ESTIMATES ON THE CONDITION NUMBER OF RANDOM,
RANK-DEFICIENT MATRICES.

CARLOS BELTRAN

ABSTRACT. Let » < m < n € N and let A be a rank r matrix of size m X n,
with entries in K = C or K = R. The condition number of A, which measures
the sensitivity of Ker(A) to small perturbations of A, is defined as x(A) =
IIA||||AT]|, where T denotes Moore-Penrose pseudoinversion. In this paper, we
prove sharp lower and upper bounds on the probability distribution of this
condition number, when the set of rank r, m X n matrices is endowed with
the natural probability measure coming from the Gaussian measure in KX,
We also prove an upper bound estimate for the expected value of log k in this
setting.

1. INTRODUCTION

Let m,n € N be two positive integer numbers, and let M,, ,(K) be the set of
m X n matrices with coefficients in K, where K = R or K = C. Given a rank r
matrix A € M,, »,(K), we denote by o1(A),...,0.(A) its non-zero singular values
in decreasing order. The condition number of a (possibly rank-deficient) matrix is
k(A) = 01(A) /o, (A), or equivalently

K(A) = || All2]| AT,

where || - ||o is the operator norm. The condition number for m = n = r was
introduced in Turing’s seminal paper [Tur48], as a measure of the sensitivity of the
solution of a linear system Az = b to small perturbations of A. For rank-deficient
matrices, the condition number x(A) as defined above measures the sensitivity of
Ker(A) and At to small perturbations of A. See, for example, [Kah00], [SS90, p.
145] and [BPO7, Prop. 34]. Note that « is invariant under transposing, and £ = 1
if n =1 or m = 1. Thus, it makes sense to consider just the case 2 < m < n.

A series of results begun in the 80’s studied the probability distribution of k
for full-rank matrices with Gaussian coefficients, or equivalently, random matrices
in the unit sphere S(M,,x»(K)) or the projective space P (M, xn(K)). The first
estimations are due to Smale [Sma85], Renegar [Ren87] and Demmel [Dem88].
Edelman [Ede88, Ede89, Ede92] showed the exact distribution of a scaled variant
of k in the case that m = n = r and K = C, as well as limiting distributions and
expected logarithms of x in the case that m = r < n. Very sharp estimates on the
probability distribution of x in the case that m = r < n have been obtained by
Chen and Dongarra [CD05]. Using the notations in the following table,
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I] c C U
K=R|1]0.245 | 6.414 | 2.258
K=C|2]0.319|6.298 | 2.24

the main result in [CDO05] reads:
Proposition 1. [Chen & Dongarra, 2005] Let t > n —m + 1. Then,

1 (c)ﬁ(n—mH) “p K(A)

(2m)B/2 \t = [n/(n—m+1)

Moreover,

(2m)B/2 \ ¢

Ellog(k(A)) : A € GLyxp] < log %m—kl +u
Edelman and Sutton [ES05] proved asymptotically tight estimates for this case.
Other works use techniques similar to those of [Ren87, BP07] to estimate the so-
called smooth condition number. See the paper by Biirgisser, Cucker and Lotz
[BCLO6] and references therein.
Much less is known in the case of rank-deficient matrices. For fixed 2 <r <m <
n, let
=%

rosxn = 1A € S(Myxn(K)) : rank(A) = r}.

That is, ¥ is the set of rank r matrices of size m x n, lying in the unit sphere of
Minsn(K) (for the Frobenius norm ||Al|p = tr(A*A)Y/?). For example, if m = n
and r =n — 1, then ¥ is, up to a lower-dimensional set, the set of singular n x n
matrices with unit Frobenius norm.

The set 3 is a submanifold of M,,, x» (K), and codimg (3) = (n—7)(m—r) (see for
example [AVGZ86]). Hence, it inherits from M., «,(K) a structure of Riemannian
manifold with total finite volume (see Theorem 2 below). After normalization by
the total volume, this yields an associated probability measure on 3.

