norm, one can just compute the square of the Frobenius norm [|(a;;)||% = 7, ; lai;|?,
which involves only rational computations. Both norms are related by the inequalities
<01 < (D) I

On the other hand, X?,z which is the squared norm of a vector involves only rational computations
and thus can be computed exactly. Then, instead of ©? in Step 5 we can use the product of X?,z
and a version of Xil using the squared Frobenius norm.

Let us put this in a general framework. Assume that we can compute some quantity 5(12,1
satisfying X?J < )21271 < 52)(,?71 for some S > 1. Let L, Uﬁ be computed with the same formulas as
L,U s but using x; instead of x;1. Then, it is easy to see that L> L and

2 2

C C

Ve=1=1ppz =1~ moprpge = Uves:

Thus, if we find ¢; such that

i< lg:lI* +t: Re (gs, f — g)
gl VNl + 2t Re {gi, f — g) + 2] f — gl

then in particular the hypotheses of Theorem 8 are fulfilled changing R to /25 and the number
of steps is at most

S U\/i S Uﬂs;

/
k<[ v2sbe 32
c(1 = v2uo/2)*+V21In(1 + ¢)
In particular, we have proved the following.

Col.
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Lemma 11. If in TRACKSEGMENT_SCHEME, R is changed to /2 and x?, is changed to X%,
(defined the same way as X?J but using Frobenius norm instead of the operator norm), then any
algorithm performing the computations in TRACKSEGMENT_SCHEME has certified output in the
sense of Theorem 8. The number of iterations is at most

2(n+1)Pd
k< R ~  [79vn + 1d%2C,].
- [c(l — \/§u0/2)1+‘/§ln(1 +c) J with 6=3/4 [ ol

Moreover, at every step we have

2(n + 1) p(gs, G;)?

5.1 Xi1Xoz = |
(5.1) Xi,1X4,2 (1— \/in/Q)l-&-\/i
¢
5.2 u —L=
(5.2) V20D = B max{u(fy, ¢)4Y

where ¢ 1s a universal constant.

5.2. Computing the step size. Step 5 of TRACKSEGMENT_SCHEME requires finding a ¢ sat-
isfying (4.1), which a priori means computing approximately the smallest positive roots of two
quadratic polynomials. An easier way to get this is using bisection method to locate a root of the
equation

01 + t0, L+U

at) = -
/0101 + 2t0, + 1265) 2
with stopping criterion given by

0,

If ¢ € R satisfies this stopping criterion, then (taking 6; = ||g;||*, 02 = Re {(g;, f — 9),63 = || f — g|*)
it also satisfies (4.1). When applying bisection, we need to be able to determine the sign of «(t).
It is not hard to accomplish this without computing square roots using the following subroutine.

Algorithm 1. (s,r) = COMPUTESIGN (64, 0,,03,t, L, U)
Require: 0,,05,05,t, LU € Q, 61,03 >0, 05 <003, 0 < L<U< 1.
Ensure: s =1 if a(t) >0, s = —1 otherwise, and
(61 + t65)*
01(01 + 2t0y + t203)

(61 + t6)*
01(6, + 2t0y + t203)
if 01 + 10, >0 and r > (L + U)?/4 then
s+ 1
else
s+ —1.
end if

~

D4

SR NN

The bisection method mentioned above is then as follows. The requirement 1 — 107 < L in
the description of the following algorithm corresponds to the extra hypotheses (2.1) in our main
algorithm.

Algorithm 2. ¢t = LUQUADRATIC(64, 05,03, L, U)
Require: 01,05,03, L, U € Q, 61,05 >0, —L+/0,03 < 0, < /0,03, 1 — 103<L<Ucx<1.
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Ensure: t = 5 € QN (0,1, m € Z, 0 <1 € Z such that
0, + to
(5.3) L< L 10 <U,
V0101 + 2t0, + 1203)

if such t exists (otherwise, output t = 1), and such that

; 1605
(5.4) 0<m<2 §max(1,91<U_L)).
1: t1 <1
2: L2 — L2
3: (s1,7m1) < COMPUTESIGN(#1,0,,03,t1, L, U)
4: 1f 014605 >0 and ry > Lo then
5: t< 1t
6: else
7: Uy U?
8: to+— 0
9: 1o < fo ;— b
10:  (Sg,79) < COMPUTESIGN (64, 05,03,t5, L, U)
11: 1+ 0
12: while Lo >1ry or Uy <1y or 61 + t202 <0 do
13: if s =1 then
14: ty < 1o
15: else
16: t1 < to
17: end if
18: ty < fo 1t
19: (s2,72) < COMPUTESIGN(0y, 0, 05,19, L, U)
20: l+—1+1
21 end while
22: t <ty
23: end if

Lemma 12. LUQUADRATIC produces t = m/2! satisfying (5.3) and (5.4), ort =1 in case there
exists no t that satisfies (5.3). Moreover, the number of iterations it performs is at most

- 01 + t0;
V0101 + 210, + 1205)

Proof. Let
B(t)

We first claim that

(6105 — 0°) ¢t
VO (0512 + 205t + 0,)*
This is a routine computation and is left to the reader. In particular, 63 < 6,65 implies that a(t)
and f(t) are decreasing functions for t > 0. If 5(1) > L (which is decided in Step 4 of Algorithm 2)
then there are two possible scenarios:

(1) If (1) > U then a t satisfying (5.3) does not exist and the output of the algorithm is ¢ = 1
as claimed.