A natural object of study is the quantity
(1.1) P[AeX:k(A)>1t], t>1.
Luis M. Pardo and I obtained upper bounds for this quantity in the complex case.
See [BP05, BP07], where the following inequality was proved:
P[A € ¥ :kp(A) > t] < C(n,m,r)t 20tm=2r+1) K — C,

Here C'(n,m,r) is a constant independent of ¢. The number £ p is a scaled version
of k(A). It satisfies k < kp < y/mk, and has a well-known geometric interpretation
as the inverse of the distance to the set where A loses rank. In particular, for the
case that r = n — 1 and m = n, this yields

nxn

1 6
(1.2) P[Ac X ) kp(A) >1] < (n :/3> K=C.

However, we were not able to extend the methods of [BP07] to the case that K = R,
and this remained as an open problem. Since [BP05, BP07], an increasing interest
on these type of estimates has been expressed by several of our colleagues, but no
new results have appeared yet. During Peter Biirgisser’s plenary talk at FoCM’08
conference, Felipe Cucker described the real case study of the quantity (1.1) as, “a
wide open question.”

In this paper, we give a precise answer to this question for K = R and K = C, by

reducing the problem to the full-rank case. As a result, we can improve our previous

B(n—m+1)
>t:A€G}Lan]§1(C> .
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bounds of [BP07] for K = C, as well as introduce lower bounds. For example, our
upper bound for equation (1.2) (for the non-scaled condition number &) is

nxn
t

PlAe X! k(A) > 1] < (291(”“))6 K = C.

A similar bound for the real case also holds.
Our main result follows.

Theorem 1. The probability distribution of k(A) for A € ¥ equals the probability
distribution of K(A) for A € GL, yym—r. Namely, for everyt € R,
Plk(A) >t: AcX¥]=P[r(A) >t: A€ GL,yxnym—n))-
Thanks to Theorem 1, we can translate every known result about the behavior of
the condition number of random, full-rank matrices into the case of rank-deficient

matrices. For example, Proposition 1 and Theorem 1 immediately imply the fol-
lowing result.

Corollary 1. Lett >n+m —2r + 1. Then,

1 o\ B(n+m—2r+1) H(A) 1 C B(n+m—2r+41)
oga \ 7 <P St:Aey|<—— [ =
@ (1) == < @ (1)
Moreover,
n+m-—r
E[l A):AeX]<log—m——— .
[log(k(4)) : A € ¥] <log g +u

As a by-product of our method of proof, we will be able to relate the total volume
of ¥ to the total volume of GL; ;4. This will yield our second theorem.

Theorem 2. The volume of ¥ satisfies:

Vol[U, |V ol U]V ol [Un+-m—2r]
" VolUn_ | Vol[Upm—r| Vol [ty ]V ol Un-m—r]
where for k > 1, S(K¥) is the unit sphere in K* and Vol[Uy] is the volume of the

unitary group (if K = C) or that of the orthogonal group (if K =R). Here, we use
the convention Vol[ly] = 1.

Vol[%)] Vol[S(K"("+m=m)],

Formulae for Vol[Uy], k > 1 are known; see for example [Hua63].

k(k+1)

Voll] = gy if K=GC,
Vollt] =2 (8m) T TI T2 if K=R

For example, taking m =n > 2 and r = n — 1, Theorem 2 yields the volume of the
set of singular matrices,

K
TL2 . — — n
Vol[A € S(K") : det(4) =0] = ) WTF(;%;) K
F(%)F(T)
In the case that K = C, the quantity Vol[¥] studied in Theorem 2 was already
known, since ¥, or more precisely, its complex projective version IP(X), is up to
a lower-dimensional set a complex algebraic subvariety of the projective space of

matrices. Hence its (projective) volume equals its algebraic degree times the volume
of the complex projective space of dimension dimcIP (3). (This is a classical fact;



4 CARLOS BELTRAN

the reader may find a modern proof in [BP07, Corollary 14].) The algebraic degree
and dimension of the set of rank r matrices of size m x n are known; see for example
[BV88] and [Ful84, p. 261]. This way, the volume of ¥ can be computed in the
complex case, and the reader may check that the same number is obtained as in
Theorem 2. I am not aware of any previous reference where the volume of Theorem
2 is computed for the real case. However, being such an elementary question, I
would not be surprised if this result was already known.