B(t) =a/(t) = —
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(2) If (1) < U then the output of the algorithm ¢ = 1 satisfies (5.3) and (5.4) as claimed.
On the other hand, if 5(1) < L, then
a(O):l—M>O, a(l):B(l)—L+U < L-u
2 2 2
which implies that the bisection method used in the algorithm produces an approximation of the
unique root t, € (0,1) of a(t). In particular, note that «(¢,) = 0 implies that 6; + ¢.65 > 0 and

L+U
Bt = =
which yields 3(t.)? € (L* U?). By continuity of 3, we conclude that the algorithm will at some
point compute a t, such that L? < ry < U? and 0, + to, > 0. That is, the algorithm finishes at
some point, and the output satisfies (5.3) as claimed. It is a simple induction exercise to prove
that, whenever the condition of Line 12 is satisfied (that is to say, at every step of the algorithm,
except possibly at the last one) we have

< 0,

€ (L,U),

[ 7Q] - [t07t1]7
where
[p,q] ={t €[0,1] : |a(t)| < (U - L)/2}
={te0.1]: B(t) € [L, U]} = B~([L, U)).
At every step of the algorithm, the bisection method satisfies

1
|t1 — tol - i

Thus, if the [—th step is not the last step of the algorithm then we have
1
q—p< o
From the Mean Value Theorem of calculus, we have

U—-L |8(q) - B(p)

o - o :6/(£)7
¢—p ¢ — pl
for some ¢ € [p,q] = ([, U]). Thus,
. B'(¢) _ max{|g'(t)|: B(t) € [L, U]}
(5.5) 2§q—p_U—L§ T :

Note moreover that

(5.6) @ _ (0,05 — 9%)9115‘
g3 |61 + 0ot 3
Now we have to distinguish two cases:
(1) If 63 > 0 then (5.6) and ¢t < 1 yield

0,05 — 02)0, _ 05
()] < (6,05 — 03)01 _ -
(2) If f3 < 0 then by hypotheses we have 0y = —e with 0 < e < L+/0105. Thus,

5(3_1) - - 969 =
(& 050?
Vo Ve,

4e?
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and hence (t) > L implies that ¢ < 6,/(2¢). Thus, (5.6) implies that
B8] _ (Bi8s— )it _ 8(6a6s —c?) _ 86y
B(t)* — (01/2) = 0? -0

which readily gives

t € [p,dl,

80 80
BOI<p )5 <22 telpd
1 1
Thus, for every possible value of 0y € (—L+/60105,+/0,03) we have that

max{|5/(0)] (1) € LU} < 2.

1
This together with (5.5) proves that, if the I-th step is not the last step of the algorithm, we have

ot < B
~0(U-1L)
For the last step, this quantity has to be multiplied by 2. The last claim of the lemma follows. [J

Remark 13. Our implementation of LUQUADRATIC continues bisection if the denominator of its
output t is larger than the denominator of s; in step 23 of TRACKSEGMENT (Algorithm 4) until
the denominators match. This is done in order to reduce the size of the denominator of s;.1.

5.3. Finding a close-by number with small integer coordinates. In Step 12 of TRACKSEG-
MENT_SCHEME we change z;,; to a close-by vector Z;;; with rational coordinates. Although z;
already has rational coordinates, we need to replace z;;; with a nearby vector whose coordinates
are integer numbers of bounded (small) absolute value. If this step is not performed, the number
of bits required to write up z;11 might increase at each loop, which is to be avoided. In this section
we show how to deal with the general problem of, given z € Q[i]**! and ¢ € Q, £ > 0, finding
Z € Z[i]"*! such that* dp(Z, 2) < /2, and such a way that the absolute value of the coordinates of
Z is relatively small.
Let us consider the following algorithm.

Algorithm 3. Z = SHORTZERO(z, ¢)
Require: z € Q[i|"™; e € (0,1) NQ.
Ensure: z € Z[i]"™ such that

(57) dR('%?Z) < \/ga

and such that the integer numbers appearing in the expression of zZ are bounded in absolute

value by 34/ ”TH

Let ‘;—Z +ile’—z, a;, b, ci,e; €7, c;ye; >0, 0 <1 <n be the coordinates of z.
m < (co---cy) - (€9 - ey).
T—m:-z.,
21
re | =—
20
k<+0
a4 ,
while o < 5714 do
o +— 4o
k+—k+1

RSN AR AT SRS Bl

4Recall that dg(z,y) = arccos H;T"@” is the usual distance from x to y as projective points in P(C"*1).
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10: end while
11: Z + [27%a).

Here, by [y] (y € C"™) we mean the following: if y = (ag + iby, . .., a, + ib,) then
[yl = ([ao] +ibo], - - [an] +i[bn]),

where for ¢ € R, [¢] is the integer number which is closest to ¢ and is smaller than ¢ in absolute
value (that is, [t] = [t| if t > 0 and [t] = [t] if ¢ < 0).

Lemma 14. Let 0 < 63 < 0. Then, the function

0.+ 0
w(by) = % 0y € [—/0105,/0.105]

V01 (61 + 20, 4 03)

has a global minimum value equal to \/1 — 03/6;.

Proof. Note that w is a differentiable function and

03 + 0

/
0y) = )
w/(6) V01 (01 + 20, + 03)3/2

Hence, the minimum of w is attained at 0y = —+/0,603, 03 = /0,03 or 03 = —05. Now, w(y/6,03) =
w(—+/60103) = 1 and w(—03) = /1 — 05/6; < 1. The lemma follows. O

Lemma 15. Algorithm 3 produces z = (dg +if, . . ., Gn +15,) € Z[i]"*! satisfying (5.7) and such

that
~ 1
meAéaﬂi_ vO<i<n.