Finally, exact formulas for the expected value of powers of the product of the
non-zero singular values of A € 3 are given in Corollary 2.

2. AN INTEGRAL FORMULA

Federer’s coarea formula is an integral formula which generalizes the change of
variables formula and Fubini’s Theorem. The most general version we know may
be found in [Fed69], but for our purposes a smooth version as used in [BCSS98] or
[How93] suffices.

Definition 1. Let X and Y be Riemannian manifolds, and let F : X — Y be
a C surjective map. Let k = dim(Y) be the real dimension of Y. For every
point x € X such that the differential dF(x) is surjective, let v{,..., v} be an
orthogonal basis of Ker(dF(x))*. Then, we define the Normal Jacobian of F at z,
NJF(x), as the volume in the tangent space Tp )Y of the parallelepiped spanned
by dF (z)(v}),...,dF(z)(vi). In the case that dF(x) is not surjective, we define
NJF(z) = 0.

Theorem 3 (Federer’s coarea formula). Let X, Y be two Riemannian manifolds of
respective dimensions k1 > ko. Let F: X — Y be a C' surjective map, such that
the differential mapping dF (x) is surjective for almost all z € X. Let ¢ : X — R
be an integrable mapping. Then, the following equality holds:

(2.1) / | PENIF() dX = /y . / o V) AT ) aY

The integral on the right-hand side of equation (2.1) must be read as follows:
From Sard’s Theorem, every y € Y out of a zero measure set is a regular value of F.
Then, F _1(y) is a differentiable manifold of dimension ki — ko, and it inherits from
X a structure of Riemannian manifold. Thus, it makes sense to integrate functions
on F~l(y).

3. PROOFS OF THE MAIN THEOREMS.

For a positive integer r € N, let S} = {Diag(o1 > ... >0,):0; > 0,07 +---+
02 = 1} be the unit sphere in the set of diagonal matrices with positive, real entries
in decreasing order. Let

©: UpxSHxU, — 3

U,D,V) U(lo) g)v

where U, is the set of unitary matrices (if K = C) or the set of orthogonal matrices
(if K = R). We want to use the coarea formula (2.1) for ¢, so we must compute
its normal jacobian and level sets. We do this task in propositions 2 and 3 be-
low. Proposition 2 has at least a precedent in [Hua63, Chapter III], where similar
quantities are computed for square, non-singular matrices.

(3.1)
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= Hk<j(012c - 0-]2')'

>>ﬁ.

Proof. We write the proof for the complex case, as the real case is almost identical.
By unitary invariance, the normal jacobian depends only on the diagonal matrix
D. Hence, it suffices to consider the point (I, D, I). Now, observe that

do(I, D, 1)(A, R, B) = A (109 8) + (JS 8) + (10) 8) B.

We compute the value of dp(I, D, I) in a orthogonal basis of T(;,p ryUm X Sy X Up:

Proposition 2. Let det(D) = o1 --- 0, and A(D) Then,

det(D)"m-2r+1-1/8A(D
ﬁ'(n+m—7'—1/2—6/2)

NJo(U,D,V) = <

(A,R,B) | dp(I,D,I)(A,R,B) Cases

© i1 — 05,0, 0) 0101 — 0105 j<i<r
(051 — 615, 0,0) —0150; J<r<li
(051 51],0 0) 0 r<j<lI
(0 0 (Sjl ]) (Tj(Sjl — O'l(slj 7 < [ <r
(0,0, 651 — di;) 0051 j<r<l
(00(%1 l]) 0 T<j<l
(2(5]l +Z(Sl],0 O) i5lel +i51j0'j i< [ <r
(zdﬂ +Z(513,0 0) iéljcrj j<r<li
(4651 +4045,0,0) 0 r<j<l
(0,0,165; + i615) 1005 + 1010y j<i<r
EO 0, ’Lg][ +’L§U§ 10051 j<r <jl'
0,0,%05 + 9044 0 r<j<