Proof. First note that, if the stopping condition of the loop is satisfied at the first step, then the
output Z = x of the algorithm satisfies dg(Z, z) = 0 and

||x||<\/8(n+1)r<3\/n+1
— c —_ c )

and hence the claim of the lemma follows. Otherwise, the numbers o, & computed by the algorithm
satisfy

6.9 aoari g Sl
’ ~2(n+Dr
Let x = (o + 1B, - . ., +16,,) be the coordinates of z. Then, for i = 0,...,n, we have:

(6 +16:) — 27%(as +18) ) = ([27%au] — 27%)* + (2778 — 27%8)% < 2.

Hence, denoting y = 27%z and v = 7 — y we have

(5.9) loll> = 1@ +18:) — 275 (s +18:)|* < 2(n + 1).
=0
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On the other hand,

I =llyll® = lIZ = ylI* = 2Re (%, ) — [|2]”

=2 (Z 27 (2% ] + 2_kﬁi[2_kﬁi]> — 12017

> (Z[z-kaf + [2%]2) - 2P

=0
=2z - [I2]* > 0.

lyl1* = llo

That is, ||v]|> < |ly||*. Hence, the use of Lemma 14 in the following chain of inequalities is justified:

(y+v.y)l _ Re(y+v,y) _ [lyl* +Re(v,y) _

lyllly + ol = lyllly +oll— llylllly +oll
Iyl + Be (0.3) AT
yllv/TIylI? + 2 Re (v, y) + [[v]|? zemma 14 lyl?
Thus,
. i - [y + v,y
dr(Z,2) = dr(Z,2) = dr(2,y) = dr(y + v, y) = arccos ————— <
1ylllly + ol
2 2" 28/2(n+1
arccos 4 [ 1 — ”UH2 arcsin Ul arcsinM < arcsmLﬂ
Iyl [lyll ]l 59y edl

Note from (5.8) that
2]‘3\/ 1)
(5.10) (n+ \f << < 1

The reader can check that the function s — s~ arcsins, s € [0,1) is an increasing function. From
this fact and (5.10) we get:

arcsin 22+l inl 21
T e _ arcsinj
< — =
2k /2(n+1) - % — 20 v
B
which readily implies
2k /2(n + 1) 2k /2(n + 1)

||| (5.8)

as wanted.
For the bound on |&;| note that

2l = [[2*ar]| < |2-%a,| < V8(n+ 1)r il n+1
Gl = |27 | < 27| < e

where we have used ||| > |a;|. An identical chain of inequalities works for /;.
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TABLE 2. Notation of TRACKSEGMENT and TRACKSEGMENT_SCHEME.

TRACKSEGMENT TRACKSEGMENT_SCHEME

ny 117

no lgll®

ns Re <f7 g>

n 1/ — gl

ny lg:]l”

Ny Re <fa gz>

Ne Re <f -9 gz>

ny [EAlk

U1 f(Zz)

U2 9i(zi)

M (P

Wi (Dgﬁ;l*(zi))

a X2 (= x? computed with Frobenius norm)

b X

ab &% = x3x5 (plays the role of p? = x%x3)
2

W PP

6. THE MAIN ALGORITHM

We now describe the pseudo-code of an actual algorithm that performs the instructions described
in TRACKSEGMENT_SCHEME and is thus certified.

There are two choices in TRACKSEGMENT_SCHEME: R and 6. We choose R = v/2 and § = 3/4
which make the computations simple. Besides, instead of using operator norm for the computation
of X?@ we use Frobenius norm, which according to Section 5.1 multiplies by a factor of v/n + 1
the upper bound for the number of homotopy steps. The reader may find helpful Table 2 for
comparing the names of the variables in TRACKSEGMENT_SCHEME and TRACKSEGMENT:

Algorithm 4. z, = TRACKSEGMENT(f, g, 29)
Regquire: f,g € Hay; 2o € Q[i|"™ is an approzimate zero of g satisfying (3.9).
Ensure: z, € Z[i|"™ is an approzimate zero of f associated to the end of the homotopy path

10:
11:
12:
13:

starting at the zero of g associated to zo and defined by the homotopy (3.11).
14+0;5 =0.

»

0

(40)°(1 + 9uo /3)?
17 1

Wy + ——
0" 50000 d?

while s; < 1 do
ny < (1 —8;)%ny + s7ny + 2s;(1 — s;)n3
Ny <— (1 — Si)ng + s;n1
Ng <— S;N1 — (1 — Si)ng + (1 — 282‘)713
ny < ||zi]?

Eo
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14:
(1 — SZ')Ml + SZ'MQ

Zi*

M = (mi) )AEMMW»

15:

n n—1 n

a < (n4 Z Z dl+1]mkl\2n§l“l> + (Z \mkn\2n7>
k=0 [=0 k=0

16: V1 < f(ZZ) eC"

17: Vg < gz(zz> = (1 — sz)g(zz) + 5,v1 € cr

18: V3 < NV — N5V

19: vy M() e CvH

20: )

be 14—l

nz(ning — n?)

o1 W — Wo/(ab)

22: L+ 1-W4+W?/6; U+ 1-W)/2.

23:  t; «+ LUquadratic(ng, ng,n, L,U).

24: Sit1 Hlil’l{l, S; + tl},

25:  £+4 go/a

. 32“)]51 o) ¢ M),

27: Vg gi+1(2i)~: (1 — Si+1)g(2l‘) + Si4101 € (O
28: Zi41 < 2 — M1 (%5) S Cn-{—l'

29:  Ziy1 < SHORTZERO(z;11,¢).

30: Zit1 Zi—&—lc

31: 14+ 1+ 1.

32: end while

26: M

We should point out that in our practical implementation of the algorithm lines 13, 14, and
19 as well as lines 26, 27, and 28 correspond to the calls to the subroutine executing one step of
Newton’s method for a specialization of the system (3.11). We break this up into smaller steps
above for the purpose of the complexity analysis performed in Subsection 7.4.

Remark 16. From (5.2) and (5.4), for every i > 0 the number of iterations of LUQUADRATIC at
Step 23 is at most

|f — gllnd® max{u(fi, ) : 0 <t <1}
O<b&m“(L min{[[f,] 0 << 1} )>'

7. COMPLEXITY ANALYSIS

In this section we analyze the bit complexity of TRACKSEGMENT. Given a rational number
p/q € Q, ged(p, q) = 1, the bit length of p/q is defined as

bl(p/q) = logy(max |pl, |q]) + 1.

We also define bl(0) = 1. Note that bl(p/q) is a (tight) upper bound for the number of binary
digits required to write up p or ¢. writing p/q thus takes at most 2bl(p/q) bits.

Recall that an algorithm (i.e. a Turing machine) is said to have running time polynomial
on quantities ¢;(z),ca(x), ..., ¢(x) (where the ¢;(x) are quantities depending on the input = of
the machine) if there exists a polynomial p(X) € R[X},..., Xj] such that the running time of the
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machine on input x is bounded above by p(ci(z), ..., ¢(x)). A convenient notation is the following;:
given some function f(z) depending on the input =, we say that

f(z) < (c(z),... ,cl(x))o(l)

if a polynomial p exists such that f(z) < p(¢;i(x),...,¢(z)) for all possible input z. If a machine
has running time which is polynomial in the (bit) size of its input, that is if the running time of
the machine is input_size®®) then we say that the machine works in polynomial time. The reader
does not need be very familiar with the concepts of computational complexity or Turing machine
model to understand this section. However, we quote [11, Introduction] and its references for a
brief yet illustrating introduction to the different concepts of algorithms, and [36] for a systematic
introduction to Turing machines and their complexity.

When it comes to adding or multiplying rational numbers, there exist smart ways of designing
the operations which can notoriously speed up the elementary algorithms, see for example [16].
However, we will not search for the optimal upper bounds on the complexity of our algorithm,
because our intention is just to prove that it is polynomial in certain quantities as claimed in
Theorem 2. We just recall from [16] that k arithmetic operations® (a.0. from now on) can be
performed on rational inputs of bit length at most h, in time which is polynomial in k£ and h, that
is in time (kh)°WM, and the result of this sequence of a.o. is a rational number r € Q such that
bl(r) < (kh)°M,

Given a vector v € Q[i]*, we define its bit length as

bl(v) = max{bl(a;),bl(b;) : v = (a1 +iby, ..., ax + iby)}.

7.1. Bit complexity of COMPUTESIGN. Let h be an upper bound for the bit length of the input
(a,b,c,t, L,U) of COMPUTESIGN. The algorithm performs a fixed number of arithmetic operations
on the rational numbers which are its input. Hence, the bit complexity of COMPUTESIGN is hOW),

7.2. Bit complexity of LUQUADRATIC. Let h be an upper bound for the bit length of the
input (a,b,c, L,U) of LUQUADRATIC. Until Step 11, LUQUADRATIC performs a fixed number of
arithmetic operations on the rational numbers which are its input (including two applications of
CoMPUTESIGN). The bit complexity of LUQUADRATIC until Step 11 is thus h°"). Each of the
loops starting at Step 12 also performs a fixed number of arithmetic operations, but now the bit
length of the number ¢, invoked in COMPUTESIGN at line 19 grows with each loop. More precisely,
after ¢ iterations,

bl(ts) < O(7),

and thus the maximum bit length in all the numbers appearing at the algorithm in the —th loop
is (h+ i)W, The total bit complexity is thus

floops

O(h) + Y (h+14)°® < (h+ floops)?™).

i=1
From Remark 16, during an application of TRACKSEGMENT

| f — gllnd® max{u(fi,{):0<t< 1}>)
min{|| f] : 0 <t <1}

floops < O (log2 max (1,

"By a.0. we mean an operation of the form +, —, X, /, or a comparison <,< or an assignment of a value to a
variable, or computation of the integer part of a number.
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Thus, the bit complexity of LUQUADRATIC on inputs of bit length at most A is, during an appli-
cation of TRACKSEGMENT, at most

If = gllnd® max{p(fi, &) : 0 <t <1}V
<h + log, max <1a mm{”ftH 0<t< 1} )) .

7.3. Bit complexity of SHORTZERO. Let h be an upper bound for the bit length of the input
(z,€) of SHORTZERO. Steps 1 to 6 of SHORTZERO perform O(n) a.o. on inputs of bit length
bounded by A and thus these steps take time
(nh)°,
which is also a bound for the bit length of  (in the notations of Algorithm SHORTZERO). The
number of iterations the algorithm will perform is then at most
O(log, ||z[|) < O(logy(nh)).

at each step the bit length of a increases by a factor of 4, and checking the stopping criterion can
be done in (nh/log,(¢))°™M. Hence the total bit complexity of the while loop is

flloops
> ((nh/10gy(€))7M + 0(i)) < (nhlogy(e) + tloops) @M < (nhlogy ().
i=1
Step 11 can then be done in (nh)?). Thus, the total bit complexity of SHORTZERO is (nhlog,(£))°M.