Elgjj,o O; ’idjéjj ] S r

1054,0,0 0 r<j

(0 0 Z(S J) in(Sjj jg r

(0,0,i6;;) 0 r<j

(0,R,0) <]0% 8) For every R € TpS;}

We conclude that dp(Z,

D,I) preserves the

thonormal frame of Ker(de(I,D,I))*:

orthogonality of the following or-

(5 —015,0,65 — d15), j<l<r
?( 61]50 6]l+6lj) j<l§’l"
?(zéﬂ—i—zél],o 005, +140y5),  j<I<r
5 (105 +1615,0, —id; —idy;), j<I<r
5 (051 = 613,0,0), j<r<i<m
75(0,0, 851 = d15), j<r<l<n
75 (i1 +i61,0,0), j<r<i<m
75(0,0,405 + idy;), j<r<li<n
5155, 0,185;), 1<j<r

—

0,R;,0), where {R;};=1..,—1, is an orthonormal frame of TpS; .
Hence, we can compute the normal jacobian of ¢ as the product of the norms of
the images under dp(I, D, I) of these vectors:
(03 —0})? o o
Ne,o, D = [ = 1 5 5 I V2o, =

j<i<r j<r<i<n
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1 2 2\2 2n+2m—4r+1
or(n+m—r—3/2) H (aj N Ul) H 9 ’

j<I<r 1<j<r

and the proposition follows. ([

Proposition 3. The quantity Vollp~'(A)] is constant a.e. Indeed, let A € ¥ be
such that its v non-zero singular values are different. Then,

Vollp ™ (4)] = (25 7771) Vollthy Vol U]
Here, the convention Vollly] = 1 is used.
Proof. We prove the proposition for K = C, being very similar for K = R. By
unitary invariance it suffices to prove this formula in the case that A = (lo) 8),
with D € S such that all its entries are different. Now, note that
e N (A) ={(U,A,V) €Uy xS} xU, : A=D,UAV = A} .

Let (U, D,V) € ¢='(A). Write U = (01 U2
Us U,

with those of A. Then, the equality UA?*U* = A%* which holds for every positive
integer k, reads

) where the blocks are compatible

U\D*U; U,D*U;\ (D 0
UsD*Uy UsD*Uz) ~\ 0 0)

In particular, Uy D?*U; = D?* for k > 1, so that U, is invertible and
(U, D*U;)(U,D*U;) = D* = U, D*U;.

After left and right multiplication by U; ! and (Uf)~', we get D?U;U,D? = D*,
namely U;U; = I, and U; is unitary. As U is itself unitary, this implies Uy = Us =
0. A similar argument for V shows that

(U; 0 AT
v=(5 ) v=(5 %)

where Uy, V1 € U,., Uy € U,,_ and V4 € Uy, _,-. Hence,

Vol[p™1(A)] = Vol [(%1 1?4) , (‘61 34) : U DV; = D} -

Finally, note that U; DV, = D is a singular value decomposition of D. Since all
the entries of D are different, the singular value decomposition is unique up to
simultaneous multiplication of U; and V; by a scalar of modulus 1 and its complex
conjugate, respectively. Hence, U; DV; = D implies U; = Diag(e?t, ..., e"") and
Vi = Diag(e= ... e~%"). Thus,

B {(Diago(eiej) [5)4) ’ <Diag%ei9j) 34) 10, € [0,27T):| -

V2 (27) Vol Uy — ]V ol [Up,—,].
This finishes the proof. (|
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Theorem 4. For a matriz A € 3, let 0(A) = (01(A),...,0,.(A)) € R be set of
(ordered) singular values of A. Let ¢ : R™ — R be a measurable mapping. Then,

dlo(A) dn=H [ o(D) (aet(py 21D dsy,
A€y Dest

where
Vol|U,Vol[U,]

Vo[t JVol[ty,_, ]2 TR gy
Proof. From (2.1),

H:

/ d(D)NJp(U, D, V) d(U,, % Sj X Up) =
(U,D,V)eUp xSE XUy,

Vol[p™! (A)]¢(0(A)) d2.
Aex

Now, NJop(U, D, V) is known from Proposition 2 and Vol[p~!(A)] is known from
Proposition 3. Apply Fubini’s theorem to the left hand side to get

$(D) (det(D)”““’”“” "A(D)>ﬁ ds; =

Volltd, ]V ol U] /

Dest \/Qr(n+m—r—1/2—[3/2)
B+l 31 r
(2 o ) Vollty ]V ol[Up—] d(0(A)) dx.
Aex
That is,
B8
Slo(A) ds =H | o(D) (det(D)"+m 2+ 1-1IA(D)) ds}
Aex DeSy

3.1. Proof of Theorem 1. Let
1 &>t
T1...,2.) =1, Ty...,&p) = Er .
o1 ) 9271 ) {O otherwise
From Theorem 4 applied to ¢1,

VoY = H - (det(D)"+m=2r+1=1/8 A(D))P aSt.
€Sy

From Theorem 4 applied to ¢o,

Vol[Ae X :k(A) >t]=H (det(D)"*+m=2r+1=YBA(D))P dSt.

DeSY x(D)>t

Thus,
fDeSﬁK(A)M(det(D)"+m—27’+1—UﬂA(D))ﬂ as;

ngS* (det(D)nerfQTJrlfl/ﬁA(D))ﬁ def

P[Ae X :k(A) >t =

Now, apply again Theorem 4 to the set of full-rank matrices of size r x (n+m —r),
and the same formula is obtained. Hence, both quantities are equal, and Theorem
1 follows.
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3.2. Proof of Theorem 2. From Theorem 4,
Vol[¥] = H, / (det(D)"+m=2r+1=YB (D)) aSt,
Dest

where
Vol|Uy, |V ol [Uy,]

Vol Vol _, ]2 RO g1y
Also from Theorem 4,

H, =

VOllS(GLypym_)] = Hy / (det(D)"+m=2r+1-1/8 A (DY) dS7 |
DeSf

where
Vol|Uy |V ol [Un+m—r]

Vol gmon] /2 AR g1y

Hy, =

‘We conclude that

H H
Vol[3] = ?;VOZ[S(GLMLJH”_T)] - Flvol[g(KmMmfr))].
Finally,

Hl VOl[u”]VOZ [um}VOZ[unerf%"]

Hy Vol |Volltm—r|Volltd [V ol Unrm—r]
3.3. Expected value of the product of non-zero singular values.

Corollary 2. Letk € N and let DET), : ¥ — R, DETy(A) = (01(A) - - - 0,.(A))P*.
Then,

Vol [unerfr] Vol [un+m+k727‘] Vol [S(Kr(n+m+kir) )} 267'k

E[DET,(A): Aec ] =
[ k( ) © ] VOZ[Z/{n—i-m—Qr]VOl[un+m+k—r]VOZ[S(Kr(n-i_m_r))]

Proof. Let
o(xy ... z) = (x1---x,)°F.

From Theorem 4,
/ DET, d¥ = H, / (det(D)nHm+h=2r+1=1/B A (D))# dST,
by Dest

where

Vol|Uy, |V ol [Uy,]

Vol ]V ol Uy, /27 2R gy
Also from Theorem 4,

Hy =

VollS(GLynsminr)] = Ha / (det(D)"+m+h=2r+1-1/8A(DY)P ds |

Des;t
where
H2 _ VOZ[UT]VOZ[Z/{”_A,_m_A,_k_T]
Vol[Z/In+m+k,2r]\@m(n-‘_m-‘_k_T+1/2_B/2)+7'7r7’(,671)
Thus,

/ DET, d¥ = &VOZ[S(GILT ntmak—r)] = &VOZ[S(KT(”JF"”’“”’))] =
s H, ’ Hy

Vol U |V ol U]V ol Un s so—or V2
Vollty— |V ol[Upu—r|V ol U]V ol [Up 4k —r]

Vol[S(KT(mHmtk=r)y]
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Finally, divide by Vol[2] (see Theorem 2) to get the result. O
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