7.4. Bit complexity of TRACKSEGMENT. Let h be an upper bound for the bit length of the
input (f, g, z0) of TRACKSEGMENT. Let S > 0 be the number of non-zero monomials in the dense
representations of f and g. We assume that

Mmax = max{,u(ft’Ct) 0<t< 1} < o0,

which indeed implies that Cy < oo and by Theorem 8 we know that TRACKSEGMENT actually
produces an approximate zero of f. We now analyze the operations performed in each step of
TRACKSEGMENT.

(1) The operations before the while loop:
e Steps 2,3,4: two squared—norm computations and one inner product computation.
That is O(S) a.o. with rationals of bit length max{h, [} where [ is an upper bound
for the bit length of the multinomial coefficients (i) which appear in the definition

of Bombieri-Weyl’s product (see Section 2.1). Note that [ < log(d!) < d°®). Thus,
max{h,l} < (h+d)°Y < (hd)°D and the bit complexity of these steps is at most
(Shd)°™M). The numbers they produce have bit length (Shd)°™ as well.

e Steps 1,5,6,7: a constant number of a.o. with rationals of bit length (Shd)°® is
again (Shd)°®" (and the numbers produced have the bit length bounded by the same
quantity).

(2) Step 8 (number of loops): from Theorem 8 and Lemma 11, the number of loops is at most
[79v/n + 1d%/?Cy], where Cy is the length of the path (f,¢) in the condition metric. For
counting the bit complexity of each loop, let h; be h or the maximum bit length of the
rational numbers s;, z;,t; (whichever is greater), and let h,,., = max{h;} (we will prove
latter that hy,.. < 00). The bit complexity of the i—th loop is bounded as follows.

e Steps 9,10, 11: a constant number of a.o. with rationals of bit length (h;)°") is again
(hy)OW.

e Step 12: computation of the squared norm of a C**! vector with rational coordinates
of bit length bounded by h;: bit complexity (nh;)°®) and n; has bit length at most
(nh;)°W | as well.
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e Step 13: computation of the derivative matrices of f and g at z;, which is (nSdh;)°™"
using the elementary evaluation method (see [3] for a faster but more complicated
one), and the bit length of the numbers is at most (nSdh;)°™M).

e Step 14: addition of two n X (n + 1) matrices with rational entries of bit length at
most (nSdh;)°Y is (nSdh;)°V; then an inverse matrix computation is (n.Sdh;)°™
using modular techniques®. Indeed, computing of the inverse is equivalent to solving
n+ 1 systems of equations with rational coefficients. Each of these systems can be first
normalized to systems with integer coefficients of size (nSdh;)°), which (according
to, e.g., [18]) can be solved in time (nSdh;)°Y). The total bit complexity of this step
is thus (nSdh;)°M.

e Step 15: O(n?log,(d)) arithmetic operations (the log, d in this formula is needed to
compute n2* ") with numbers of bit length (n.Sdh;)°® is again (nSdh;)°V, and the
bit length of @ is again bounded by (nSdh;)°W.

e Steps 16, 17: computation of f(z) and g(z;) is (nSdh;)°Y) because that is a bound
for the bit length of the rational numbers appearing in the monomial expansion of f, g
and also for the bit length of the coordinates of z;. There are also a constant number
of a.0. which is again (nSdh;)°M.

e Step 18: a constant number of a.o. is again (nSdh;)°W.

e Step 19: a matrix—vector product, O(n?) a.o. with rationals of bit length bounded by
(nSdh;)°M, is again (nSdh;)°W.

e Steps 20,21,22: a constant number of a.o. is again (n.Sdh;)°W.

e Step 23: an application of LUQUADRATIC with input data whose bit length is bounded
by (nSdh;)°M, according to Section 7.2 costs

_ d3,u o(1)
RO 4 1 1f = gllnd’pimaz ‘
((”Sd )7 logymax (1 o E 0= e < 1

By hypothesis, the output of LUQUADRATIC has the bit length bounded by h;;; <
hmaz-
e Step 24: a constant number of a.o. is again (nSdh,a.)
e Step 25: a division of two rational numbers of the respective bit lengths (n.Sdhaz)
and

(7.1) bl(a) = bl(7) (;5) O(V/n10gy tmaz)

o)
o(1)

costs (nSdhumaz 10€y fimaz ) L.

e Step 26: adding two n x (n + 1) matrices, O(n?) a.o. with rationals of bit length
(nSdhmaz 1085 fimaz)° has bit complexity (n.Sdhmaztimaz)°Y.

e Step 27: as in Step 17, this takes time (nSdh;)°W.

e Step 28: solving a system of equations and adding two vectors with bit lengths bounded
by (nSdhmaz 108y fimaz)CY is again (nSdhmasfimaz)° according to [18].

e Step 29: an application of SHORTZERO with input whose bit length is bounded by
(nSdPmae 1085 fimaz)°Y . From Section 7.3, this has bit complexity (n.Sdhmaz 108y fmaz) Y.

e Step 30,31: a constant number of a.0. with rationals of bit length (n.Sdhmaz 10Zs fmaz )
is (nSdhmaz 102y fmaz)°Y.

(3) Step 33: One a.o. is again (n.Sdhumqee 108y fhmaz)C L.

SExact linear algebra is a large research field, see http:// linalg.org/people.html for a list of people working
on the subject, as well as software and research articles.
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The bit complexity of TRACKSEGMENT is thus
— dSM o(1)
Sdhmaw 1 max o) l 1 ||f g”n max C
<(n 085 Hmaz) + logy max “min{|[ /] :0<t <1} 0,

where A, is the maximum of h and the bit lengths of s;,¢; and z;. Now, all the s; and ¢; are
numbers of the form m /2" where, from Remark 16,

— dllnd
1 < bl 2l = 1< 1 1 “f an Hmax .
bl(m) < bl(2') =1+ _O<Og2max<7min{||ft||30§t§1}

Thus, this is also an upper bound for the bit lengths of s; and t;. As for that of z;, note that from
Lemma 15 we have that at each step ¢ > 1,

bl(z) < O (1og2 @) < O(logy(v/a)

S O (logQ (n:umaz ) ) .
(7.1)

Hence, we have

I1f = gllnd®tmaa 2
Pomaz < h 1 1 | |
maz < N+ <( 08, maX( Cwin{ (o]0 <t <1} + logy (nfimaz)

The bit complexity of TRACKSEGMENT is thus linear in Cy and polynomial in the following quan-
tities:

e n, S dh,

d 10g2 Mmazs

o logy([lf — gll/ min{[lfi] - 0 <t < 1}).

8. PROOF OF THEOREM 2

We first note that TRACKSEGMENT, performs the operations described by TRACKSEGMENT_SCHEME,
except for the use of Frobenius norm instead of operator norm in the computation of x;;. This
follows directly from the description of the two algorithms and from lemmas 12 and 15.

Thus, from Theorem 8 and Lemma 11, TRACKSEGMENT has certified output. Moreover, its
total bit complexity has been proved in section 7.4 to satisfy the claim of Theorem 2. For the
bound on the size of the output, let i« = k be the final step of the algorithm. Then, the output
2k41 of TRACKSEGMENT is the result of applying SHORTZERO to some (zy,€) where z, € Q[i]"™!

and
€0 Co

C1
= > > :
a 1) vVn+ 1u(gr, G)? aory vVru(f, Ger)?

co and ¢ some constants. It follows from Lemma 15 that z;,; has integer coordinates of bit length
at most O(logy(nu(f,Cks1))), as claimed. The proof is now complete.

E =

9. EXPERIMENTS

Our implementation of Algorithm 4 has been carried out in the top-level (interpreted) language
of Macaulay?2 [19]. The exact linear algebra routines and evaluation of polynomials are inherently
slow and there are many engineering improvements that can be made to speed up the execution;
yet the computation takes reasonable time on the examples of modest size.

While more examples of computation along with the source code of the implementation are
available at

http://people.math.gatech.edu/ "aleykin3/RobustCHT/
here we describe two experiments. One of them involves a small family of equations, where most
of the computation of the length of a homotopy path Cy can be carried out by hand. The other
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comes from an application in enumerative geometry and showcases the class of problems that can
benefit from the developed certified algorithms.

9.1. Actual number of steps vs. condition length. In Lemma 11 we claim that the number
of steps (i.e. number of while loops) needed by Algorithm 4 is at most [79v/n + 1d*/%Cy]. In
this section we consider a simple family of examples parametrized by m > 0 where the value of
Co can be approximated by quadrature formulas and show how the bounds based on Cy compare
to the actual performance of the algorithm. Note that from (2.3) the condition length of a path
(ft,¢) € Hay x P(C™) (with ¢ given by a smooth curve of affine representatives) is

! 1Al Re((fefi)” | IIGI2 16 G2
[ FE ™ AT TG el

V| follllGe

were

t) = (th(ét))l

G V|| fillll Gl

1G]
In general, it is extremely hard to compute a priori Cy (even approximately). We consider here the
simple case
fi(zo,z1) = 22 — (1 + mt)a?, G = (1,vV1I+mt)T,

Let s =1+ mt. We can easily compute:

||ftH2 =1+ 323 ft = —mxg; Hft”2 = (ft,ft> = ms;

2

. Q_m_'
G @ = s

2,
m \7 m?
- 0 . 21 . S22 .
Ct ( ) 2\/5) ) “Ct” + S; ||Ct|| 4s )
Thus,

[P Re (e )", IGIP (GG
[T E T T R T L

1 52 " 1 1 1 n 1
m - - =m :
1+s2 (1+4s?)2 4s(1+s) 4(1+s)? (14 s2)2  4s(1+s)?

On the other hand,
—1 - —1 1
(th(Ct)> _ (—25 2\/5) " e 1_\75
* - - 1 S
G L s AT Tts

1 Vs 0 1+s

xi(t) = N
2v/s(14s)  1+s

1 —_‘/\}? 1 V14 s2
V1+s Vxl/"Qif Vs V2s

where to get the the last equality we compute the matrix norm by hand. With the change of
variables s = 1 + mt we have then proved that

Hm 1+ ¢2 1 1
CO(ftagt) :/1 \/;;SS \/( ds,

1+ s?)? * 4s(1 + s)?
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It is not an easy task to find this integral exactly, but we can at least try to approximate with
some quadrature formula. In Octave-produced Table 3 and Figure 3 we compare the values of
upper and lower bounds

LBound < f{(steps) < UBound, where
LBound = 28d%%Cy(f, () ~ 79Co,
UBound = T9v/n+ 1d*?Cy(f:, () = 316Co(f1, &)

for different choices of m > 0 and the number of steps performed by our algorithm to follow the
homotopy f;.

TABLE 3. Comparison of the bound of number of steps given by Lemma 11 and the
actual number of steps in the example given by f;, = 22 — (1 + mt)x3.

m | LB |steps| UB | UB/steps
10 31 | 184 | 357 1.95
20 38 | 217 | 435 2.01
30 42 | 237 | 480 2.03
40 45 | 250 | 512 2.05
50 47 | 260 | 537 2.07
60 49 | 269 | 558 2.08
70 50 | 276 | 575 2.08
80 52 | 282 | 590 2.09
90 53 | 288 | 603 2.1
100 | 54 | 292 | 615 2.11
1000 | 77 | 395 | 872 2.21
2000 | 84 | 426 | 949 2.23
3000 | 88 | 446 | 995 2.23
4000 | 91 | 457 | 1027 2.25
5000 | 93 | 468 | 1052 2.25
10000 | 100 | 499 | 1129 2.26
20000 | 106 | 530 | 1207 2.28
30000 | 110 | 547 | 1252 2.29

9.2. An application to a problem in Schubert calculus. The computations of [28] confirmed
the conjecture saying that the Galois group of a simple Schubert problem is the full symmetric
group for “small” Grassmannians. These results produced using heuristic homotopy continuation
methods take us far beyond the limitations of the symbolic methods.

Table 4, a copy of [28, Table 1]), shows the number of solutions for the largest problem on
G(k,n) and the number of permutations found in the Galois group by the algorithm sufficient to
generate the full symmetric group. At the present all computations can be done within one day
with a heuristic homotopy tracker employed.

This problem falls naturally in the class where the certified algorithms of this paper can be
applied. With the current implementation the algorithm of this paper can provide the status of a
theorem to all of the computational results on up to Gr(2,6): the cases that can be certified within
a day appear in bold in Table 4.

The corresponding runs of the algorithm for Gr(2, 6) involve tracking homotopies for six polyno-
mial equations following the paths in P% and have input, output, and all intermediate approximate
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2.5

UBound/jj(s‘teps) ——
LBound/4(steps)
2 |
1.5 - f
1L |
0.5 |- N
0 \ \ \ \ \
0 5000 10000 15000 20000 25000 30000
m

FiGUrReE 3. Comparison of the ratio between the actual number of steps and its

lower and upper bound.

k,n 2,412,5(2,6|2,7|28129] 2,10
solutions 2 5 | 14 | 42 | 132|429 | 1430
permutations | 4 6 5 | 6 7 4 7
k,n 3,0 13,6]3,7] 3,8 3,9 14,647 48
solutions 5 | 42 | 462 | 6006 | 17589 | 14 | 462 | 8580
permutations | 4 | 4 ) 6 7 ) ) 7

TABLE 4. Galois group computation for simple Schubert problems in G(k,n).

zeroes defined over Gaussian integers Z[i]. Due to the use of our Algorithm SHORTZERO to reduce
the size of the integers in the intermediate steps, in this relatively large computation we do not
encounter integers longer than siz decimal digits amongst the coordinates of all approximate zeroes

computed along all homotopy paths.
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Let us remark that the largest certifiable case is already beyond the reach of purely symbolic
algorithms (the problem with 14 solutions in Gr(2,6) is characterized as “not computationally
feasible” in [10]). There are several ways to push the frontier of provable results further. One is a
low-level optimized implementation of our algorithm. Another is using a fast heuristic homotopy
tracker to find the “interesting” paths (e.g., the ones that do not lead to a redundant permutation
in the Galois group computation), break them up into a union of smaller pieces, and then execute
a certified homotopy tracker for every small piece. The last step is trivially parallelizable and can
be sped up in practice by using distributed computing.

10. PROOF OF THEOREM 7

We recall first two lemmas [4, Lemma 4 and Lemma 5|. The second of these two lemmas is
recalled here in a less general version than the original.

Lemma 17. Let ho,h € S, v € Hy, 20,2 € P(C"). Assume that x1(ho, z9) < +00. Assume
moreover that

a
d e —
r(20,2) < d3/2x1(ho, 20)’

3a

ds(hg, h) <
S( 05 ) = 2d3/2X1(h0,Zo)7
for some @ < 1/+/2. Then,
X1 (ho, 20) X1 (ho, z0)
< h,z) < =———= and
v vaa ST
(1 - \/§d)\/§ QO(I’L(),U,Z(])

ho, v, 2g) ———=— < p(h,v,2) < .
Lemma 18. Lett — hy € S, 0 < s < T be a piece of a great circle in'S, parametrized by arc—length.
Let ng € P(C™1) be a projective zero of hg such that p(hg,n9) < +oo. Assume that

T where ¢ = p(ho, ho, 7).

<1
Then, for 0 < s < T, ny can be continued to a zero n, € P(C"™) of hy in such a way that s — n,

is a CYHL% cyrve. Moreover, consider the curve s — (hs, hs,ns), 0 < s<T. Then, the following
inequalities hold for every s € [0,T]:

~ ~

¥ ; ¥
< hS’h57 S S A
1+ Pd32ps < ¢l s) 1— Pd3?ps

1 ~ \V2/P

dr(10,Ms) < , (1 — (1= Pd¥s ) ’
0 \/§d5/2X1(h07 o) ( )

< ! lo !

~ d32H & 1 — d32H x5 (hy, hoﬂ?o)s

dS(h07 hs)

Now we proceed to the proof of Theorem 7. Recall that we have defined T = dg (ﬁ, ﬁ)
Consider the path

(10.1) s — hg= Lcos(s) i

g1l
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That is, h, is the arc-length parametrization of the short portion of the great circle joining g/||¢/|

and f/||f||. Note that hy = ¢ as was defined in Theorem 7.
Let

)A(l = X1<97C0) = /JJ<97<—0)7>A<2 = X2<g7g760)7¢ - (p(gugu <0)
From (3.9) and Lemma 17 we get

(1= V2uy/2)Y? ¢
1+ v2ug/2 =v= (1 — V2ug/2)1+V2

(10.2)

From (3.7) and (3.8), we have:
(10.3) & < (g, N9V + (g, 60)? < V2u(g, Go)?,

where for the last equality we have used that ||ho|| = 1 and (g, ¢) > 1. The second inequality of
(10.2), together with (10.3), then implies (3.12).
It also follows that
< c < d _ 1
(310) Pd*%p (102),3.2) P&~ d¥2¢

(10.4) T

Thus, Lemma 18 applies and we conclude that {y = 79 can be continued to n, € S(C"*'), a zero
of hs, for 0 < s < T. Now, note that h, is a reparametrization s = s(t) of the projection of
fi=0—=t)g+tfonS. Thatis, hy = fys) /| fusll- Hence, (o can be continued to ¢; = 1), a zero
of f; as claimed in Theorem 7. Note that ¢; = ny1) = nr. Moreover, Lemma 18 and (3.7) also
imply that, for 0 < s < T,

~ A

¥ S %)
< :U’(hsa 775) H (h37 773) HT(hsms)SX]P’((C"Jfl)

10.5 —_—— < —X
(10.5) 1+ Pd3/2¢ps — 1— Pd32ps’

and that

1 3/2 c v2/P
dr(Co, C1) = dr(no,nr) < ————— [ 1= (1 = Pd*?¢ <
r(Co, C1) = dr(no,n7) NI ( SOPd?’/?(p) 0552

1 V2/P a a
10.6 —(1—1—c’ ) _ - .
(108) V24323, (1=¢) (81) V2d3/2x, 3.1 V2d32u(g, Go)

We have seen (10.4) that T < ¢/(Pd*?¢)~'. Now, ¢ = X1X2 and Yy > ||| = 1, which implies

c d 3a
I'< s—75— = < :
Pd32xy 3.1 Pd*?p(g, Co) 3:3) 2v/2d32u(g, (o)
Note that this last inequality, (10.6) and Lemma 17 imply

11(9, o) (g, Co)
(10.7) 909 < pp, ) < M2
Thus,
and hence
(10.9) T < ¢ 30uo

S PEPA =, &) o5 2P, G
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Note that
dr(20, C1)p(f, C1) < (dr(20, Co) + dr(Co, C1))pelf, 1)

Ug a
(39)<(106 (QdB/ZU(%Co) + \/§d3/2u(g, Co)) u(f,Cr)

< Ug . a 1
1o \2d%2%  \2d32 ) 1 —a
Our choice of a is such that the right-hand term in this last equation is at most duy/d*?. Hence,

we have

)
(10.10) dr (20, CL)p(f, C1) < dg/g

From (10.10) and (10.9), Lemma 17 then yields
M(f:c1) SXl < :U“(f>C1) )
14 \/§5U0 1-— \/§(SUO

Moreover, from Lemma 6, (10.10) implies that zy is an approximate zero of f with associated zero
(1. In particular,

(10.12) dr(Ne(f)(20),G1) <

From this and (3.14) we have

dr(Z,¢1) < dgr(Z, Ne(f)(20)) + dr(Ne(f)(20), 1) <
(1 —&)ug g <
2B2(1+ 30uo/2)x1 | 2 p(f,C)
(1 —6)ug dug
243/2(1 + V2 6ug)x1  2d%2u(f, C1) (10 11)

SBP(FC (fg)(( —0)+0)=

(10.11)

dr(20,¢1) < dug
2 T 2d32u(f, 1)

2d%2 (f (1)’

proving (3.15).
As for (3.13), first note that from Lemma 19 below,

T
(1013) Co(qu) = / M(h87775)||(h8a’r']S)HT(hS,nS)SXP(C”JFI) ds.
0

Now, this last equality and (10.5) imply:

T 95
> e —
CO(ft?Ct) —/0 1 Pd3/2§58 dS

In(1+ Pd*?¢T)  _In(1+ Pd*?¢T)
P&z 7 PdRGT
Because In(1 4+ t)/t is a decreasing function of ¢ > 0 and
Pd3/2¢T S Pd3/2 1+\/§U0/2 CPT S 1+\/_u0/2 SC,
(10.2) (1— \/§u0/2)\/5 (3.10) (1 - \/_u0/2)\f

we conclude that

(10.14) Co(fe:Gt) = @TM >

d (10.2)
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gOT(l - \/§u0/2)1+\/5 In(1 + c’).

C/
On the other hand, using again (10.13), we have

~

T
%2
10.1 < 5=
(10.15) Co(f1, Gt) (155)/0 P ds

IN

log(1 — Pd*?¢T) - 1+ v2ug/2
—Pd3/25T v (10.2) 7 (1 —2uy/2)V?
Note that (10.14) and (10.15) prove (3.13). This finishes the proof of Theorem 7.

T

We have to prove a lemma that has been used in the proof of Theorem 7, and which is nothing
but a change of variables:

Lemma 19. In the notation of the proof of Theorem 7, we have:

T
Colfi ) = / s 1) | (i), ey ds.
0

Proof. One can just apply the change of variables formula to the change of variables s = s(t) (so
that hyy = fi/||fell and nswy = ¢;) and, after a long computation prove that the two integrals
of the lemma are equal. However, we prefer the following geometric argument. The quantity
Co(ft,¢;) is by definition the length of the path (f:/||f¢]|, () when S x P(C"*1) is endowed with
the condition metric, resulting from multiplying the usual product metric by the square of the
condition number at each pair (f,z). Now, as a length, it is independent of the parametrization
and thus Co(f, (;) = Co(hs,ns). This is exactly the claim of the lemma. O
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